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PREFACE

The primary notions of control theory are those of a controlled object, a control
aim and a control algorithm (strategy). Both a Markov chain and an ordinary or
stochastic differential equation with controls entering into its description can be
considered as control problems.

We choose the controls so that the controlled object has certain desired prop-
erties, called the control aims. For example, a functional defined on the states of a
Markov chain may be required to be extreme or the solutions of the given equation
should be stable in some sense. Solving a control problem means finding a strategy
(an algorithm) giving the choice rules of the controls to achieve the control aim
given beforehand.

For many decades control theory was based on the assumption that the con-
trolled object was known exactly within the framework of its mathematical descrip-
tion (model). For example, if the mathematical model of the considered object is
the linear difference equation of order n

Ty a1Ti—1 + o + -+ anTi—p = biu—1 + - F by Ut + (1)

where z; is the state of the object, u is the control, 1(t) is the external disturbance
(or noise), then the values of the coefficients (a;, b;) are supposed to be known and
the states x; to be observed at each moment ¢. Moreover, either an explicit form of
the function (t) or the probabilistic characteristics of the noise #(t) are supposed
to be known in the deterministic or stochastic cases respectively. We call the theory
of control based on these assumptions classical control theory.

However, in many applied engineering problems a priori we do not have this
information about the controlled object. This has led to the creation of adaptive
control theory. There are three possible approaches.

The first consists of employing the missing data as soon as they arrive during the
control process. The second approach is based on controlling the object given incom-
pletely and searching missing information simultaneously. This approach gives the
identification method connecting the estimation procedures of the unknown char-
acteristics of the object with the control methods of classical theory. This method
has a wide use. The third approach consists of constructing algorithms of control
not requiring detailed knowledge about the object.

Due to successful development, especially of the last approach, adaptive control
theory may be regarded as an independent discipline. According to the general
concept of adaptive control, instead of working with the incomplete mathematical
model of the controlled object, we need to find a class (a collection) of mathematical
models containing the model that we are interested in. Hence, the control aim stated

vii



viii Preface

in advance refers to no concrete object but to all objects from the specified class.
The strategy (the control algorithm) being designed must apply to all objects from
the given class. For this reason the algorithms appearing in adaptive theory are
more difficult than those in classical theory.

We would like to emphasize three distinctive features of this book in compar-
ison with other books dedicated to the same topic. First, it is the wide range of
objects studied (in order of increasing complexity): discrete processes of automata
type (inertia-free), the process generated by recurrent procedures, minimax prob-
lems, finite Markov chains (with both observable and unobservable states), Markov
and semi-Markov processes, discrete time stationary processes, linear difference
stochastic equations, ordinary differential equations (we may call this deterministic
adaptive theory) and, finally, stochastic Ito equations. The controlled objects listed
above are mainly stochastic, and hence belong to controlled stochastic processes.

The second feature of this book is the detailed description of the research of
the Eastern School of adaptive control which has not been easily accessible to the
western reader.

The third feature is the formal definition of adaptive control strategy which has
been given for the first time. This notion is used throughout the present volume.
This can be stated as follows.

Let K be a class of controlled objects (controlled random processes) and let
Z denote a control aim defined for all objects from K. Finally, let ¥ be a set of
strategies which apply to all objects from K.

Then a strategy from X that secures the attainment of the aim Z for every
object from K is called an adaptive strategy. The goal of adaptive theory (probably
unreachable) is to obtain necessary and sufficient conditions for the existance of an
adaptive strategy for every collection IC, Z and ¥ above.

The purpose of the present volume is twofold. On the one hand, for the math-
ematically well-trained students of the appropriate specialities the book may serve
for a text-book on adaptive control theory. On the other hand, the author hopes
that even the specialists will find an inspiration here for their own research.

Many results deserving attention could not have been included in the main text
of the book due to constraints on the book’s volume. Therefore, to the author’s
regret, some significant results have been put into appendix — Comments and
Supplements.

The readers should have a good knowledge of undergraduate mathematics. Nev-
ertheless, most chapters begin with sections containing all necessary information
(without proofs) to be used.

Bibliography is divided into two parts. The first one (General References)
contains the list of the auxiliary citations. The second part (Special References)
presents the original scientific works which form the basis for our consideration.
This part is supplemented by some interesting works but, unfortunately, the author
had no possibility to review them in detail. As mentioned above the brief survey of
them is given in the Comments and Supplements. While composing the bibliography
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the following rule was used. If the results obtained by some authors are cited in a
monograph then the readers will be referred to this monograph only.

To reference the text the following scheme is used. In every chapter the sections
are numbered successively by two digits. The first of them denotes the chapter
number, for example, (3.2) refers to Sec. 2 in Chap. 3. Each section has a separate
numeration of equations, theorems, lemmas and so on consisting of one number only.
The references to an item from another chapter (or section) are given completely
(for example, Theorem 1 from Sec. 1, Chap. 2).

A substantial part of the book has been written in close contact with the authors
of the appropriate results. Whether they are post-graduates, colleagues or friends
of author is mentioned in the comments to chapters. Their advice was very useful.
Here, the author would like to especially mention and to express many thanks to
Professor Vladimir A. Brusin and Professor Aleksandr S. Poznyak as well as to
Dr. Eugenij S. Usachev.

The author is grateful to the Committee of Scientific Research in Warsaw
(Poland) for providing the financial support to complete this work and to translate
the manuscript from Russian into English. I express once more my sincere gratitude
to Professor Lukasz Stettner.

Vladimir G. Sragovich
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EDITOR’S NOTE

This monograph is the magnum opus of Professor Vladimir G. Sragovich — one
of the leaders of the Russian School of Adaptive Control. The book offers a very
broad treatment of the subject and gives a comprehensive guide to the literature,
with a bibliography of almost 200 entries.

We regret that the author, who passed away in 2000, could not take part in the
preparation of the final version of this book.

Jan Spaliniski, Lukasz Stettner, Jerzy Zabczyk
Warsaw, Poland, March 2005

(Edited by Jan Spaliriski, with assistance from Lukasz Stettner and Jerzy Zabczyk.)
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CHAPTER 1

BASIC NOTIONS AND DEFINITIONS

In this chapter the basic definitions and notions of control theory such as a mathe-
matical model, a controlled random process, an observable process, a strategy and a
control aim are considered. They serve as the basis for the definition of the adaptive
strategies. Some auxiliary notions are considered as well. The general approach to
the synthesis of the adaptive strategies and their properties is discussed. Specific
features of classic and adaptive control are also discussed.

1.1. Random Processes and Systems of Probability Distributions

We shall begin with the definition of a probability space (€2, §,P) where Q is the
space of elementary events, § is the o-algebra of measurable subsets from 2, i.e. a
class of the subsets of 2 closed with respect to complements, products and countable
sums of these sets and, finally, P is a probability measure, i.e. it is a non-negative,
countably-additive function defined on § (i.e. P{A} > 0 for any A € § and for
disjoint sets 4; from §F we have P{{J" 4;} = > " P{4;} and P{Q} =1.)

Let (X,X) be a pair consisting of a measurable space X and a o-algebra of
measurable subsets X. In the most interesting cases the space X is Euclidean,
ie. X = R/, I = dimR!. A measurable mapping ¢ : Q — X is called a random
variable (r.v. for short). It means that the inverse image of any measurable set
from X belongs to § under the mapping ¢ or, symbolically, £~1(M) € F for all
M € X. If Q is a topological space we can consider the smallest o-algebra Bq
containing all open sets from . It is called the Borel o-algebra and any r.v. &
which is measurable with respect to Bgq is called a Borel random wvariable. The
measure P on the probability space (2, §, P) defines the probabilities of the events
pertaining to the r.v. . For example, the event £ € M (M € X) occurs with
probability P{¢ € M} = P{w : £ € M}. It is convenient to define a measure on R'
for the scalar r.v. £ by using the distribution function F(z) = P{{(w) < z}. For
the multi-dimentional r.v. this can be done in a similar way.

Using the measure P the mathematical expectation of £ is defined as the
Lebesgue integral

Ef:/ﬂf(w)P{dw}.

If £ € R' we can rewrite this formula as follows

B¢ — /oo 2 dF(z).
1



2 Basic Notions and Definitions

Let the variable t be interpreted as time. We shall distinguish discrete and con-
tinuous time. In the first case the parameter ¢ is running over the set {0,1,2,...}
(sometimes {0, +1,+2,...}) but in the second one ¢ belongs either to a finite interval
[0,T7] or to the half-axis [0, 00).

A family of r.v. &(w) in continuous or discrete time is called a random pro-
cess (r.p. for short). The r.p. will be called non-terminating if it is defined on an
unbounded interval.

For a fixed w, & (w) is a function of time ¢ which is called a trajectory or a path of
this process. For a fixed ¢, &(w) is a r.v. which represents the value of this process
at time t. The trajectories {&(w), w € 2} will form a function space and a space
of sequences when ¢ is continuous and discrete respectively.

The probabilistic properties of a r.p. are defined by the measure P given on
the appropriate probability space (£2,F,P). This can be defined in various ways.
At first we shall consider the construction of the scalar r.p. by using the family of
finite-dimensional distribution functions associated with & (w)

Plw: &, (W) S @1y & (@) ST} © By, (21, )

for all positive integers m and t; < --+ < t,,. The distributions from this family
have the following consistency properties:

1. Forany #1,...,om € R', m<land t; <ty < - - <t <--- <1
Fiityeot,(T1y ooy Ty 00, ..., 00) = Frytgot, (X1, 0oy T );
2. If i1, ..., 4y, is any transposition of the index-set 1,2, ..., m then
Fii tiyota,, (Tiyseeos i) = Feitgot, (X1, -0, ).

Properties 1 and 2 are sufficient for the existence of a unique probability measure
coinciding with the distributions F} ¢,...t, (21, ..., 2Zm) given on the cylindrical sets
(Kolmogorov Theorem). Moreover, there is a probability space (2, §,P) and r.p.
&t(w) defined on it (where ¢ is running over the same set from which ¢4,...,t,, are
taken) which corresponds to this family so that

Plw: &, (w) <zp,...,&, (W) <@mt = Futget,, (X1, oy Tm)- (1)

The probability measure P can be constructed in a standard way, i.e. first it is
defined on the cylindrical sets of the form

M={w:&, (w) <zi,....&, (W) <zp}, 1< <tn (2)

by (1) and then it is extended to the o-algebra generated by these sets. If the sets
in (2) are open with respect to a topology of the given function space then the
o-algebra will be a Borel o- algebra.

On the other hand, an r.p. in continuous time can be defined by using the family
of conditional probability measures

(M€, 0 <s<t)=P{& e M|&,0<s<t}), VMeX
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where the past history of the process up to time t is considered as the condition.
Often, these conditional probabilities are assigned by using an increasing flow of
the o-algebras §; (i.e. for any ¢1 < to the inclusions §;, C §:, C § take place). The
o-algebra §; is generated usually by the r.p. past history, i.e. by the system of the
following sets

Mo ={w:&Ww) <a,s<t, a€ Rl}.

Then one introduces a family of conditional probabilities s (+|§:_ ) where §;_ means
the left-hand limit of the o-algebras, i.e. §¢_ = limgys §s.

In the discrete time case the r.p. can be defined by using a family of finite-
dimensional distribution functions Fy, ..., (-) or by a family of conditional prob-

abilities ps11(M|&, &1, -, &). Further the abbreviation &£¢ def (€0,&1,-..,&) (the
past history of the process & up to time t) will be used to write down this condi-
tional probability as pz41(M]|EY). In what follows we shall assume that the above

mentioned conditional probabilities satisfy the following conditions:

1. For any past history & the function g1 (M|EY) is a probability measure with
respect to argument M;
2. For a fixed M this function is measurable with respect to the variables &g, ..., &.

Using the family of measures {1} one can write down the representations of the
finite-dimensional distributions, i.e. an r.p. is given. In what follows we shall prefer
to define an r.p. by means of a family {x;} which defines the measure uniquely on
the state space of the process &, i.e. on the space of sequences (£9,&1,...,&,...).
Now the existence problem for an r.p. with given characteristics arises.

Let two sequences of measurable spaces (2, §:) and (X, %), t = 1,2,... be

given. A probability measure P; and a conditional measure P(-|w1,...,w;—1) are
defined on (1,§1) and (€, §:) respectively. For any A € §; let the function
P(Alwi,...,wi—1) be Borelian with respect to the arguments wy,...,w;—1. Let us

put for A; € §;, j>1

Pt(Alx"-xAt):/

Pi(der) [ Polduafon) -+ [ Pldurfon,.. o)
Ay Ag Ay

Under these conditions the existence problem of a r.p. given on the space (2, F) =
[ 151 (€2, §¢) with the paths from (X, X) = [[,5, (X, X+) and with the probabilistic
characteristics given beforehand is solved by the following theorem:

Theorem 1. (Jonescu Tulcea) In the space (2, §) there exist an unique probability
measure P and a process £ = (&1 (w), &2(w), . ..) such that

P{w:wl EAl,...,wt EAt}ZPt(Al X "'XAt)7
P{wfl(w) EAl,...,gt(W) c At} :Pt(Al X oo X At)

forallt, A; €.



4 Basic Notions and Definitions

Sometimes we have to consider the scalar functions (the functionals) ¢ = ¢ (&)
defined on the paths of the r.p. which take values from some measurable space
(X, X). These functions are measurable mappings ¢ : X* — R. The sequence ¢; is
also an r.p. for which it can be found, as a matter of principle, the family of the
conditional distributions (or the finite-dimensional distribution functions) provided
one is known for the original process. But it is rarely that such calculations can be
done in an explicit form. For the mathematical expectation W (t) = Ep; we have

W(t) = /X ol apdat pldz ) plde).

It is often necessary that the parameters specifying the distribution of the r.v. (for
example, in the case of the binomial distribution it is the probability of the success
denoted by p usually; in the case of the normal distribution they are the mathe-
matical expectation and the variance denoted by (m, o) respectively) be included
in the notation of this distribution. This is a standard situation in the theory of
the random processes. Such parameters are indicated in the notations of the corre-
sponding conditional probabilities or the distribution functions, i.e. Mge) or Ft(f!)m’tm,
or, generally speaking, P(?). In control theory importance is attached to the situa-
tion when there exists a time-varing variable, called a control and usually denoted
by wu¢, such that the probabilistic characteristics of the process depend on it. We
shall now discuss this in more detail.

Let, in addition to (X, X), a measurable space (U,{l) be given. The points u
from U are called the controls. Let the conditional probabilities have the form

/’Lt+1(M|£t7ut)7 t> 1; M e X.
and the following conditions are implemented:

1. The functions p:y1 are the probability measures on X with respect to the first
argument for all £ and u?.

2. For any M € X they are measurable with respect to (¢',u') € Xt x U*.

3. The functions ;11 depend on wu; essentially.

We shall call the conditional measures from the family {u:,¢ > 1} submitted to
these conditions the controlled conditional measures (distributions). Such families
given on the space (£2,F) define a class of r.p. taking the values from (X, X) with
the controls from (U, 2R). To select some r.p. it is necessary either to fix in advance
the sequence of controls or to give the rules of their choice in the course of the r.p.
evolution.

Definition 1. The family of conditional distributions {u,¢ > 1} or, which is the
same, the class of r.p. associated with it is called the model of the controlled object.

Such models will be denoted by &, ¢ or 7.
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1.2. Controlled Random Processes

First we shall assume that time is discrete. Let a measurable space (2, F) be the
space of the elementary events, (X, X) be the state space and (U, L) be the space of
controls (or actions). We suppose that a model of the controlled object {u,t > 1}
is given as well. The r.p. state will be denoted by x¢, i.e. x; is the value of the
r.p. generated by this model at time ¢. The state x; may be accessible to observation
and measurement but this does not always occur. We can often judge about it
only by the circumstantial evidence or by partial observations. Indeed, it is true in
the case of many technological, physical and chemical processes where the direct
measurement of all components is impossible. By reason of this we are forced to
introduce a variable z; to denote data observed at time ¢.

We shall consider z; as a process given onto a measurable space (Z,3) which
is called the space of observations. The evolution of the process z; is defined
by the family of conditional measures {14,t > 1} on Z where the function
vy = v(H|at, 2!~ u!~1), H € 3 is measurable with respect to the variables included
into the condition. The generation of the observations up to a moment t, i.e.
2t = {zs,5 <t} is called the history of the observable process up to the moment t.
Another name is an information image of the model.

The space Z can be a subspace of X. It means that the object is partially
observed, i.e. a piece of information about the states of the process has been lost.
If the spaces X and Z have no common points we shall have to judge about the
states of the model by using indirect information only. Finally, it often turns out
that X = Z (of course, then X = 3). In this case it is said that the model is
completely observable. Otherwise, it is called partially observable (or with incomplete
information).

Finally, we shall define one more family of conditional measures on the space of
the controls U.

Definition 1. We shall call the conditional measure on
o® L GO(N| uiY), Ned, t>0.
a control choice rule at time t.

In the singular case the randomized rule ¢® turns into a deterministic one
which is represented by the measurable mapping o® : Zt x Ut~ — U. Hence the
rule o) points to the control u; which must be chosen by using the informational
image of the model up to time ¢, i.e. the sequence ug, z1, U1, ..., 2t—1, Ut—1, 2¢ in the
stochastic or deterministic way. Such laws are called the non-anticipated ones.

Definition 2. A family of the choice rules of the controls o = {o(!),t > 1} is called
a strategy of the control or just a strategy.

The terms “strategy”, “control algorithm” and “control law” are synonyms. In
terms of automatic control theory a “strategy” is the feedback under which the
disconnected control system is closed.
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Let ¥ = {0} denote a non-empty set of the “admissible” strategies. The choice of
Y. depends on the structure of the model. The “admissibility” means that there are
some specific circumstances differentiating one model from another which should
be taken into account. We shall denote a strategy for the model {u;,t > 1} with
the observations {v;,t > 0} by 0.

Now we can formally define a controlled process in discrete time.

Let a family of conditional probabilities {u,v¢,c®}, t > 0 be given on the
measurable spaces (X, X), (Z,3), (U,4) of the states, the observations and the
controls respectively. Here the strategy o belongs to the set of the strategies X.
We shall restrict ourselves to the case of topological spaces X, Z, U. Moreover,
for all applications of the proposed theory it is sufficient to suppose that these
spaces are complete separable metric spaces. It is quite reasonable to assume that
the conditional probabilities yi;, vy, o(*) are the Borelian functions (with respect
to the arguments noted into the conditions). It does not restrict the application
field of our theory. According to Jonescu Tulcea Theorem there exists a three-
dimensional r.p. (x4, z¢, u¢) whose paths of which belong to the countable product
(X X Z%° x U®, X x 3 x U>) of the state space, the observation space and
the control space, respectively. The corresponding probability measure on the space
(©,F) is unique.

Definition 3. The sequence ¢ = {yu, vy, o), t > 1} formed by the family of the
controlled conditional distributions p and v and the class of the admissible strategies
X, is called the controlled random process (CRP for short).

The spaces X, Z, U are defined by the measures p and v respectively. We shall
denote the CRP under a fixed strategy o by ((o).

Any strategy o € X,,,, defines a random process (o) pertaining to the r.p. class
given by the family pu.

Let us describe the evolution of a CRP at some fixed strategy from >,,,. At the
initial moment ¢t = 0 our model is in a state zy which generates an observation zg.
Taking into account this observation a control ug is calculated. At the moment
t = 1 the model passes into a new state x; which produces a new observation z;
and then a new control u; is calculated by using the data (zg,uo,21). This new
control leads to the new observation and state at time ¢t = 2 respectively. Using
the past history (2o, uo, 21, u1,22) a control uy is defined and so on. So step by
step the controlled random process is progressed. At each time ¢ it consists of
three components iy = (2, z¢,us). For the non-terminating processes a result of
the control is the infinite sequence of the triplets (ig,1,...,14,...) that represents
the trajectory of the process in X x Z°° x U*°. We can consider separately the
trajectory of the model z; in the states space X and the trajectories z; and u; in
the spaces Z and U respectively.

Definition 4. The finite collection i* = (ig,i1,...,4;) is called the history of the
controlled process up to time t.
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As mentioned above in the important case when X = Z and x; = z; one speaks
of an observable process. Then the description of the controlled process is simplified.

Let the initial values xg, ug and strategy o be given. Then the mathematical
expectations Eég?uogpt and the higher moments of the function ¢ = (a2, ut~!)
defined on the trajectories of the controlled process can be calculated (if they exist)
by the evident formulae.

The deterministic models under the deterministic observations are often met in
control problems. It is clear that they fall under the general conception of controlled
random processes.

We shall end the list of the main notions of control theory with the notion
of a control aim which so far had no abstract definition. Instead examples of some
concrete goals are usually stated. The control aim is to provide the model with some
desirable property that takes place under some strategies but not under others. The
control algorithms (the strategies) serve to attain it.

We shall consider some deterministic models as examples of the control goals.
As a general rule such a model is represented by a difference equation or a dif-
ferential one. It is often required that its solution be dissipative or stable (in
the Lyapunov sense) or asymptotically stable. Such aims are called the stabiliza-
tional aims. The optimization aims are more complicated. They are associated
with some objective functions W (o) defined on the set of admissible strategies
Y- It is required to find an optimal strategy oy that maximizes this function,
i.e. W(op) = max,ex W (o) or an e-optimal strategy o. under which the inequality
W (o) > sup,es; W (o) — € holds. Sometimes this inequality is written in the form
W(oe) > (1 —¢)sup,ex, W(0o). The optimal strategy and the extreme value depend
on the given set of the admissible strategies.

The objective function is often additive. So if 7" is a finite number then

T
W(o) = Z p(@t, ue-1)

or

T—o0

T
W(o) = lim Tflzgo(xt,ut,l)
t=1

in the infinite time case.

Another widespread goal consists of satisfying the inequalities (2, uf~1) < 0,
t > 1. Not only the stabilizational aims but also many optimizational aims are its
particular cases. The goals mentioned above can refer to “global” aims connected
with the non-terminating paths of the model. The “local” aims may be rather
important as well. For example, they are the transition from an initial state z into
a state T for time T or the optimal high-speed problem, i.e. starting from xzq it is
needed to reach ¥ in minimal time under some restrictions on the controls.

Let us now consider the stochastic controlled models. The main aims of the
control are divided into two groups. The first of them is composed of so-called strong
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aims referred directly to the paths. They have a probabilistic sense. Here some
examples of such aims are adduced. It is required to provide the implementation of
the following inequalities

ozt u't) <0, Vt>1

or of equality

T
lim 77! Z o(e,ur—1) = max W (o)

T—oo t=1

which take place for almost all paths, i.e. they are true with probability one.

The strong aims are reached under heavy conditions on the considered models.
As a general rule the model must be ergodic.

Finally, the second group is composed of the weak aims. They refer not to a
function defined on the paths of the model but to the average characteristics defined
by the chosen strategy. Let us consider the main types of strategies before we write
down the explicit formulae of the mathematical expectations for the considered
functions under these strategies.

Program strategies are the simplest. They do not depend on the evolution of
the model. Such strategies are sequences of unconditional distributions sz defined
onto the space of controls U fixed in advance. If these distributions are singu-
lar then the controls will be some functions of time w; = f(t) which form the
sequence ug, U1, - - -, U, - ... Lhe program strategies are convenient particularly in
the technical applications. Various applied problems of control theory were solved
by using them.

Stationary strategies are formed by using the identical rules. If the time ¢ is
running over all integers (¢ = 0,+1,+2,...) then 54 = s for all t. But if the ini-
tial moment is fixed, i.e. t = 0,1,2,... then s = s beginning at ¢t = h > 0.
In the simplest case when X = Z the considered strategies have the form
(Tt Bttty e ey Tt Uty Uyt 1 -+ 5 U1 ) (%(-|x§7hu§:i) for short). In other
words, the rules are different up to time ¢t = h but after this moment they coincide.

Definition 5. The number h is called the memory depth of the stationary strategy.

The stationary program strategy consists of using the distribution s only. In the
deterministic case the control u; = u is repeated time after time.

Let us write down the representation of the mathematical expectation of the
function ¢; = p(at, ut~!) under a program strategy having the form (ug, u, uz, .. .).
We have

def

W(utfl) = Ep;

= " O(20, . -, T3 U0, -+ Up—1 ) pu(de |2t w1 - p(dao|ug). (1)
X
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Following this E¢g; is a measurable function of u. If the space U is topological
then the conditional probabilities u(-|z¢, u*) will be continuous with respect to u
for all ¢ and the integral from (1) converges uniformly. Then the functions W (u')
are continuous with respect to all of its arguments jointly. If the program strategy
is randomized then E¢g; will not be a function but only a number. Indeed (again
for the sake of simplicity we assume that X = Z)
W (1) < Ep,
= / O(x0y ..y T3 U0, ooy w1 ) p(drg |zt wt ) - p(dao lug)
Xt+lx Ut
x oV (duy_y) -+ 0O (dug).

Definition 6. A strategy generated by a sequence of rules which have memory
depth equal to one, i.e. by the distributions o® (-|z;) or o(¥)(-|z;) given on U is
called a Markov strategy.

For the Markov strategy the current value of the model or the observation is
important only. The deterministic Markov strategy is formed by using the functions
of either fi(x¢) type or fi(z:) type.

Definition 7. A strategy generated by a distribution o(-|z) (i.e. at every instant
of time the controls are chosen according to the same rule) is called a stationary
Markov strategy.

Finally, a combination of the notions mentioned above leads to the simple strate-
gies, i.e. the stationary deterministic Markov strategies consisting in using the same
function f of the current state, i.e. f(x) = ;.

This notion is used especially often since the solution of many problems can be
obtained by means of the simple strategies. Then the mathematical expectation for
any function can be calculated by analogy with the previous formula

Ep: = W(t)
= AH—l 90(1'07 sy Tty f(x())a ) f(xt))y’(dmt|f(xt)) T /J,(dil'0|f(1'0))

For any strategy (non-stationary and randomized) depending on the whole history
of the model evolution the measure generated by it on the set of paths leads to the
expression

E;pr = W(o,t)
t
= / p(x', u') Hﬂi(dxi|xi_1, ui_l)a'(i) (dui|z', ui™b),
Xt+lxyt o
where 271, 4! should be treated as a formal notation of the absent variables. The

partially observable models are given in a more complicated way. The analogues
of the integral considered above have the rather cumbersome form. For this reason
the appropriate formulae are omitted.
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Now we can finally point out the typical aims of the control. It is assumed that
the class ¥ of the admissible strategies is chosen so that E,¢; should be finite for
all ¢. The following functions ¢; = ¢(x¢,us—1) are the most common ones. Their
role is connected with the fact that sometimes we can draw a conclusion about a
current state x; of the model knowing the value of some numerical characteristic
of the state (for example, the function ;). The next aim is quite reasonable with
respect to functions

lim E,¢; = sup W(o) = W.

t—o0 cED
Here W (o) is the limiting objective function obtained by passing to the limit, i.e.
W(o) = limy_ o W(o,t). This aim is called asymptotic optimality. In connection
to the above we shall cite the appropriate terminology. So ; is the reward at
time t, E,@; is the average reward at time t under the strategy o, W (o) is the
limiting reward and, at last, W is the mazimum limiting average reward. We are
often forced to restrict to approximate optimality. For a fixed £ > 0 it is required
to find a strategy o. such that the inequality

tlim Eo, 00 >W —¢

holds. Such an aim is called e-optimality (in the weak sense).
The weakest optimal aims are concerned with the Cesaro averages such as

asymptotic optimality

T
lim 7! ZEG% =W

T—00
t=1

and e-optimality

T
lim 7' E,p > W —e.
Stabilization problems can sometimes refer to the weak aims. For instance, the
asymptotic stability in the mean square sense can be reasonably interpreted as
the minimization problem (with respect to the limit) of the function E, |22, i.e.
lim; oo Eq ||z ]|? = 0.

The other aims of control are the fulfilment of the “goal inequalities” such
as a(t) < W(o,t) < b(t) under some given numerical sequences a(t),b(t). The
more general form of such inequalities is connected with a family of functions
(M. .., "), Tt is required that the inclusions

(W(l)(O', t),...,wh(o, t)) € G
where W@ (0,t) = Eagagi), i=1,...,1, G € R take place for all t > t,.

The majority of well-known aims of control may be reduced to aims of this
kind. For example, the optimizational aims (in the weak sense) or the stability
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problems (in the last case the goal is the fulfilment of the inequality E,||x]|? < )
are considered as such aims.

We shall now discuss methods of solving control problems for some types of
models.

A process with independent values (PIV for short) defined by a family of con-
trolled conditional distributions of the form

prer (2t ut) = peg (),

is the simplest kind of CRP. This means that only the last of the controls used
appears in the condition. In this case the class of the admissible strategies ¥ consists
only of the sequences of conditional distributions on U. In the physical point of
view these processes are inertia-free and independent on the previous evolution.
Sometimes it is more convenient to write down PIV in the form x;(us—1).

Homogeneous processes with independent values (HPIV for short) have funda-
mental importance. Their conditional probabilities do not depend on time, i.e.
pe(-Ju) = p(-Ju). The measurable function @(z¢, us—1) defined on the HPIV path is
also a HPIV. The name of these processes is derived from the fact that the program
strategy inverses HPIV into a sequence of the independent random variables iden-
tically distributed under u; = u. As we shall soon see the control strategy for HPIV
has such a form. In the deterministic case, i.e. when the measures u are degenerate
the HPIV will be represented by a single-valued function of the form

Ty = g(ut—l)a

i.e. it is the optimization standard object. The more complex strategy transforms
the HPIV. For example, the simple strategy o = {f(x)} turns it into a homogeneous
Markov process with the transition function (M| f(x)). The strategies of the gen-
eral form having large or increasing memory depth transform the HPIV into some
Markov process or, generally speaking, into a random process of general form.

The control aims for PHIV are usually double, i.e. the optimization problem
and the achievement of a given level. They are formulated in the terms of “average
rewards” for one step.

For the sake of simplicity we shall not touch the function p(z:,ur—1) but we
shall consider the scalar model only, i.e. X = R!'. Then the average reward at time ¢
under a control u is equal to

wiw = | " yudyl).

— 00

The average reward at the same time under a strategy o = {o)} is equal to

o0 o0 t
Egmtz/ / W(up—1) H (dajlu;—1) (j)(duj,1|xj*1,uj*2).
—o0 —o0 j=1

The following estimate is evident

E,z: < max W (u).
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We shall use the same symbols W (u) and W (e) for the mathematical expectation
at a fixed moment and for the limiting reward considered as a function given on
Y respectively. They differ by the arguments u or o only. Having this in mind we
shall obtain the obvious inequality

W(o) < max W (u).

Here the equality will take place if the control uy = argmax W (u) is applied for all
t, i.e. the stationary strategy oo = {ug,...,ug,...} is used. Then

sup W (o) = max W (u).

Applying the strong law of the large numbers to the sequence xg,x1,...,Tk,. ..
obtained of the independent identically distributed random variables, we shall
obtain

T
lim 77! xe =W as.
AT
For a task to be solved on the achievement of the given average level it is necessary
to find a strategy o* such that the equality W(u) = a (where « is a number from
the domain of the function W) takes place for all time ¢t. The solution is obvious,
namely, it is needed to calculate the root of the equation W (u) = a.

It is also simple to give methods of solving other control problems by HPIV.
Those methods are based on the assumption that all characteristics of the process
are known exactly. Before we had used the average reward only.

There is another interpretation of the HPIV notion (in so-called “wide sense”)
which, in turn, means that

(a) for the fixed uq,...,us—1 the r.v. ;11 (u) does not depend on the r.v. z;(u;—1),
1 < t;

(b) Ezy(u) = W(w);

(c) sup; Ez?(u) < oc.

Let us consider the next class of processes called controlled Markov chains.
These are specified by the 5-symbol collection C' = {X,U, P™, p,¢)} where
X =A{z1,...,zm}, U = {ug,...,ux} are the sets of states and controls respec-
tively, the stochastic matrices P(*) = (pg‘)) are formed by the controlled one-step

transition probabilities from z; to x; under the control u, i.e. pg;»‘) =P{z; 5 z;},
D= (p1,---,pm) is an initial distribution and, finally, ( = ((z,u,w) is a numerical
r.v. denoting the reward in the state x under the applied control u. The aver-
age rewards % = E((x,u) are required to be finite. The choice of the admissible
strategy leads to the “evolution” of the Markov chain, i.e. the state x; and the
reward ¢; = ((x¢,us,w) become some functions of time. Unless otherwise stated
these functions (the paths) will be assumed non-terminating.

The HPIV considered above are controlled Markov chains with a single state.
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In the theory of controlled Markov chains one usually considers the discounted
reward

WB(Uap) = ZﬁtEngt, 0 S 6 < 1)
t=0

or the limitting average (for one step) reward

T
W(o,p)= lim T7') "Bop¢;, 0<f<1

t=0
as the objective functions. It is required to find an optimal strategy maximizing
one of these functions. The structure of the optimal strategy is well known and
simple. There are only k£ different functions defined onto X which take the values
from U and generate the simple strategies. These functions form the set 3. Linear
programming provides the necessary calculation tools to find the optimal strategies.
Let us state this problem for the ergodic chains having the communicating states
only, i.e., there is a positive probability that for a finite number of transitions each
state z; can be reached from any state z;. We shall restrict ourselves here to the
case of the second objective function; the indexes i, j and [ correspond to the states
and to the controls respectively.

1,1 .
g r;r; — Max;
il
l - ; .
E xj—g pijz; =0, j=1...,m;
l il
l .
E T, = 1;
il

x>0, i=1,....m; I=1,...,k

Here the quantities 2! mean the choice probabilities of the control u; in the state
or, in other words, the optimal strategy is being searched in the class of randomized
strategies. The analysis shows that for any ¢ there exists the unique {(¢) such that
xi(i) >0 and 2! = 0 for I # {(i). The solution of this problem points to

(a) the optimal control law u(x;) = u();

(b) the limiting probabilities of the states under the optimal strategy m;(cops) =
xé(l);

(¢) maximum of the objective function

m
W (0opt) = Z ri(z)xi(z).
i=1

According to the strong law of large numbers for the ergodic Markov chains not
only the objective condition concerned with the average rewards but the stronger
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equality

T
Tlln;o T Z Ce(up—q) = max W(o), a.s.

t=1

holds. The limit value on the left-hand side of the last equality does not depend,
naturally, on the initial state of the chain.

For the non-ergodic controlled Markov chains the problem of linear program-
ming is more complicated, i.e.

1.1 .
g 7;T; — max;
il

> G-l =0, j=1,...,m;
il
doab=> 0y =iy =pi J=1...m;
l i,

gyt >0 i=1,...,m; Il=1,... k.

Here 6;; is the Kronecker symbol, p; is an initial distribution, the variables xi and
y! correspond to states from the ergodic classes and to all states respectively. Here
we do not go into details. This problem with 2™* unknown variables can be solved
by one of the numerical methods of linear programming. Frequently some variant
of the simplex method is used.

As seen from what has been said, to solve the optimization control problems of
Markov chains it is required to know information about all chain parameters, i.e.
the collection of m?k controlled transition probabilities péj must be known exactly.
Similarly, for HPIV information about p(-|u) is required. This a priori information
may be replaced by the explicit form of the average reward W (u).

The greatest difficulties arise for the partially observable Markov chains differing
from the above-mentioned ones by the structure of the admissible strategies. They
are formed by the laws 0(*) = ¢(-|2¢, u'~1) where z; signifies the observable variable.
It can be:

(1) areward (;

(2) a “pseudostate” z € Z = {z1,..., 2}, z; being observed with probability g;;
in the state z;. The numbers ¢;; form the stochastic matrix @;

(3) the pair ({, 2¢).

For the partially observable chains the main control problem is still unsolved.

Now we shall give another description of Markov chains that has an abstract
form. To that end, we shall use the branch of mathematical logic called the theory
of automata. We shall start with deterministic finite automata. Let three finite sets
X =Az1,...,z2n}, Y ={y1,...,ux},and S = {s1, ..., s, } be given. They are called
the alphabets of the input signals, the output signals and the states respectively.
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We shall denote a transition function by ¢, s : X x § — S and an output function
by A, A: X x S — Y but sg is an initial state.

Definition 8. The collection
A={X,S5,Y;s0, A}
is called a Mili automaton.?

Clearly it is treated as a one-one mapping of the semi-group of the words
Gx = {xy®iy...7;,,Yp,i1,...,4,} from the alphabet X into that Gy =
{Yjrs- 2 YjimV ¢ J1, - - -, jq} from the alphabet Y. It is natural to consider this map-
ping as a time-varying one. So starting from some initial state sg the automaton
receives the input symbols z;,, ..., x;, which are transformed by the transition func-
tion s into the corresponding states s,,, su,, ..., S, and by the output function A
into the sequence of the output signals y;, v, ..., y;, having the same length. The
initial segments of the input word correspond one-one to that of the output word.
This mapping is called an automaton mapping. In mathematical logic automata
characterize a class of algorithms.

Moor automata differs from Mili ones by the output function A which depends on
the state only, i.e. in this case y = A(s). It means that for Moor automaton the state
space can be decomposed into a sum of disjoint subsets, i.e. § = S 4 ... 4 §*)
where the same output signal y; corresponds to all states from S With this
difference, however, both types of automata are equivalent, i.e. they realize the
same mapping.

The inner logic of automata theory and its applications have led to the creation
of more complicated types of automata realizing more general automaton mappings.
The probabilistic (stochastic) automata were the first of them.

Definition 9. The collection
A={X,S,Y,p,(x),u}
is called a stochastic Moor automaton.

Here p = (p1, ..., pm) is the initial distribution of the automaton states, Il(z) =
(mj (x)) is the stochastic matrix of transition probabilities from the state s; to the
state s; under the input signal «, ;1 = u(y|s) is the conditional distribution onto Y’
under the automaton state s. The stochastic Mili automaton can be defined in a
similar way.

It is easy to see that the stochastic Moor automaton (and Mili one as well) are
controlled Markov chains. Indeed, the input signals x are the controls, the states
of automaton serve as the states of the chain, the matrices II(z) are the analogue
of the controlled conditional transitional probabilities P{s(t + 1)|s(t),z(¢)}, the
initial distribution p has the same meaning in both cases and, finally, the output

2The non-initial automata are used often. Their initial state is not specified.
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signals y are the abstract analogue of the rewards to appear with the probabilities
w1(yls). In the case of numerical rewards one may not introduce the set Y and the
conditional distribution u. Instead, it is enough to given the family of r.v. {(s,w) or
((s,z,w) which means the presence of the corresponding conditional distribution.
Under such an agreement the automaton can be written in the form that does
not differ from the notation of a Markov chain (if, additionally, we write U = {u}
instead of X = {z})

oA = {8,U,5,1(), (s, 2)}.

Automata with variable structure whose matrices II;(z) and the r.v. ¢; depend on
time ¢ are regarded as another type of automata. They will also be useful for us
in the future. These automata can be reduced to the common ones but with some
infinite S.

The terminology of automata theory often has a number of advantages. One of
them is that an automaton can be naturally interpreted as a control algorithm. It
is true in technique. For example, the controlling calculators and discrete devices
of automatic control represent by itself the finite deterministic automata.

The strategy realized by finite automata can be directly applied not only to
HPIV but to Markov chains as well. As we shall see later the infinite automata
can provide attainment of the aims of control for the most complicated models.
The process of the control of the model represented in the form of an automaton
A, by means of an automaton A, can be visually illustrated as an interaction of
two automata. The first one A, sends the sequence of states of the model z; or
the observable values z; to the automaton A, and the latter replies to it by the
sequence of the controlling signals u;. Such a system denoted by A, ® A, realizes
the one-one mapping.

As the last example of control theory problem we shall choose the linear-
quadratic problem (LQP). In the simplest form it is connected with the linear
difference equation with constant coefficients

T+ @121+ F ApTon = bru—1 + -+ bptle—m + &, >0,
or, in another form, with the system of the first order equations
yt+1 = Ayt + But + T]t, t 2 0 (2)

The numbers (a;, b;) and matrices A, B are supposed to be known, & and 7, are the
additive noises, i.e. the r.p. of some nature. Let us consider Eq. (2) supposing that
ye, ¢ € RY, uy € R™. We assume that 7 is a sequence of independent, identically
distributed r.v. where En; = 0 and the matrix R of their second moments is finite.
The initial value yg is supposed to be a r.v. with the distribution P and with the
matrix of the second moments Ry but Eyy = m. We shall choose the function

T—1

W(o,P) = [y Quyr + uf Qous] + Y5 Qoyr
t=0
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defined on the finite time interval [0, T'] as an objective function. Here @ and Q; are
some non-negative matrices, Q2 is positive definite. The aim is to minimize the non-
negative function W (o, P). The solution of this problem has been carefully studied.
The optimal control law is linear (by the state), deterministic and non-stationary.
It has the form

Ut = K(t)xt

where the amplification matrix K (¢) can be expressed in terms of the numerical
parameters of the equation and of the objective function, namely,

K(t)=[Q2+ B"S(t+1)B] ' BS(t + 1)A.

Here the non-negative definite matrices S(t) are the solution of the Riccati matrix
recurrent system

St+1)=A"S(t)A+ Q1 — ATS(t) [Q2 + B"S(t + 1)B] ' BS(t)A

with the following boundary condition (on the right end) S(T) = Q. This sys-
tem will be solved before the solution of the optimization problem is found. The
minimal value of the objective function is equal to

T—1
W(T) < min W (0, T) = m*S(0)m +sp S(0)Ro + Y _ spS(n + 1)Ry.

n=0

If the observations are incomplete, i.e. z; = Ly; + (; we shall have to use additional
considerations to obtain the useful signal y; from the accessible information z;.
With this aim in view the “Kalman filter” is used.

We remark that solving the control problem for the new model again requires
full information about characteristics of the linear difference equations, i.e. it is
necessary to know Eyg, the matrix R for the noise 7;, and five matrices A, B,
Qo, Q1, Q2. For the values of the amplification matrix K(¢) to be calculated this
a priori information is needed. Otherwise, if there is a lack of a priori information or
inaccuracies into the description of the model then the linearly-quadratic problem
cannot be solved and it remains only to sympathize with the designer of such a
control system.

Let us return to the controlled model with the strategy. Let the model and the
strategy be represented by automata A, and A, correspondingly and it is assumed
that the spaces of the states X, the observations Z and the controls U are some
measurable (and may be topological) spaces. Supposing that X = Z we shall accept
the controlled Markov process A, with the state space X and with the control
space U as a model. The properties of the process are specified by the controlled
transition function u(-|z,u). We shall choose the stochastic Moor automata A, =
{X,S,Y;II(z),q} as a class of admissible strategies 3,. As arranged above an
interaction between A, and A, is denoted by 4, ® A,.
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We shall connect with the object A, ® A, an associated Markov process (C, P)
where C' = X x S is the state space of this process but its transition function P is
given by

P(Ue) = /X my(wp(dule, wa(duls)

where U = M x S is a subset of C, M € X, the pair ¢ = (z, s;) being the previous
state of the associated Markov chain. It is easy to write down the transition prob-
ability from ¢ into a set M x S where S C . This process is homogeneous in time.
Its paths are the sequences (o, So; 1, $1; - - - ; Tt, St, - - ). For the discrete spaces X
and U the integrals in the above mentioned formula are replaced by the sums and
we can speak about the transition from the state s’ = (2/,¢') into s” = (2", s”). If
the spaces X and S are finite then (C, P) will become the associated Markov chain.
It is interesting to know the conditions under which it is regular, i.e. it is ergodic
without cyclic subclasses. Here we shall point to one sufficient condition, namely,

the chain is reqular but the automaton is strongly tied up and it has no
cyclic states.

The regular chains have positive limiting probabilities. It enables us to calculate
the limiting mathematical expectation of the reward (if it is defined for this chain).
The form of the limiting average reward depends on the strategy A, used.

Let us consider the special case of the controlled HPIV. In this case the structure
of the associated process (C, P) is simple enough. The set C' = S, where S is the
state set of this automaton, serves for the state set of the process whose transitions
are regulated by the matrix P = (pij)

piy = P(si — 55) = /X m(wn(dulu(duls,).

This process is again homogeneous. If the PIV is considered as a model (a lack
of homogeneity takes place) or automaton A, has changeable structure then the
process (C, P) will be non-homogeneous. If the set S is finite, we shall again call
(S, P) a chain. It is regular under the condition stated above and there exists a
positive stationary distribution my,...,m, which does not depend on the initial
state. The limiting average reward (HPIV is scalar) is equal to

where ; = . m;q(wi|s;) are the stationary probabilities of the choice of the control
w and W(u) = [ zp(dz|u) is the average reward under the control w.

bThe strong tie-up means that from each state of the chain it can pass into any other. The state
of automaton will be called a cyclic if the greatest common divisor of the lengths of the input
sequences which transform this state into itself with a positive probability is greater than one.
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If the initial state is sy and the automaton A realizes the strategy wuq, ..., uy
then the mathematical expectation of the reward at time ¢ will be given by

W(E A s0.t) =Y W(w) > pll;Valuls;).
J

=1

As known from the theory of Markov chains
thm W(f» Av 50, t) = W(f? A)

with exponential convergence rate. (It is defined as the second largest absolute value
of the eigenvalues of the matrix P.)

Our consideration has been concerned with both controlled models and control
problems in discrete time. Fundamental difficulties prevent any formal and correct
definition of controlled processes in continuous time. Therefore such definitions are
not stated. Nevertheless, this will not pose us problems since from the whole set of
such processes we shall confine ourselves to these topics:

(1) the semi-Markov countable processes;
(2) the ordinary differential equations of the form

& = Az + Bu + h(1)

where h(t) is the deterministic or stochastic additive noise;
(3) the stochastic differential Ito equations

d.]?t = (A.I?t + But)dt + Cd’LUt
where w; signifies a Wiener process.

For all above-mentioned cases the structure of optimal and admissible strategies
is well known.

1.3. Definition of Adaptive Control

The control problems described above are characterized by the presence of complete
information about the model required for their solution. We have to know not only
the model structure but all functions and constants entering into the description of
this model. For short we shall name the control theory worked out for such cases as
the classical control theory. For a long time this theory has been working and has
reached an advanced stage of development and has proved its significance in the
many practical applications. Let us turn to another situation initiated mainly by
practical interest but (partially) also by theoretical one. We shall suppose now that
a priori information about the model is incomplete. More precisely, we shall assume
about the model and the appropriate controlled random process (CRP) that some
common properties of their structure are known only. Let a class IC of the CRP be
given only.
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Definition 1. By adaptive control theory we mean the part of control theory
devoted to the study of the whole class of control processes K, instead of a particular
process, due to the lack of complete information.

We shall begin our consideration with the class = {{} of the CRP each
element of which is characterized by the triplet (u, 14, %,,.,t > 0), i.e. there is a
collection of conditional distributions (x;) and () and a set of admissible strategies
Y ,,v. The control aim, related to any process from K is given. It is supposed that
this class contains an infinite number of elements and the intersection N, %, , of
all admissible strategies for CRP from K is non-empty. It is rather convenient to
specify the class K by using an auxiliary parameter 6 belonging to some parameter
set ©. Having this in mind both numerical and other (unknown) characteristics of
the conditional distributions (u;) and (v4) are combined in a collection denoted by
the single symbol #. To emphasize the dependence of the considered distributions
upon parameter 6 their notations are supplied with a corresponding symbol, i.e.
we shall write (u¢(0),14(0)), t > 0. Then instead of CRP & and K we can write
£(0) and K(©). Here the parameter set O is determined exactly. The advantages of
such a notation consist in the obvious description of an “a priori uncertainty” set
that differentiates the given class of the CRP from the others. Now we shall give
examples of parameterization for some classes of CRP.

1. HPIV ¢ with the two-element state space X = (1;—1) and the finite set of
the controls U = (uq,...,u). This process is completely determined by the
collection of probabilities ¢; = P{x = 1|u;}, j = 1,..., k which are considered
as k-dimensional parameter.

2. The class of linear difference equations xy+1 = Axy + Buy + hy. Here the param-
eters are the elements of the matrix pair § = (A, B).

3. The class of Markov chains (S, P, U) with matrices of transition probabilities
P® w € U which form the parameter 6. If the rewards are given on the chain
then their average values must be included in 6.

If an aim contains the mathematical expectations of the functions ¢; then,
without reservation, they are assumed to exist and to be finite. Such a statement as
“the strategy o has led CRP ¢ to the aim” means that the result of the interaction
between & and o generates the process that has the properties declared into the
definition of the considered aim. We formulate the main definition below:

Definition 2. An admissible strategy (for all processes from K) which leads any
process from K to the given aim C'is called an adaptive control (or adaptive strategy)
with respect to the class K under the aim C.

The “adaptability” of a strategy signifies that it is intended not only for the
individual CRP from C but for all processes entering into . In the course of the
control process we do not know, generally speaking, what process from K concretely
is under the control. In the adaptive control theory the aims are the same as in the
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classical one. Indeed, practice puts forward the aims which are indifferent to our
knowledge about the controlled object. A customer of a control system does not
usually worry about the design knowledge of the particular features of the model.
He is, generally, interested in the final result only.

In this connection two questions arise. Firstly, whether the control system can
be designed under a lack of a priori information? But also what the suppositions
must be done for it to be realized? Secondly, how (by what means) can the adaptive
strategies be constructed? The most of the remaining part is devoted to the answer
the first question. Now we would like to give a short answer the second one.

The classification of the adaptive strategies contains three main points:

(1) the identification strategies;
(2) the direct strategies;
(3) the searching strategies.

An identification strategy consists of a combination of two operations simulta-
neously. The first of them is an evaluation of the unknown parameters of the model
(we have denoted them by symbol 6 united as the scalars and the vectors as the
matrices and the points of some function spaces and so on). The second operation is
the calculation of the controls by using the received estimates and according to the
choice rules forming the required strategy. Apparently, there are two rather serious
restrictions on the identification approach. Namely,

(1) the “good” (converging) estimates of the parameter § have to exist;
(2) for known 6 we must know how (by what method?) an optimal strategy is
found.

These suppositions are not trivial. To come nearer to the given aim we have to
choose the controls by using the rule which corresponds to the current value of the
estimate. Unfortunately, this causes a deterioration of the estimates quality. In this
case the convergence of these estimates to the true values of the parameters may
be lost. Therefore, it is necessary to “mar” the controls, for example, to randomize
them so that the optimal controls provided the achievement of the goal for CRP
should appear more often. Doing so we have to choose the “incorrect” controls
with a positive probability though it moves the controlled process from the desir-
able course. Due to the appearing deflexions we can obtain necessary information
which gives the appropriate estimates of the parameters. Along with the explicit
identification which consists of using the estimates converging to the true values of
the parameters the partial (indirect) identification is used as well. In the last case
the parameter 6 is estimated approximately, i.e. only to such an extent which is
necessary for the given problem to be solved (to attain one’s aim). The indirect
identification methods produce the estimate of the parameter 6 belonging to such
a region of the parameter space ©® where the control aim can be attained at least
approximately.
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When constructing an adaptive strategy the use of the identification approach
is grounded on two stages. At the first stage the convergence of the estimates 6, of
the parameter # to the true value of this parameter as ¢ — oo should be proved
and then, at the second one, it is necessary to prove that the control aim is reached
since it does not result, generally speaking, from the convergence of the estimates.

The direct strategies can be applied when the structure of the choice rules for
the controlled models from a given class of the CRP is known. For the sake of
definiteness we shall suppose that such a strategy is stationary and it is generated
by a deterministic rule h(z!_,,ul_,;(0)) where »(f) will denote the parameter
determining the rule h if the model is specified by the parameter 6.

The direct approach ignores the dependence of the rule h on the model param-
eter #. The parameter ¢ of the rule h serves for the unknown parameter instead
of the parameter 6 and the problem is to find the “proper” estimates sz; of this
parameter by using the observations of the process x; (or by using the process z; in
the case of partial observations). If the function h(-, ; 5¢) is continuous with respect
to » then the convergence 5 — s as t — oo will imply the convergence of h(-, -; 5%;)
to the true law h(-, -; >(0)). It remaines to make sure that the control aim would be
achieved. An application of the direct strategies usually requires stronger restric-
tions to the CRP class in contrast with the identification strategies and, besides,
the proofs of the corresponding assertions are more complicated.

We shall adduce now an example of a direct strategy based on a wayfaring
(a fluctuation) on the given set of rules. Such a wayfaring arises when the structure
of the optimal control is well-known in advance and, moreover, is simple enough. For
example, in the case of control problems by the HPIV class, the optimal strategy
is to repeat unlimitedly the same optimal action wp. Let the control set U =
{u1,...,ur} be finite and neither the measure p(-|u) of the process nor the average
reward W (u) associated with the control aim be known. We shall use randomized
rules of control choice p; = (pgl), . ,pgk)) where pgi) = P{u(t) = u;}. The set of
all such rules forms the k—1-dimensional simplex S = {p: Zlf pi = 1,p; >0, Vi}.
Under lack of information about the controlled process from the CPIV class, the
vector rules p are transformed in the course of control so that they converge to the
top of the simplex e; = (0,...,0,1,0,...,0) corresponding to the optimal action ;.
To that end, a family of operators T*) depending on the observed value z of the
process received in response to the previous action is constructed on the given
simplex. The operators T are represented as some automata or some recurrent
procedures. So, pry1 = T®)p;. Then the sequence of rules pi, ..., 7y, ... generates
a random wayfaring on the simplex S. The “adaptability” of this direct strategy

“In case, for example, of a linear quadratic problem the control law has the following form u; =
—Kuz¢. The elements of the amplifier matrix K (t) can be expressed by using the well-known
procedure in terms of the initiative parameters entering into the description of the task or, more
exactly, in terms of five matrices entering both into the control law and into the minimized function
[see Sec. 2, Chap. 1].
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takes place on the condition that the top set of this simplex corresponding to the
optimal action uept = uj, is the absorbing set for the random wayfaring.

The searching strategies differ from the above-mentioned strategies because
the search for the required rule is carried out in the set of all deterministic
rules, i.e. among the rules having the following form [{h(z)}, {h(z™),2®)}, ...,
{h(zM, ..., 2™} .. ] where {h(z,...)} stands for the set of all admissible func-
tions having the necessary number of arguments belonging either to the state space
X or to the observation space Z. The control of the CRP consists of construct-
ing the optimal strategy using increasing memory depth (or with infinite depth
when time is running over the set {...,—1,0,1,...}). The construction difficulties
of the searching strategies, even in the case of discrete spaces X, U, are concerned
with the choice of search direction in the set of all competitive rules having an
increasing number of arguments. An enumeration of all finite-valued functions with
the increasing number of finite-valued arguments is considered as another prob-
lem. In practice such an enumeration must be effective, i.e. the function’s number
defines its explicit form by using either the tables or the formulae which can be
used immediately. For this reason the searching method interpreted as a wayfaring
on the set of complex functions is used for the most difficult problems but it has
no applied importance up to now. This method demonstrates the principal math-
ematical resolvability of the problem considered. In the present monograph the
use of searching strategies is limited to Chaps. 6-8. The identification and direct
strategies can be realized in practice without special difficulties. These two types of
strategies afford a basis for the application of adaptive control theory in industry,
communication and elsewhere.

From what has been outlined above some conclusions about the common fea-
tures of adaptive strategies can be drawn. First of all, the most typical property
is non-stationarity. Next, these strategies are non-Markovian, i.e. they depend not
only on the last state of the model but on the more distant past history. Finally, to
control the non-deterministic objects it is necessary to use randomization, i.e. the
control choice rules are some probability distributions defined on U. Note, however,
that there are control problems with the strategies of elementary form, for example,
u(t) = Cx(t). Unfortunately, such problems are exceptions.

The adaptive control has a fundamental difference from the classical one. It
consists of an uncertainty, as a general rule, of the moment when the control aim
gets “near-by”. We shall explain this by two examples given below.

First, we shall consider the weak aims for the models p(f) where 6 € ©
is a parameter which differentiates one model from another. Let Wy(o) be an
objective function, Wy = sup, Wy(c). It is required that the following inequal-
ity limy oo Esp; > Wy — ¢ should hold (¢; is some function defined on the paths
of the model). For a given model 6 it is possible, in principle, to calculate either
the first moment ¢*(0) when the inequality Eq @y (9) > Wy — € holds or the upper
estimate of this moment (and also to estimate the convergence rate or some other
characteristic of the transition process). As indicated in the corresponding notation
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this moment depends on the model considered. In adaptive theory we have another
situation. In the case of lack of a priori information about the model the magnitude
t*(0) can take any possible value and, as a matter of fact, is unbounded on the class
K = {10, 0 € ©}. Therefore, the estimates of the convergence rate must be uniform
on the class .

In the case of strong aims the situation is more complicated. If, for example, it
is required to ensure the implementation of the inequality

T
. 1 = )
Th_{EOT Z pr > Wy —e, as.
t=1
then we shall take an interest in the random moment 7(6) starting from which the
following inequality

L T
fZ@t>W0_5
t=1

always holds. The moment 7(0) is non-Markov, i.e. it is not adapted to the infor-
mation provided by the past history of the process and, therefore, is unobserved. In
other words, at every moment of control we have no confidence that the e-optimal
adaptive strategy “has understood” the situation and one “has adjusted” to the
proposed model and it has already used almost the optimal rules.

Thus appearance of the non-Markov moments 7(f) and other unknown char-
acteristics such as t*(0) forms an uncertainty entering into the description of our
model. The “uncertainty” is the subject-matter of such branches of mathematics as
game theory and statistics. The distinction between a decision process in statistics
and one in adaptive control theory is based on the fact that in the first case the
observations are performed over a finite interval of time (it is fixed beforehand or
it ends at some Markov moment) and, hence, it may lead to errors with a positive
probability but in the second case the decisions of the adaptive strategies after the
moments 7(6) or t*(0) are faultless. In the control problems by the stochastic models
it means that we have to consider such problems on unlimited time intervals.

The subject matter of adaptive control theory consists in finding sufficient con-
ditions for existence of adaptive strategies for various aims and classes of CRP.
These conditions, with a few exceptions, have constructive character and they can
be realized in practice without difficulties. For theoretical and practical purposes
it is important to know the necessary conditions for adaptive strategies to exist.
However, up to now they are known only for a few classes of the CRP. Heuristic
considerations together with experience enable us to state some hypothetic assump-
tions about the necessary conditions. Consider the following:

A. The control aim is attainable, in principle, with respect to the considered class
of the CRP.

B. A class of the CRP must not contain the “very” non-homogeneous in time
(non-stationary) processes.

C. In the course of time the influence of the distant controls on the process vanishes.
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Here are some intuitive arguments in their favour.

Condition A is self-evident but non-trivial. In optimization problems for Markov
chains the accessibility of the limiting average reward maximum is the necessary
and sufficient condition for an adaptive strategy to exist.

Condition B arises in conjunction with the fact that a non-stationary CRP
usually has non-stationary optimal strategies. Then in the course of control it has
to search not only the optimal choice rules of controls but also to guess a law of
their change (or “readjusting” to be able to pass from one rule to the other.) It is
easy to give examples of classes of very simple CRP for which adaptive strategies
do not exist.

Condition C rules out the possibility that incorrect controls chosen on the initial
interval of control make the control aim unattainable. We shall illustrate this by an
example. Let a class K of CRP have the set of controls U = {u/,u”}. For any CRP
from K it is required to maximize the average reward W (ug, u1, ..., u;) calculated
with respect to the measure generated by a program strategy. Let the class K also
have the property that for each CRP from K the functions W (', uy, ..., uz), t > 1
have the same unknown sign but the functions W(u", uy, ..., u;) have the opposite
one. It is clear that if the CRP is unknown then we cannot choose the proper initial
control and, hence, the given aim is not always achieved.

1.4. Learning Systems

The essence of the definition of adaptive strategy given in the previous section is
very broad. For a CRP in discrete time we would like to consider the adaptive
strategies from another point of view, namely, to represent them in the form of
automata and, hence, to produce the universal constructive definition. We shall
begin from a notion of the learning system represented, in a general case, by an
infinite automaton.

Let ¢ be the control choice rule, i.e. a probability measure defined on U such
that (2, u(l_l)) € Z"1 x U!, where [ is an integer that denotes the memory depth.
In the singular case each deterministic rule is just a function h(z') since the controls
may be successively eliminated.

Definition 1. An object
Eo = (2,6V,U)

which is represented as the stationary strategy generated either by the distribution
o or by the function h is called an elementary controlling system E, (or E).

The observations z; of the controlled process x; and the controls u; are consid-
ered as the input and output of &, respectively. At times ¢ — 1 and ¢ the controls
are calculated by the pre-histories

(Zt—ty s 2t13Up—ts oo w—2) AN (Zpgg1, ooy 205 U1, -5 Ut—1)

respectively.
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In controlling the CRP the system &, generates the next value of the process x;
(it is defined by the conditional distribution of the model p;) by using the control
us—1. Then this value is transformed into the observable value z;. It is the input
signal of the system &, and, further, according to the rule ¢ the next control u;
is generated and so on.

Let D; denote the set of all rules with the memory depth [, i.e. the conditional
distributions on U at the pre-histories belonging to Z' x U'~!. Let us also put
Doo = U;D;. We shall choose a non-empty set of admissible rules D C D,,. Let
us now consider the family &€ of all elementary control systems corresponding in a
one-to-one fashion to the rules from D, i.e.

(5[, e é) (& = (Z,0,U),0 € D)

or, symbolically,
E=(2,D,0U).

We introduce one more notion. Let 2R be a measurable space (further it will be a
metric one but now this is not important) and £ be a CRP. Let a sequence of mea-
surable functions W, defined on the observable trajectory z; and on the controls wu,
with values from R be given, i.e. Uy = U(zq, ..., 2:;u0,...,u_1) : 271 x Ul — R.
The distributions of these variables are generated by the distributions of the model
(11¢), the observations (v;) and the rules (o)) used.

Definition 2. The sequence VU, is called a statistic of the CRP &.

We shall explain the sense of these notions below.

We use the notation Ty,, t > 0, to denote a mapping of D into D, ie. Ty, :
D — D for all t > 0. The set T'y,, t > 0 may be considered as a family of mappings
depending on two parameters, namely, ¥ and t. In addition, we shall suppose that
under the mapping Ty, a rule having the memory depth not more than ¢ — 1 is
associated with a rule having the memory depth not more than ¢. At the initial
moment we use the rules having memory depth 0, i.e. they do not depend on the
past history of the process. Due to correspondence between the sets € and D we
can consider Ty, as a mapping of € into D. At time t = 0 we have “the initial
system” & = (Z, A U) with the constant rule o not depending on the past.

Definition 3. The object
L=1[ETy,, t>0]
is called a learning system.

As seen from this definition a learning system is a generalized automaton with
infinite sets of input and output signals. The detailed notation of such a system is

L= [ZX U,S,U;go;T\pt]
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where Z x U stands for the input alphabet, U denotes the output one, S =
(D, R, Z>° x U™) is the state space, & is the initial state. The time-varying func-
tion Ty, is the function of the transitions and the output function is defined by the
current state.

To find the structure and the function character of the learning system we shall
consider its interaction with the CRP &. For the sake of simplicity, we assume that
our model is completely observable, i.e. X = Z and z; = 2;. Otherwise, describing
the state x; we have to add “which is followed by appearance of the observation z;
with the probability defined by the conditional distribution v;”. Let us apply at time
t — 1 the control choice rule o;_1 € D which has been formed by using the history
of the control process from X*~' x U?~2. Then at the next moment ¢ in accordance
with the distribution p(-|2*~!,u*~!) the value z; appears and, subsequently, the
statistics U; = W(z?,u’~!) can be calculated. It generates the mapping Ty, and
the previous rule o;_; is replaced by oy = Ty,0¢—1 which, in turn, generates the
new control u;. Thus the new collection (oy, 2%, uf, ¥y, 1) is formed and at the next
moment ¢ + 1 the process is repeated again. The above is a repetition, practically
word for word, of the process of controlling £ under the strategy o given in Sec. 2.
Hence the notions of a learning system and a strategy coincide.

The operation of a learning system in the course of control is included in the
presence of the set of admissible rules D, memorizing the past history (z*,ut),
calculating of statistics ¥, and producing of the next mapping Ty,. In the general
case it has to remember the whole path, i.e. the point of the space X x U but
often it is enough to remember the points from X! x U' (if the memory depth is
equal to ). Hence the structure of the set S includes the admissible rules, statistics
and the history of the control process. In the typical cases the statistics ¥, are
calculated recursively but sometimes it is necessary to remember the whole past
history. Among the widespread statistics we shall emphasize two.

1. The value of the process, i.e. ¥y = x;. Then Ty, = Ty,;
2. The arithmetic mean of the “rewards”, i.e. ¥, = ¢! 22:1 g(x;).

The task of statistics is to give a method basing on which we choose the rules o to
have desirable behavior of the model. Then appearance of a sequence xg, T1,...,Tm
at the input of the system implies the transformation of the initial rule og into
om =Ty, Ty, _, Ty, 00. We emphasize that the stochastic nature of the input
sequence implies that of the output one. This means that the sequence of rules o
is a random process in the set D or, in other words, the CRP & generates some
random wayfaring on D. The achievement of the aim means the “purposefulness”
of this wayfaring and its “aspiration” to use the most profitable rules. For the
deterministic models the situation becomes much more simple.

It remains to explain why a learning system is a Moor automaton. This is
because its output signal u; is determined by the state of this system, i.e. by the
rule o; acting at that moment and by the memory contents or, more exactly, by

t—l)

some point (z¢,u of X x U*. The simplest example of a learning system is
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the stochastic learning model (SLM for short) which has appeared in mathematical
modelling of the behaviorism conception in psychology. Because of this the words
“behavior”, “learning”, “adaptation” are used in SLM. This model interacts with
an “environment”, receiving “reactions” from it in response to “stimuli” sent to the
model.

Let the sets of stimuli X = {x1,...,2,} and reactions U = {uq,...,ur} be
finite. The appearance of a stimulus from the environment is determined by the
conditional distributions p(x|u) or, in other words, the environment is a HPIV.
We now describe the operation of this SLM. The elements of the sets X and U
are, strictly speaking, its input and output signals. The admissible rules are the
points of the simplex S = {p1,...,pk : Zlfpz =1, p;, >0,i=1,...,k} under the
given Euclidean metric. These points are called the behavior of the SLM. Each of
them is the stochastic vector whose jth coordinate p; is interpreted as the reaction
probability ;. The number of the last input stimulus as the statistics which defines
the collection of the mappings Ty, is chosen. All rules have the memory depth equal
to one. The transformation of the behavior p for one step is given by the formula

TWp=a,p+(1-a)fe, 0<a,<1

where ¢, = (q1(x),...,qx(x)) is a stochastic vector. If the same stimulus x arrives
at the input of the SLM during n successive steps then the mapping 7, = (T(w))n
will have the form

Teop=o0pp+ (1 - 0})ga

The vector @, is the fixed point of this mapping, the parameter «, pointing the
convergence rate of T, p to .. Hence if the environment sends the SLM the same
stimulus x then this system will “learn” the behavior ¢q,. The interaction between
the environment and the SLM consists of alternating the different stimulus and
reactions. Therefore some k-dimensional random process p; corresponds to the input
sequence x;. Under the stated assumptions about the environment, p; is a Markov
process and it is possible to prove that its probability distributions converge weakly
to some limiting distribution. In some cases this distribution can be calculated.
Notice that in the interaction between the environment and the SLM modeled
above the notion of aim is absent. The problem of supplying the environment with
some properties is not formulated, the scheme being intended for the modelling of
some psychological phenomena only.

We introduce a constructive definition of “adaptive control”.

The CRP class K is considered and an control aim is given as well.

Definition 4. A learning system leading each CRP from K to the given aim is
called an adaptive control with respect to the class K under the given aim.

The difference of this formulation from the definition stated in Sec. 3 consists of
pointing the universal automaton structure for CRP in discrete time. This structure
has many advantages making the realization of the adaptive control system easy
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to access. This realization may be done in the form of programs, special devices
and so on. The control algorithm often happens to be more clear due to automaton
structure. It is important that in Moor automata the output signals (the controls)
depend on the current states only but not on the past history. If the learning system
realizes adaptive control then the random wayfarings on the set of admissible control
rules D will gain a purposeful character. In the case of optimization aims either the
random wayfarings lead to the absorbing subset of the optimal rules (belonging
to D) or the optimal rules (or almost such) are chosen with increasing frequency. In
all cases when we can interpret the process of control as a random wayfaring on ©
it is convenient and reasonable to reformulate the original aim into the goal given
for the wayfaring on the set of rules D.

1.5. Bayesian Approach on a Finite Interval

Under the condition of absence or incompleteness of a priori information about the
model, a control problem on a finite time interval is sometimes treated as an adap-
tive one but in another point of view than that stated above. In this connection we
shall consider a problem of controlling a Markov process with discrete parameter.
On the time interval [1,T] a class Ky of controlled Markov processes is given with
the state space X and the control space U which are supposed to be Euclidean. The
transition functions of these processes are denoted by p(-|z, u;0) where the param-
eter § € © characterizes the concrete process and it is running over, for the sake of
definiteness, the real axis, i.e. © = R!. The states z; are supposed to be observed.
At each moment ¢ a reward ¢; = p(x, us—1) represented by a continuous bounded
function on X x U is given. The total reward per time T is Vy = ElT or(xe, up—1).
It is required to maximize the objective function Wy(o) = E,Vy. In the classical
case, i.e. when the transition function g is known such a problem can be solved
by classical methods, for example, by the dynamic programming method without
difficulty. But in the adaptive situation the values of parameter 6 are unknown.
Having the observations x1, x2, ... we have to construct an optimal strategy max-
imizing Wy(o), i.e. to find the collection of control choice rules (og,01,...,07-1)
which maximize Wy (o).

To construct the optimal control we shall use the Bayesian approach to the
problems with unknown parameters. The main hypothesis is the following:

H: There exists a priori distribution of the parameter 6 denoted by F(6) that is
supposed to be known.

For simplicity, we shall assume that the distribution F'(#) has the density f(6).
Then according to Bayes’ Theorem the posterior distribution densities of the param-
eter 6 denoted by f(8)V), ..., f(§)("Y are calculated by using the observations of
the process. We assume that the joint distributions appearing below and the rules
o; have the densities which differ by the notations of their arguments.
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The rules which form the optimal strategy are constructed by means of dynamic
programing methods. We shall start with the last rule ¢;_1(us_1]/27~1) that rep-
resents the density of the conditional distribution of o,_1. To that end, we shall
write the last summand (taken before averaging with respect to the past history)
of the objective function

E(ng|a:T_1):/ng(xT,uT_l)p(xT,uT_1|xT_1)deduT_1

for any past history ”'. In this integral the conditional density is defined by the
following formula
P&z, ur 1|2 = q(ur 1 |z" )p(wrlur 1, 277

= q(UT—1|xT_1) /p($T|UT_1,$T_1; G)f(T_l) (0|1‘T_1)d9

where the second factor under the integral symbol stands for the a posteriori distri-
bution density of the unknown parameter on the step 7'—1. By using Bayes’ formula
this density is calculated successively from the moment ¢t = 1 with the prior density
fM(8) up to the moment t = T — 1. And so, the function being maximized is the
following

Eprle™) = [ Woluros o Daurafoe” iy
where
\I/T(UT—lvxTil) :/@T(xTauT—l)p(xThl'T—l;xT—l;G)f(Til)(ethil)de de.

Let w}_, denote the value of the argument u,_; where the function ¥ is maxi-
mum, i.e.

* T—1
uy_q =argmax VU (ur_1,z7 ).

It is clear that the function g(u,_1|z7~!) must be the “§-function” concentrated
at the point u}_;. In other words, the optimal rule at the moment 7" — 1 is deter-
ministic, namely,

up_y = hooy(a"7)
and it is determined uniquely by the past history of the control process.

We shall now consider the second rule from the end. We require that, together
with the rule hr_; obtained, it gives the maximum of the function E(pr_q1 +
or|rT~2) for any past history 27~2. Likewise to the previous we have

E(pr_1|2™2) = / W (1t 27 2) (g™ 2)dugs
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where
\IJ/T(uTith72) = /@Tfl(folaUT72)p(xT71|UT727xT72a9)
X fT=2 (9l dap_ db.

We account again that the posterior distribution density f(8|x7~2) was calculated.
From the equalities

E(pr|2"™?) = E (E(pr|a™1)]a"?),
E(vT|xT_2) = /va(xT_1|a:T_2,uT_g;H)q(uT_2|a:T_2)duT_2 drr_1
it follows
max E(¢r_1 + @r|z™ %)
= max/[\II'T—|—/va(mT,1|xT,2,uT,g)me,l}q(uT,2|xT*2)duT,2

where vy = max;cjo, 7] Ep;. We can find the rule at the moment 7" — 2 which
provides the maximum to the function written down in the brackets. This rule
is again deterministic and uf_, = hy_o(272)
density q(ur_2|z"72) is again the “d-function” concentrated at the point u’_,.
Analogously, we can pass from 7" — 2 to T' — 3 and so on. As a result of this we
define the rules hy_1, hy_o,...,h; forming the optimal strategy. This strategy is
deterministic and non-Markovian (at each moment ¢ the control depends on the
whole past history). One of the peculiarities of this approach consists of arranging
the calculations: while the estimates of the parameter and the posterior densities
are calculated successively from the moment ¢t = 1 to ¢t = T', the control choice rules
are determined in the opposite order.

Let us analyze the sense of this approach. The supposition about the existence
of a priori distribution of the parameter # which means its stochastic nature is not
equivalent to the absence of information about its value for the concrete controlled
process. The original control aim (that is to maximize the objective function Wy (o)
for any #) is substituted by another one, namely, it is necessary to provide the
maximum to the next function W (o) = E¢W; (o). The additional integration which

is an optimal control. Hence the

changes the aim is done with respect to the measure not having any relation to the
situation under our consideration, i.e. to the type of the extreme problem and to
the class of the controlled processes. Therefore the so-called “optimal Bayesian
strategy” does not provide the original maximum to the function Wy(c) but only
a smaller value depending on the prior density f(®)(f) chosen arbitrary. In our
consideration this “imperceptible” substitution of the aim has been made at the
end of the second paragraph where the function W(o) has appeared instead of
the original function Wy(c). Next, the choice of f(°)(#) has neither reasonable nor
natural grounds. Hence one cannot hope to receive even e-optimality since it is
impossible to choose the a priori density concentrated in a neighborhood of the
true value of the unknown parameter. We have to “spread” the prior distribution
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over the whole space ©. The “maximum” value of the objective function and the
“optimal” strategy depend on the “spreading” method.

We are forced to conclude that the described symbiosis of the Bayesian approach
(to estimate the characteristics of the process) and dynamic programming method
(to calculate the optimal strategies) is not the adaptive control because it does
not guarantee that the chosen aim of the control will be attained. It is possible
to reformulate the aim, namely, it is required to maximize E¢Wy(o) by using the
Bayesian approach. It is doubtful that such a distinct demonstration both of the
limited nature and of the discrepancy of the problem to the essence of the matter
could arise out of interest in it. It would be necessary to study the sensitivity of the
attainable maximum with respect to the chosen prior distribution and to compare
the efficiency of the Bayesian approach with the other statistical methods.

The unattainability of the aim under the Bayesian approach may be associ-
ated with the fact that the time interval of control is finite. In all known cases
the stochastic adaptive control problems are posed and solved on an infinite time
interval. Otherwise, there is a problem to determine the real aim of the control. In
the stochastic control problems posed on an infinite time interval when the opti-
mizational aim is connected, for example, with maximization of the limiting average
reward

t

W(o) = tli_m ¢! Z Eopn(Tn, un_1)
e n=1

the Bayesian approach under some restrictions gives in the limit the true value of
the parameter, i.e. the posterior distribution converges to “d-function” concentrated
at the true point. Then the influence of the incorrect controls chosen at first will
disappear (“be smoothed”) in the course of time and, consequently, the maximum
of the function W (u) will be reached exactly or approximately.



CHAPTER 2

REAL-VALUED HPIV WITH FINITE NUMBER
OF CONTROLS: AUTOMATON APPROACH

We study automata (deterministic and stochastic, with variable, fixed, finite or infi-
nite structure) regarded as the adaptive algorithms of controlling the real-valued
HPIV and their optimization. The e-optimality proves to be a typical realized aim.
To achieve asymptotic optimality we need either infinity of automata or change-
ability of structure.

2.1. Formulation of the Problem

In this chapter we shall consider the HPIV® with a finite set of controls U =
{u1,...,ur} as the controlled objects. So, the controlled conditional distributions
are defined by the conditional measures u(-|u;) = pi(+), @ = 1,...,k. The state
spaces are subsets of the real numbers. We shall now list the most common

examples:

a. a finite set X = {z1,...,2;} is mainly met in the binary form (I = 2), i.e.
X ={-1,1} or X ={0,1}. The value 2" = 1 is called a gain (or encouragement)
and the value z— = —1 (or = = 0) is called a loss (or punishment). These values

occur with probabilities
g =P{aTu}, pi=1-q =P{z"|u}.

If x= = —1 and the control u; (or the “action” of automaton) is used then the
average reward will be equal to

W(u;) =qi — pi =2¢; — 1.
In case = = 0 it will be equal to W (u;) = W; = ¢;. We shall always use the first

case (i.e. 27 = —1). Then the probabilities of the values 2, 2~ can be expressed
in terms of the average reward

We shall say that the HPIV is binary if X = {zT, 2" };

2Recall that the abbreviation HPIV means a “homogeneous random process with independent
values”.

33
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b. a finite interval X = [a, b] of values of the HPIV is used in control algorithms in
one of two ways:

(1) operating with these values directly;

(2) transforming them into the binary form by using a probabilistic transformation.
Namely, the values  and z~ correspond to the value z of the process with
probabilities (x — a)/(b — a) and (b — z)/(b — a) respectively. Then the full
probability of 2T appearing under the control u; is equal to g, = (1+ W (u))/2
where W (u) = fab zu(dz|u) is the average reward under the control w;.

c. an unbounded set (e.g. X = (—o00,00) or X = [0,00)) of the values of the HPIV
requires some additional assumption: the average reward W(u) = ffooo zp(dz|u)
should be finite for all w € U. This case can be considered using two approaches:
either operating with the values of the process directly or transforming them pre-
liminarily to a finite interval (for example, by using the mapping arctanx).

Assuming that the observations of the control processes are the same, we take
a collection of automata A to have one or another form as the set of the admissible
strategies . These automata, called Moor automata, have input alphabet X and
output one U. Let us agree to denote the mathematical expectation with respect to
the measure generated by the strategy, i.e. by the automaton A by E 4 f. We shall
consider the following types of automata:

(a) ordinary finite automata, either deterministic or stochastic with fixed transition
functions;

(B) finite automata with variable structure, i.e. their transition functions (or prob-
abilities) change in time according to a given law;

(7) infinite automata.

We shall now state the aims of control for a class K of the HPIV.
Let We = max, We(u) be the maximum average reward of a process &.

Definition 1. A control u.p¢ minimizing the function We(u) is called an optimal
control (or an optimal action of automaton).

If there are several optimal controls then I = Iopy = {i1,..., %, } will denote the
index-set of such controls.

The weak optimizational aims are concerned with the mathematical expecta-
tions of the process £ and have two forms, i.e. the first one corresponds to the usual
limit

tlim Eary = We =maxWe, VEEK (1)

and the second one to the limit in the Cesaro sense

T
lim 771 " Baz, =W, V{eKk. (2)

T—00
t=1
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These aims are called the “asymptotic optimality”. Their approximate versions
are called the “c-optimality”. The fulfilment of one of the following inequalities is
required

T
lim 771 "Baz, >We—e, VEek (3)

T—00
t=1

lim Eyz; > V_Vg — g,
t—oo

for the fixed € > 0. The strong optimizational aims have the form of the strong law
of large numbers. One of these aims, called the asymptotic optimality, consist in
fulfilling the equality

T
. —1 R
TILII;OT ;mt =We, as. V{ek, (4)
accurately, but another one
T
li_mT_lzmt2W5—s, e>0 as. (5)

is called the e-optimality. This can be written in another form
1 X
T Z Tt > Wg — &
t=1

for all T > 7.(§,w) where 7.(§,w) is, generally speaking, some non-Markovian
moment such that P{7.({,w) < oo} = 1. The strong aims mentioned above refer
to all € from the class K.
The next aim (“expediency”) stands separated from the others. It consists of
fulfilling the inequality
1k
lim Eqzy > — Y We(w), VE€K, (6)
t—oo ki
which is a consolation in the cases when the aims mentioned above cannot be
attained. This aim means that the automaton A has an ability to “earn” no less
than in the case of the “thoughtless” equiprobable item-by-item examination of all
possible actions.
We note one more traditional aim of the stochastic control theory, i.e. it is
required to maximize the discounted reward

oo
We(A B) =D B"Baz,, 0<B<1.

n=0
Naturally, in this series the first summands play the main role. Under lack of infor-
mation about the controlled process it is inevitable that in the initial stage the
control algorithm (here we mean the automaton .A) makes incorrect decisions, i.e.
these first summands take values which differ essentially from the maximum ones.
For this reason the maximization of the discounted reward is not considered as the
aim in the adaptive approach.
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The subjects of this chapter are:

1. to study the possibilities to achieve the aims (1)—(6) with the help of the finite
automata and others depending on complexity of their structure (in particular,
depending on increasing the number of states);

2. design principles of infinite optimal automata.

2.2. Optimal Properties of Finite Automata

Let A= (X, S,U;II(x)) be a finite non-initial probabilistic Moor automaton with
the transition matrix II(z) and decomposition

S =50 4. ...45F (1)

of the state space S into non-intersecting non-empty sets. We assume that the same
output signal (action) u; corresponds to all states of S (). This automaton is the
control algorithm for any element £ from the class of the HPIV with the same pairs
of finite sets (X, U).P Their interaction is denoted by A¢ ® A. It is described by the
associated Markov chain (S, P) (see the end of Sec. 2, Chap. 1). This chain can be
decomposed, generally speaking, into the ergodic classes and the set of inessential
states. Let Sq,..., Sk, Sy be the subsets of S corresponding to this decomposition.
The main demand is:

each set S; should contain the elements from all sets S of the decompo-

sition (1),
in other words, all actions wu1,...,u; can be used. We form h automata A; =
(X,8;,U;II;(z)), j = 1,...,h where II;(z) denotes the transition probabilities
matrix for the jth ergodic class. All these matrices are induced by the initial matri-
ces II(z) and the process . Automata Aj, j = 1,...,h, are called sub-automata
of the automaton A. They are ergodic, i.e. their associated Markov chains (S;, P;)
are ergodic.

For an ergodic automaton the limiting probabilities of the states denoted by m;
exist in the Cesaro sense

T
: -1 ® _
Jim T > oy =m(E A).
t=1
They are positive and do not depend on an initial state. If the ergodic sub-
automaton is regular the limiting probabilities will exist in the ordinary sense, i.e.

lim pl(.;) =m( A) > 0.
T—00
While using finite automata as the adaptive strategies for the HPIV, it is enough

to consider the case of the ergodic automata. Indeed, in finite time a.s. the automa-
ton enters a state corresponding to the ergodic sub-automata (it will be there either

bWe recall that each HPIV with finite sets X and U can be interpreted as some stochastic automa-
ton with one state Ae.
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from the very beginning or will move there from the inessential states) and remains
there for ever. So, the original automaton realizes the strategy corresponding to
this sub-automaton. The rest of the states and sub-automata associated with them
do not take part in the control. Hence they may be ignored.

Let us turn to the optimizational aims stated in Sec. 1. We start with the
asymptotic optimality represented by (1), (2), (4).

Theorem 1. The finite automata A = (X,S;,U;II(x)) are not asymptotically
optimal with respect to the HPIV with the same sets X and Uand any fized control
u € U as the optimal ones.

Proof. The average reward of automaton A at time ¢ when the HPIV ¢ with an
initial state s¢ is under the control is equal to

E.Amt = W(gvAa So,t) = ZW(U’J) Z p(ef))z

j=1 (ieS@)

where pg?i is the probability of sy — s; transition for ¢ steps and the symbol

(i € SU) denotes the index set of the states the action u;. Let

f&A) = Y m6A) >0

jesw

denote the limiting probability of the action u; of automaton A in controlling the
HPIV £. Then, for the ergodic automaton we have

T k
W(g A) = lim 77! > Eaz =Y W(w)w (& A).
t=1 =1

Since (€, A) > 0 and W (£, A) < max; W (u;), the automaton A is not asymptotic
optimal. 0O

In a similar manner it is easy to make sure that the regular automata are not
asymptotically optimal using the usual (not Cesaro) limit

lim Eqz, = W(E,A) < max W (uy).
t— 00

As seen from the above, equality (4) from Sec. 1 fails, i.e. the finite automata are
not asymptotically optimal in the strong sense.

The finite optimal automata can exist for some special classes of HPIV. For
example, for a class of processes with unique optimal action wuep¢ the optimal
automaton is obvious. It always does this action. Naturally, such a case should
not be considered as the subject of adaptive theory.

Let us now discuss the attainability of the other aims of automaton control
for the HPIV stated in Sec. 1. From the formula for the limiting average reward
WA = Zle W (u;)7i (€, A) it follows that the e-optimality property of an
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automaton with respect to a class of HPIV will be possible if the limiting proba-
bility 7;(&, . A) of the optimal action becomes near to one for any £ from the given
class. Below we shall see that this implies the e-optimality in the strong sense.
The expediency property of the automaton A will occur when for any £ from the
given class the following inequality imposing the obvious conditions on the limiting
probabilities 7; (&, A),

k

> W (ui)7i(€, A) >

i=1

wl'—‘

e

holds.

Even simple automata can have this property. We adduce an example. Let an
automaton £ have two states s’, s” where the action u; and us correspond to ', s”
respectively. The input signals are +1 and —1. The transition graph is depicted in
Fig. 1 where “+” means the input signals “+1” respectively.

We denote the probability of “+1 ” and “—1” appearing under the control u;
by ¢; and p; = 1 — ¢; respectively. If the control u; is used the average reward will
be equal to W; = ¢; — p;. The limiting average reward of automaton A is defined
by the formula

W(f,ﬁ) = W17T/ + WQ?T”,

where 7/, 7’ are the limiting state probabilities of the state. They can be found by
using the equation m = 7P where

1+ W; 1-W;
P = oom qi = ha . pi= .
P2 G2 2 2
Using the normalizing condition 7’ + 7/ = 1 we have
x = P2 a = P1
p1+p2 p1+ D2
Thus,
p2W1 + p1W2
W(EL)=——""
p1+p2

It is clear that if Wy # Wy then W (£, L) > (W + W2)/2, i.e. automaton L is
expedient with respect to the class of all HPIV with two controls.

From the conditions imposed on the limiting behavior of the associated Markov
chain it follows that the attainability of the aims pointed to cannot be ensured by
an arbitrary automaton. To do this we have to supply automaton with some specific
properties. The means for this are double: on the one hand to increase the number

T

Fig. 1.
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of states of the automaton and on the other hand to change the transition function
(matrix). We turn to the e-optimality of the automata leaning upon the principle:
“the more profitable actions (ensuring the greater average reward) should be done
more often than the less profitable ones”. To pass from the intuitive level to strict
results we introduce a number of notions and prove some auxiliary assertions.

For the sake of simplicity we assume that the considered HPIV are binary, i.e.
their values belong to X = {—1,1}. Naturally, the automata are supposed to be
binary. So, let the input alphabet X and output one U = {uy,...,ui} be fixed.
According to what has been said in Sec. 1, the conditional probabilities for the
HPIV are linear with respect to the average reward, i.e.
1+2Wl7 pi = P{-1ju;} = ! 2Wl~
Let SU), j =1,...,k be the elements of the decomposition (1) corresponding to
the output signals u; and II;(z), z = =, x* be the transition probability matrix
into SU) induced by the original matrices II(z). Let all these subsets have the
same amount of states n (this fact will be noted in the notation ST(Lj )) and “the
same structure” or, more precisely, they are isomorphic, i.e. they differ only by

qi = P{l|u;} =

notation.©
Let Ay, be a binary automaton with & actions and kn states.

Definition 1. The Moor automaton Ay, ,, will be called symmetrical if the subsets
of its state set Sy D are isomorphic. Such an automaton will be called a one-input one
if in any Sn there is a single state the automaton Ay ,, passes into after changing
any action to u; It will be called a one-output one if in any S,(lj) there is a single
state the automaton Ay, passes into before changing any action to u;.

While interacting the one-input, one-output symmetrical automaton Ay, ,, with a

HPIV ¢, the bOJOUI‘n time (without interruption) in the set Sy ) is a random variable
Tjn(w). The set Sy ) will be called the jth branch. If, in addition, the automaton
Ay is ergodic, then the random variable 7, (w) will have finite mathematical
expectation (if Ay, starts from the input state of the branch). The quantity

Tjn = E7jn = To(W(u;)),
is called the average time of action of the control u; (or of sojourning in the branch
S,(lj)). The T, (W (u;)) is generated by the interaction of the HPIV & with Ay, ,, and
this fact is represented in its notation. The number n is called the memory depth
of the branch.

Let us define the rules of changmg the output signals. We use two versions of
transitions from S( Y into Sy @

1. Cyclic one — deterministic using of all actions in turn

ST(LZ) _ S?S,iJrl)? Sr(zk) N Sr(zl)

(4)

¢For any i, j the set Sy’ can be mapped one-to-one on Sﬁlj) so the matrices II;(z) and II;(x)
coincide up to, may be, the transposition of their rows.
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2. Equiprobable one — from any branch Sr(Lj ) with the same probabilities, equal
1/k, the transition is realized in any branch including the initial one.

Theorem 2. Let a binary HPIV be controlled by a finite, ergodic, symmetrical,

one-input and one-output automaton Ay . Then for anyi,j € (1,...,k) we have

__Tin

= — ,
2=1 Tin

where T; is the limiting probability of the action w; and, in particular,

7 i=1,...,k,

7 Tin

T Tin

Proof. Let 75, n > 1, be the successive hitting moments of the automaton into
the initial branch. Then this sequence is a renewal process and, obviously, E(Tfl —
A_l) < 00. Now, the required result follows from the limiting theorem on the

m

existence of the stationary regime for a renewal process. O

Corollary 1. Under the conditions of Theorem 2, the limiting probability and aver-
age times of actions are given by the equalities

_ Tin
S -
Y1l

Corollary 2. Under the condition of Theorem 2, the limiting average reward of
the automaton Ay, is equal to

Uy jZl,...,k‘.

k
A Wil n(W;
Wi, A ) = S TonIV)
Zi:lTn(Wi)
in controlling the HPIV &.
The following notion is concerned with e-optimality of automata. It is clear that

for the given automaton the value ¢ is fixed and cannot be made smaller. The value
of € can be decreased only by means of increasing the memory depth n.

Definition 2. A sequence of automata Ay ,, which controls a HPIV £ will be called
asymptotically optimal if
lim W (¢, Agn) = max We(u)

n—oo

for any binary &.

Sometimes instead of “the asymptotically optimal sequence of automata” one
considers “the e-optimal family of automata”. For such families and any € > 0 there
exists n. such that

W (&, Ak,n) > max We(u) — €

for any n > n..
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The existence condition for families of e-optimal automata is contained in the
following corollary of Theorem 2.

Corollary 3. A family of automata Ay, which satisfies the conditions of
Theorem 2 is optimal in the weak-sense if and only if the relation
T (W)

AT

holds for any W', W" such that W' < W".

Proof. The expression for the limiting average reward from Corollary 2 implies that
for the asymptotic optimality of the sequence Ay ., to take place the equalities

k
lim W (¢, Ax.n) = lim > Wifi(¢, A.n) = max We (u)

n—00 ,
i=1

should hold, i.e. the limiting probability of the optimal action w;, tends to one as
n — oo. It means that for a non-optimal action u; we have

lim 7i (€, Akn)

TS Rkn) G £ g,
A Fo (€ ) 7o

This correlation, Corollary 2 and the fact that the value of the maximum average
reward can be arbitrary imply the result. O

It remains to ascertain whether a sequence of automata which forms the optimal
family exists. We will answer this question by designing such sequences.

The automata of type Dy, (“deep”) are illustrated by the graph in Fig. 2.

Let S = {sl(.j),i =1,...,n} be the jth branch of the automaton (or graph).
Ej) into 5%/ but the signals
gj)

The input signals 2 (= +1) move the automaton from s
(7) (7)

z~ (= —1) move it from s;”’ into s;” is realized either into

S

1- The passing from s
in the case of the cyclic scheme of changing the input signals or into any
: . (1) (2) (k)
nput state s;’,s;7,...,8;
of the branch coincide.

equiprobably. Hence the input states and output ones

Let us define the average sojourn time 7'(z) in the branch, provided the initial
state is s, 2 = 1,...,n and the transitions probabilities from s, to the right (into
sn) and to the left (into s,_;) are equal to ¢ = (1 + W)/2 and p = (1 — W)/2
respectively. The value T,, (W) that we are interested in coincides with 7'(1).

So, the calculation of the average time is reduced to the study of some specific
random walk over the integer points of some finite interval. The function T'(z)
satisfies the following difference equations

T(z)=pT(z—1)+¢T(n)+1, z=1,2,....,n
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with the boundary condition 7'(0) = 0. We have

T(1)=4qT(n)+ 1. (2)
Hence
1 —p2
T2)=pT(1)+¢T(n)+1=T1)1+p) =T(1) .
Continuing such calculations for z = 3,...,n we obtain
1—p"
T() =T1)—L, 2=2,... .n
q
From this and (2) it follows that
1 _ n
T(1) = ¢T(1) qp F1=T)(1—p") +1
Therefore
—-n __ 2 "
1,00 =10) = = (255 ) 8

We shall now consider the extreme values for W. If W = 1, then ¢ = 1 and only the
gains arrive upon the branch and the automaton Dy, ,, will never leave this branch.
If W = —1 then p = 1 and the automaton stays on the branch only one time due to
only losses arriving. For other values W € (—1, 1) the average time T,,(WW) increases
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exponentially with increasing the memory depth n on the branch. It increases faster
than the average reward.
From the explicit representation for the function 7'(z)

P"q
it follows that the sojourn time in the branch is maximum for the deepest initial
state s,,, i.e. max, T(z) = T(n). This fact and the previous formula will be used in
Sec. 3.

From (3) it follows that the necessary and sufficient condition of Corollary 3 is
fulfilled. Hence the automata Dy, ,, form the asymptotically optimal sequence with
respect to the class of all binary HPIV and, if we add the input convertor (see
Sec. 1) then this will be true with respect to the class of the bounded HIPV as
well. According to Corollary 3, the limiting average reward of automaton Dy, ,, is
equal to

W W S Wil =W
n)= 7’Z) n) = .
( ) (5 k, ) Zf:l(l _ VVl)_n

Let us estimate the deviation of W(n) from the maximum reward. Let the latter
be equal to Wi (i.e. uy is the optimal action). We have

k
Zj:l(Wl - Wj)Hjm
k
1+ Zj:l Hjn

W1 — W(n) =

= €n,

where Hj, = (1 — Wy)™(1 — W;)~™. If not all W, are equal to W; then ¢ > 0.
From this we can find the convergence rate of the maximum average reward to the
maximum W;. To formulate the final result we introduce the notation

1-W
u—rjxlzzi;(l_wj, c-mJaX(Wl—Wj).

Then
Wi —W(n)<ceu"=ce™ ™, X=Inp?,

i.e. €, decreases exponentially fast on the class of the binary HPIV. Moreover, this
convergence is uniform on this class.

Note that the automaton strategies Dy, ,, unlike the other constructions of this
section do not use identification of the process under control. The automata “know”
only the gains and losses in the form “4+1 7" and “—1” respectively, but their “mem-
ory” has the form of a number of states on the branch keeping the number of
losses which arrived after the last gain. The characteristics of the process can
be restored by using observations of the process of control, i.e. the collection of
probabilities p1,...,pr must be estimated. To that end, we should fix the sojourn
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times Tl(j) , TQ(j)

Yo ,Tj(\,j ) on the jth branch and then calculate the empirical average
sojourn time

L)
T(J):NZTlJ'
=1

Identifying TG with its theoretical value Tjn = pj_" we obtain the required char-
acteristics of the HPIV p; ~ (T@W)™ ",

We now define the vast class of quasi-linear automata Qy, .

Their graph is shown in Fig. 3. They again have the star-like form and their
branches are linearly ordered. The transition law on a fixed branch is the following.
In response to the input signal 27 (= +1) the automaton passes from s; into either
s;+1 with probability ¢ or s;—; with probability p; = 1 — ¢4 (the automaton
leaves the branch with probability py provided if s; = s1). Another signal z~
(= —1) implies the same transitions but with different probabilities: from s; into
either s;,411 with probability g_ or s;_; with probability p_ = 1 — ¢_ (it can leave
the branch again starting from s1). The changing of the branches is either cyclical
or equiprobable.

The average sojourn time in the branch with depth n when the average reward
on it is equal to W takes the value T'(1) of the solution of the linear difference
equation

T(z)=(pp- +qp)T(z—1)+ (pg- +qq)T(z+1)+1, z=1,....,.n  (4)

@

Fig. 3.
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with the boundary condition 7'(0) = 0. We put
P=pp-+ap+, Q=pe-+qe+ (P+Q=1).
Then Eq. (4) takes the form
T(z)=PT(z—1)+QT(z+1)+1, z=1,...,n. (5)
Let P # Q. As it is well known, the general solution of (5) is represented by

T(z) =c1+ caN +

z
P—-Q’
where ¢;, ¢ are arbitrary constants and A = P/Q. From the boundary conditions
and (5) it follows that ¢; = —co and
T(n)=Tn-1)+ P!
at z = n. Substituting the values of the solution T'(z) at z =n and z =n — 1, we
can find ¢p. As a result of this, we obtain the final form of the solution
1= )N z
3 T :
P-Q7  P-Q
Hence the average sojourn time in the branch is equal to

T(l):%, P£O.

If P =@ then Eq. (5) will take the form
1

T(z) = E[T(Z -1)+T(z+1)]+ 1.

T(z)=Q

The function T(z) = 2nz — 2?2 is its solution. The average sojourn is equal to
T,=T(1)=2n-1.

We write the limiting average reward for the quasi-linear automata only under the
assumptions P; # Q;, i = 1,..., k, namely,
k _
i Wi((Qi/P)" = 1)(Qi — P) !
W(E, Qu) = St QLD o ©)
Zi:l((Qi/Pi) - 1)(@1’ - Pi)
Let us analyze this expression. It is clear that the optimal properties of the automata
Oy n are defined by the values of the parameters ¢4, g— which characterize the move
along the branch accordingly to the input signals.
When increasing the memory depth n unlimitedly the behavior of the value
W(n) = W(Qk,n) depends on the value Qmax = max; Q;. If max; Q; = Q;, > 1/2
then

lim W(n) = W;

n—oo
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but if max; Q; = Q;, < 1/2, then

k (P —(.)1
lim W(n) = Z?;:l Wil = Qi) .
e =1 WP — Q)

Hence the attainment of the asymptotic optimality will be possible if the following
conditions hold:

(1) max; Q; = Q4 > 1/2;
(2) max; Wi = Wi0~

To verify these we express @); in terms of W;. We have

q+ —q-— q+ +q-—
Qi = pig— + qiqr = W; +2 + +2 .

If ¢+ > q¢—, the maximum W; corresponds to the maximum @Q;, i.e. Qumax =
27 (Wiax(g+ — ¢—) + ¢+ + g—). This means that it will be more preferable to
go into the depth of the branch provided we have gain than when we have losses.
It remains to satisfy the first condition:

1
Qmax = Qmax(q+ - q-) +q- = 9 qmax = m?x q;
or
1/2 —q_
Qmax Z /7 (7)
d+ — g-

This inequality links together the parameters of automata Qy, , and parameters (g;)
of the HPIV. If ¢_ > 1/2 the inequality (7) always holds (since its right-hand side is
non-positive). Then the automata Qy, ,, form the asymptotically optimal sequence.
But if ¢ < 1/2 and g4+ > 1/2 then the automata Qy , represents the e-optimal
family with respect to the class of binary HPIV subjected to inequality (7).

Let us consider special cases of quasi-linear automata.

The automata Ky, correspond to the values ¢4 = 1, ¢ = 1/2. The average
time can be found by the general formula with P = p/2, @ = ¢ + p/2. Then

R

From Corollary 3, or inequality (7) the e-optimality of the collection Ky ,, follows.

The automata with linear tactics Ly, ,, are defined by ¢_ =p; =0,ie. P =P,
@ = q and the average time is equal to

T,(W) =W~ {<1+W)n—1] .

1-w

According to (7) the automata Ly, form the e-optimal collection with respect to
the class of the HPIV such that max; W; > 1/2 (or max; ¢; > 1/2). The limiting
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average reward has the form

2|

SE |

() 1
-

max W;, if maxW,; > 0,
3 3

lim W(&, Lin) =
n— o0 (€ Lx.n) L if maxW; <0,

St
i.e. with respect to the class of all HPIV the expediency is only ensured for the
automata Ly, . Indeed, by the inequality relating the arithmetic mean with har-
monic one

W(&, Lin) =

Putting here n — oo, we find

a; > 0 (8)

?vl»—‘

k
2 a =
j=1 Z] 1a’j SF et

(here the equality will take place only if a3 = -+ = ay) it follows that for nega-
tive W;

1k
lim W(, Lyn) = —F— > —
It may seem that the optimal properties of automata with linear tactics will be
better if we separate the output states of a branch from the input ones and put
them in the “end” of the branch in the deepest state with the number n (i.e. in
state s;,). It turns out that this is not the case. The appropriate automata are called
the “automata with hysteresis tactic” Gi, (at kK = 2 the graph G, resembles
a histeresis loop). The average sojourn time into the branch is the value of the
appropriate solution of Eq. (5) at the point z = n, i.e.

1+W [/14+W\" n

— 1| = —
T,(W)={ 2W? Kl—W) } w’ W #0,
n?, W =0.

The study of W (¢, G,») with increasing n leads to the same conclusions as for the
automata Ly, ..

Thus, these examples prove the existence of e-optimal families of finite
automata.

Before now we were paying attention to e-optimality in the weak sense. It is
rather interesting and important to consider e-optimality in the strong sense. The
theorem below illustrates this.

Theorem 3. Let the ergodic automata A,,n > 1, form the e-optimal family in the
weak sense. Then these automata are e-optimal in the strong sense.



48 Automaton Approach

Proof. By the assumption there exist limiting probabilities 7;(¢, An) > 0 of the
actions uj, j = 1,...,n for any { and n. This implies that the function N;(t),
which represents the number of uses of the action u; up to time ¢, increases as
t — oo and, moreover, with probability one the equalities

lim ¢t 'N;(t) = 7;(6,A,) >0, j=1,...,n
T—00

hold. Let the empirical average reward in time ¢
N; ()
Vi(t) =t 'N;(t Z zl9)
m=1
correspond to u;, where x(J) is the value of the HPIV to appear in the result of the
action u;. The total average reward in time ¢ can be written in the form

k
(=t 3 N@;()

Since
N;(t
P{ lim # = ﬁj(f,An),thm Vi(t) = W(u;), j=1,.. .,k} =1,
T—00 — oo
we have

tlirglo Vit ZWJ =W A, > max Wi(u;) —e, as.
for any € > 0. So, there exists a non-Markov moment 7. finite a.s. such that
V(t) > max; W; —¢ for t > .. O

Hence the constructions of finite automata enumerated above possess the asymp-
totic optimality property in the strong sense. Let us try to find the best among
them. This question is not simple since our automata are already “optimal” (within
accuracy up to €). We leave aside the approach connected with the reliability or
simplicity criteria of construction and use as the “rate of converging the average
reward W (¢, A,) to the maximum value” which is often considered. For automata
with two actions we put

W(A,) — W
A, =AA,) = ————, Wi >Ws
A T 172 P
Then A,, — 1 as n — oo for the e-optimal family 4,, but for £ this will be the case

if 1 >1/2.

Let us compare A(Ds,,) with A(Ls ) for the e-optimal families Ds ,, and Ls ,
respectively. Since the family L5, does not provide the attainment of the aim
for all binary HPIV one can expect that D, is always “better” than Lo ,, i.e.
A(Ds ) > A(L2,). Let us verify this conjecture assuming that ¢; > 1/2. We have

1 1

A(Dsy,,) = T i/ ALan) = 1+ yn(p1/p2)’
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where
= Wy (‘I_2>n 1—(p2/q2)"
oWa\a) 11— (/@)™
We now consider all possible correlations between A(Ds,,) and A(Lz,,) in accor-
dance with the value of the “total” reward probability ¢; + go.

(a) g1 +q2=1.
It is ecasy to verify that then v, = 1, i.e. A(D3,,) = A(L2,,) and, hence, both
automata are equally “good”.

(b) 1 +q2 < 1.
Then g2 < 1/2 and ps > ¢1, i.e. Wa < 0. Hence

D2 " Wi
n~ | — >1
7 (p1> —Ws

which implies the advantage of automaton D, over automaton Lo, i.e.
A(ng) > A(,ngn)
(¢) q1 + g2 > 1. Here two cases are possible. Namely,

(1) g2 < 1/2, and since ps < ¢1 we conclude that

n
W
A~ <]2> L1
p1) —Wa

(2) g2 > 1/2, and since g; > g2 we have

@ \" Wi
Yn ~ <q1> W, < 1.
In both cases the automaton Lo, “wins”, i.e. A(La,,) > A(Da ).

The comparison of the automata D, and L,, demonstrates the absence of
superiority of one of them over the other. For one type of the HPIV the automaton
D>y, has superiority but for another — L ,,, and for yet another they are equivalent.
This situation is typical not only in adaptive control theory but in general control
theory as well.

2.3. Automata with Increasing Memory

In the previous section the optimizational abilities of the finite automata have been
considered and it has been found that these abilities increase when increasing the
memory depth. So, the question of efficiency of infinite automata appears. Here we
would like to determine whether the potential infinity allows obtaining asymptotic
optimality. We shall turn later to actual infinite constructions.

As the fundamental principle of synthesizing the potential infinite automata we
choose again, like Sec. 2, the primary choice of profitable actions. We realize this
idea for the analogue of the finite automata from the e-optimal families. Let Ay, ,
be an automaton from such a collection with cyclic change of actions. We denote
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a sequence of positive integers by ng,n1,...,%m ... (g < Nypy1) and assume that
the depth of all branches will change simultaneously from n.,,_1 to n,, after the
cyclic round of all branches on the mth cycle is finished. Such a sequence will define
a potentially infinite? automaton Ay [n,,] or Ay provided the sequence n,, is fixed.

Definition 1. The automata Ay[n,,] are called the automata with increasing
memory.

The main question of automata theory with increasing memory is to find con-
ditions on integer-valued sequences (n,,) to guarantee the asymptotic optimality
of the automata. We shall consider this question when a sequence of e-optimal
automata Dy, ,, affords for a basis. To state the main results we introduce some
notations. Let g(I) = [[?*°], § > 0, and n(m) denote the depth of the branch of the
automaton Dy on the mth cycle of the control.

Theorem 1. The automaton Dy [n.y,] with increasing memory will be asymptotically
optimal if n(m1) < n(msz) for ny < mg and

Jim [n(g(l+2) = 1) — an(g(l))] = —o0

for some § >0 and any o > 1.°

Proof. Let us introduce the integer-valued function © (v, T') denoting the total num-
ber of the uses of the action u, up to moment T. Below we will show that if the
action w; is optimal (i.e. ¢ > ¢;, 7 > 2) then under the conditions of the theorem
the equality

0w, T) _
Tlgréo o0, T) =0, v>1, as. (1)

holds. We have
(k)

t k 1) ()
D=3 mulur=u) = 4+ > Ft Y .
t=1

v=1¢<T T T T

In the sums Eg,f) the summands represent independent, identically distributed ran-
dom variables with mathematical expectations W; — W (u;) and Wi > max;>2 W;.
Hence

¢ Wy 4y
T E €Ty =
210, T)

(1) (v,T (u)
9(1 T) T Zy>2 (1, T; 0(1/1T)
o(v,T) '
1+3 50 9%1 T

dAs seen from the description of functioning the automata A at any finite moment have finite
state space. Only in the limit the number of states is infinite. This is called the potential infinity.
°For example, the functions n(m) = [m¢], ¢ > 0, n(m) = [Inm], n(m) = [M™™] satisfy the
conditions of this theorem. It is easy to note that the function n(m) = 2™ does not satisfy the
second condition of the theorem. The automaton D[2™] is not asymptotically optimal.
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Making use of (1) and the strong law of the large numbers for a sequence of inde-
pendent, identically distributed random variables with a finite mathematical expec-
tation we obtain

¢
lim ¢! E r, = max W;
t—o0 7

n=1

for any binary HPIV.

We turn now to the proof of the key equality (1). We note that in the problem
under consideration we cannot restrict ourselves to the investigation of only the
first moments of the sojourn time 7; in the branches of automaton Dy, with the
memory depth n. We will manage to restrict our attention to the second moments.
The following estimates

E7; <2 -1 2)
(E7)? 7 a
hold. Their proofs are simple but cumbersome and we will restrict ourselves to short
explanations. The second moments E7? are related by the equations similar to ones
with respect to the average times, i.e.

E(r; —1)2 =pE7? 4+ ¢Er2, Er2=0, i=1,...,n.
They can be written in another form
2 2 2 _ -
pET_ | —E77 +¢ET, =2T; -1, i=1,...,n.

Beginning with the first equation we express successively E7? in terms of EZ2.

Finally, by using the last equation we shall find E72. This process leads to explicit

formulae for E7; from which the estimations (2) follow. For the sake of completeness

we shall say that the estimations (2) are the best possible in the following sense
ETE 2

sup = —.
1<i<n<oo (ETi)2 q

This relation can easily be verified by proving that

Hence, for variance of the r.v. 7; we have

E(r; — E7;)? B Er? — (En;)? - 2—q
E7? B Er? - q

(2 3

Let 7(v,m) be the number of uses of the action u, on the mth cycle of the control.
As known from Sec. 2 the mean of this r.v. is equal to

Nm

T(v,m) = Er(v,m) =p,
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From this it immediately follows that
Sy Er(2,m)
lim
h—oo [g(h+1) — g(h)]ET(1, g(h))
lim Er(2,9(h+2)—1)
h—00 E7(1,g9(h))

if the action wuy is better than us (p2 > p1) and the conclusion of Theorem 1
holds. O

=0,
(3)

=0

Lemma 1. Under the conditions of Theorem 1 for ps > p1 the following relation-
ship holds:

h+42)—1
Zg( +(f)1) 7(2,m)

(o)1
1 N (L)

=0 a.s.

Proof. First, we shall verify the limiting correlations

S e (1,m)

. 1 .
A ) gEr L) — 2 @
g(h+2)-1 m) — ET(2,m
lim Zm g(h [ (2a ) E (27 )] _ as. (5)
A, ot + 1) — g(nB(L, g(h)

From these relations the assertion of the lemma follows. Indeed, taking into account

Sncgon T2m) | Satyiy r(2,m) — Br(2,m)]
SR (1,m) lg(h+1) = g(R)]ET(1, g(h))
. oy TET2m) | [g(h + 1) — g(R)Er(L, g(h)
[g(h 4+ 1) — g(h)ET(1, g(h)) Zg(h+2) 1 7(1,m) )

and (3) we obtain the required result. So, let us prove the inequality (4). To that end,
we introduce a family of independent, identically distributed r.v. 7/(1, m) which will
mean the operating time of the control u; on the mth cycle provided the memory
depth of the branch is equal to n(g(h)). It is clear that 7/(1,m) < 7(1,m) for
m € [g(h),g(h+ 1) — 1]. By Chebyshev inequality and (2) we obtain

Shegoy TMm) 1
[g(h +1) — g(h)]ET(1,g(h)) ~ 2

SO (L,m) — B (L,m)] g

< < _Z

- [g(h+1) —g(h)|ET(1,9(h)) — 2
4ET2(1,9(h)) - 8

~ (Br(Lg()’[g(h+ 1) — g(k)] ~ @rl9(h+1) —g(R)’
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Because

> 1
}; g(h+1) —g(h)

Borel-Cantelli Lemma shows that the event standing under the first symbol P in
the inequalities written down above occurs only a finite number of times. This
implies the inequality (4).

For any € > 0, we have

h+2)—
gty [r(2m) ~Br(2m)]|

lg(h +1) = g(R]ET(1,9(h)) |~

o TR [r(2,m) — Er(2,m))?
= lg(h+1) = g()) (BT (1, g(h)))2e>
2

g9(h+2) - 1))) g(h+2) —g(h)
E7(1,g(h)) lg(h+1) — g(M)PPET(1,9(h))’

According to the second equality in (3)

Er(2,9(h+2)—1)\?
h“( Er(1, g(h)) )<°°

if po > p1. Hence, the convergence of the series

S 2—(11 (ET(

e2q1

— g(h+2)—g(h)
E:: (h+1) = g(h))?

implies equality (5). O

We can now prove the key equality without difficulties. The quantities 6(1,7T),
O(v,T) denote the total number of uses of the actions u; and u, up to moment 7'
respectively with p; < p,. Let N cycles be completed up to time 7" and the N + 1th
one start. We choose M such that g(M + 1) < N < g(M + 2) then

0(1/) T) < Zﬁ“rll T(V TL) N —o00 0
0(L,T) = SN 7(1,n)
The last follows from the conditions of Theorem 1.

Now we elucidate the second condition of Theorem 1. It is easy to note that if
p1 < p, this condition is equivalent to

Er(v,g(m+2)—1)

lim =0. (6)
m—cc  Er(1,g(m))
Indeed, as we known already
E7(v,g(m+2) —1) _ P?g(m’> *%mw)—lﬂﬁ%”g(m)

v

Br(lg(m)  prmio
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This implies the desired equivalence of (6) to the conditions of Theorem 1, since
the number @ = Inpy(Inp,)~! > 1 can be arbitrary from the interval (1, 00).

We shall consider the question of the convergence rate of the average reward
over the interval [0, T, i.e. of the quantity

T
=71 ZEa:t,
t=1

to its limiting value (maximum). Let us introduce the notation: two sequences
of variables «;,, 8,, n > 0 will be linked by the relation «,, =< (3, if they are
positive and

. « -—
0< lim —= < lim —= < .

n—oo MYn n—00 Un

Theorem 2. Let an automaton Da([n.,]) be defined by the function n,, = [m°|,
c¢>0, and py < p2 (i.e. Wy > Wa). If c =1 then
W
1ZE t,\72 w=1—1In, po.
If ¢ # 1 then

TH = 0o

T
: _ -1
TIeréo [Wl T ZEmt
t=1
with the same (.

Proof. Using the equalities

ZEmt = Ex(u1)E0(1,T) + Ex(us)E0(2,T),

T=E01,T)+E(2,T),
we have

E((2,T

T
Wl—T_leth(W1—W2) T ) X(Wl—Wg)
t=1

EO(1,T)" ™
It remains to estimate the factor E0(2,T)/Ef(1,T). We consider the quantity
oty BT(2,m)

SM Er(1,m)’

where the amount of cycles M is related to T by the equality

(8)

M+1

M
> Er(2,m) =) Er(l,m)=
m=1 m=1

which, in particular, means that lim;_,.o M = co.
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First we shall consider the case of linearly increasing memory, i.e. when ¢ = 1,
Ny, = m. We have

M+1 M+1
Z E7(2,m) = Z Py prM
m=1 m=1

and
M
Z Er(1,m) =< p; ™.
=1
Due to the equality pi! = (p?)r1 P2 we find
EO(2,T) T™ep2
EO(1,T) T

It remains to consider the case ¢ # 1.

= 7’UI.

1. ¢ > 1. Since
M+1

Zp*[ ml pQ—cM“—l7 pr[ T ;M“’

we obtained

BORT)
E9(1 T ¢ T

cMe™

(9)

for some a > 0. But p; — 00 as t — oo, and the assertion of the theorem
follows from (7) and (9).

2. ¢ < 1. Now, in view of the relations

M+1 .
S art S
we have
E0(2,T)
— = o A npn,
E4(1,T)
This and (7) prove the theorem for ¢ < 1 since M1~ — o0, 0

[t—oc]

Note that according to the definition of automaton with variable structure the
automata with increasing memory above are not regarded as such.

2.4. dw-Automata and Their Modifications

We consider classes of real-valued HPIV with a finite number of states. The math-
ematical expectations W(u) = [0 zu(dz|u) are supposed to exist. The required
alms consist in obtaining the optimal limiting reward by means of using finite
automata. The original principle of synthesizing the e-optimal automata consists
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of recalculating the choice probabilities of the actions by using the estimates of the
average rewards W(uy),..., W(ug).

The strategies for a class of the HPIV are represented in the form of a learning
system £ with some sets X and U as the input and output signals respectively and
with the open k—1-dimensional simplex

k
Y= {(P1,~-~,Pk);2pj=1,pj >O,j:1,...,k}
j=1

as the state space. The points p = (p1,...,pr) € ¥ are some probability distribu-
tions on U, i.e. p; is the choice probability of u;. Let a law T(*) of some walk on
Y be given. Then the state p turns out to be a function of time, i.e. p = p(t). We
shall say that £ is in a d-optimal regime at the moment ¢ if the distribution p(t) is
such that the probability of the optimal action is equal to 1 — 4 (6 € (0,1/2)) and
the sum of the probabilities of the rest of the actions is equal to §.

Definition 1. A learning system L5 will be called §-optimal with respect to a class
K of HPIV if after a time 7 (finite a.s. non-Markov) it enters a J-optimal regime
and stays there for ever for any & € K.

We are going to study the optimizational possibilities of the d-optimal systems.
But first, we define a class of the HPIV to be considered.

Let II., ¢ > 0, denote a class of real-valued HPIV such that |W(u)| < ¢ for all
uel.

Theorem 1. For any class 11, the family of §-optimal learning systems Ls forms
an e-optimal family in both strong and weak sense.

Proof. The distribution p(¢) in a d-optimal regime has the form

135 - (qléa sy qjo—léa 1—- 57 qjo+167 sy q/fé) = (pgé)a ». ap](g(s))a

Wiy = W = max W (u;)
3
where g; > 0, Z#jo g; = 1 and jo means the index of an optimal action, if there

are several it will mean the index of any of them. The appropriate average reward
per unit time is equal to

Ws=(1=86W+6>  ¢;W(uy)
J#Jjo
or
W5 = V_V - 5<W — Z QjW(Uj)>.
J#Jo
Choosing § properly we immediately obtain the assertion on e-optimality in
the weak sense. The e-optimality in the strong sense follows from the following
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properties of the system Lj:

(a) W(Ls) > W —e(d);
(b) the distribution ps is used for any t > 7.

Let € > 0 be fixed. We choose ¢ so small that €(§) < /2, then

P{ lim ¢~ N3 (1) = p{*), lim V() = W (wi),i = 1,.. k} =1,

t—o0

where N;(t), V;(t) denote the same quantities as in Theorem 3, Sec. 2. This means
that for sufficiently large t (> 7)
V(t):;NlT(t)Vi>W(£5)—%>W—e, a.s. O

Note that there exists no finite automaton which is d-optimal for all £ € II..
Therefore, the associated Markov chain corresponding to the pair &, Ls is infinite
and, moreover, it is not obliged to be regular.

Let us define a class of dw-automata for which we shall prove d-optimality. The
input signals are the pairs (x4, u;), the triplets s = (N, M,p) serve as the states
where N = (Ny,...,N;) and V = (V4,...,V}) are k-dimensional vectors whose
components are defined in advance and p is some distribution on U. As the initial
state we take so = N =V =0, po = (1/k,...,1/k). The output function is the
current distribution p(¢) on U. It remains to define the transition functions. The
components of N, V are altered in an obvious way: at the moment ¢ one recalculates
the component which corresponds to the number of the control U(t — 1) at the
moment ¢ — 1. We shall suppose that V;(t) = 0 until N;(¢) = 0.

The transformation technique of the distribution p is defined by a pair (Q,Z)
where Q is an operator acting on p at the moment to be specified by the law Z. We
impose the following condition on this rule: P{Vt RN oo} = 1 where v; denotes

the number of transformations of p over time t. We shall give examples of such laws.

1. At each moment the vector p is transformed with probability a > 0 and remains
the same with probability 1 — a.

2. The vector p will be transformed after min; N;(t) increases by one.

3. The vector p will be transformed after all actions have been chosen at least once.

The operator Q transforms a stochastic vector p into a stochastic one again. It
is subject to the following conditions:

1. All components of the vector @p are bounded from below by a number 5 € (0, ).

2. Let jo be the number of the best action at the moment t (ie. Vj,(t) =
max; V;(t)). Then ||Qp; — ej || < ||Br — €j, |, where e;, = (0,...,0,1,0,...0)
(unit corresponds to the joth coordinate) is the joth vertex of the simplex X.

3. If uj, has been used as the best action during 75 actions of the operator Q then
as a result of these actions a d-regime will be set (the choice probability of the
action u;, is equal to 1 — 9).
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4. When replacing the best action uj, by the next one w;, at the moment of the
current transformation the vector p is transformed in the following way: the joth
and the ipth components change over.

For processes with a single optimal action the last condition can be relaxed. For
example, we can return to the original uniform distribution py.

This completes the description of the Jw-automata. Note that all states of the
associated Markov process corresponding to an interaction between a HPIV and a
dw-automaton are transient, i.e. no state is visited twice.

Theorem 2. The dw-automata are e-optimal with respect to each class of HPIV 11,..

Proof. Note that by properties 1-4 of the operator Q@ the dw-automaton enters the
d-regime in finite time a.s., i.e. the probability 1 —§ will be assigned to some action
(not necessarily to the optimal one). It remains to verify that beginning from some
moment the optimal action will remain the best one. The conditions imposed on
Q, T imply that N;(t) — oo a.s. for all j. Hence V;(t) == W (u;) as t — oo for all
4. This implies that there exists a jy such that beginning from some moment, the
value Vj, will be the leading one among the quantities Vi(j),..., Vi(t). Therefore
the control u;, will be optimal. Then the probability p;, begins to increase. If there
is more than one optimal action and [ is the set of their indexes then there will exist
a non-Markov moment 7 finite a.s. such that for all ¢ > 7 the following inequality

in V;(t Vi(t
min z()>rgl§gx i(t)
holds. By condition 4 on the operator Q, the automaton remains in the d-regime
for ever after it has entered it. O

Using this result it is easy to imagine the functioning of dw- automaton as an
adaptive strategy: at first it uses all actions equiprobably and accumulates the
empirical estimates of the rewards, but thereafter it defines the most profitable
action according to the maximum. At the moment 75 the automaton enters a -
regime which can change its carrier a finite number of times. At some moment
the optimal action becomes the carrier, and beginning from the moment 7, this
optimal action keeps the maximum probability 1 — §. In any class TI.. (¢ is positive
and fixed) the limiting average reward W; approaches to the maximum reward W
as 6 — 0. We supplement these qualitative considerations with some quantitative
results.

We shall consider the properties of the process N(t). Its values belong to an
integer-valued k-dimensional lattice. In view of the identity Ny(t) +---+ Ng(t) =t
its components are linearly dependent and increase by one in random order. The
probability p; of increasing N;(t) satisfies the inequalities 8 < p; < 1 — 4. It is
clear that these components form semi-martingales. Let us estimate the deviation
probabilities of the components N;(t) from their mathematical expectations.
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Lemma 1.

P{ﬂ < lim ¢ 1N (8) < t@olej(t) <1-6,j= 1k} =1.

t—o0

Proof. We shall show that for any € > 0 the following series
ZP{N ZP{N > (1—6+e)t}

converge. Then, according to Borel-Cantelli Lemma the events {N;(t) < (8 —¢)t},
{N;(t) > (1 — 6 + &)t} occur a.s. only a finite number times and this proves the
lemma. To verify the required convergence it is sufficient to make sure that

PNj() < (B-e)t} <e> PAN;() 2 (1-d+epp <e® (1)

We shall only prove the first inequality. Let N*(¢) denote a sequence of r.v of the
form N*(t) = ¢ + -+ + (¢ where

¢ = 1, with probability 3,
" 10, with probability 1 — 3.

Applying Hoeffding theorem! to the variables ¢, € [0,1] with E¢,, = 3 we have

P{N*(t) < (B — o)t} = P{N"(t) — Bt < —<t}
=P{N*(t) —EN*(t) < —t} < e %",
It remains to note that
P{N*(t) < —Lt} < P{N,(t) < —Lt}. O
We now turn to the properties of the components of the vector V (t). First, we
shall specify the class of HPIV.
Let K. denote a subclass of I1, whose elements have the following property: for

each r.v. {(u) defined by the measure v(-|u) there exist some positive g(u) and H
such that

Eevt™) <exp{g(u)y?/2}, 0<y<H.
Fach r.v. £ may have its own constants g, H.
Lemma 2. Let uy be a single optimal action for a process ¢ € K.. Then for any t

P{Vi(t) < maxVi(t) } < (k= (& +4)e ™, >0,

fTheorem. (Hoeffding) Let n1,...,nn be independent r.v. such that n; € [ai, bi], i =1,...,n
Then for any x > 0

n
2n?
P{n! i —En;) >« Sexp|:—7a:2 .
{ ;“ g (b — a;)?
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Proof. We have

k t
=32 3 P{Vil) < maxVi(oIVs () = maxVi(0) No(e) = b Ny(t) = s}

x P{Vi(t) = max Vi(HIN; (1) = 1 PP{N: () = I, Ny(1) = 1}

k t
<S03 P{Vil) < Vi@IVi) = max Vi), Ni(t) = by, Ny () = 1 }
§=211,1;=0 =
X PN (1) = 11, Ny(t) = ;}. 2)

On the right-hand side of (2) we choose a summand to correspond, for example, to
j =2, i.e. we consider the r.v. {(u1) and (u2) defined by the distributions p(+|u,.)
with the mathematical expectations W,,, > = 1,2 and write this in the form

Z P{Vi(t) — Va(t) < O|N1(t) = 11, Na(t) = 2} P{N1(t) = I, Na(t) = l2}
11,1a=0
=31 + 2o

In 3, the sum is taken over all indices [;, ¢ = 1,2 such that (5 — )t < Nj,(t) <
(1 =6+ ¢e)t but in Xy over the rest of them.
Let us estimate the sum ¥; from above by using the inequality

(1—6+e)t

l l
Y < Z P{llli:a:gl)—l21ix§2) SO}
i=1

l1,la=(a—e)t i=1

where xz(%) is the sample values of the r.v. {(u,). We shall consider one of the
summands on the right-hand side. We put [,, = A,.t where A, is fixed and such
that 8 —e < X,, <1— 6§+ ¢ (it is obvious that € < min(3,J)), and introduce the

centred r.v. 29 = £ — W, Then
ll lg
P{z;l SoaM ity <0}
i=1 =1
It Aot
< P{)\l‘l ST oAt P < - Wg)t}.
i=1

i=1
After the substitution
2 (2)

C]:)j\—17 jzla"'a)\lt7 C)\,t+j:__7 j:17"'7A2t5



dw-Automata and Their Modifications 61

we obtain a family of r.v. which satisfy the conditions of the Petrov Theorem.®
Putting M = Wy — Wa, G = (¢1/M1 + g2/A2)t and changing A,. by the least value
we apply this theorem to the sum S; = Z;ilfr&)t ¢j- Then

l

1 2
1=1

=1

where

M if M < H
L 2(91"’92)7 1 7(91"’_92) )

HM it M > (g) + go)H.

So, each summand in the sum ¥; was estimated. To estimate the whole sum
we put

. N . [((B—e)M? 1 )
M =min(W; —Ws), v=min| ——"——,-HM|.
122( 1= W) (2(91 +92) "2
Then
(1—d+e)t

ll lg
i<y P{z;lzxg” 1Y e < 0} < tPe (3)
i=1 =1

li,l2=(B—¢)t)

It remains to estimate ¥o. Making use of inequality (1) and Lemma 1 we obtain
S S P{No(t) < (B—e)t} + P{N1(t) > (1 -6 +e)t}
+P{N2(t) S (B—e)t} +P{N1(t) > (1 =0 +e)t,Na < (B—e)t)}
< 4em 2", (4)
Combining (3) and (4) we see that
Y40y < eV 4 4o~ 2" < (t2 +4)e vt
where v = min(7, 2¢2). By analogy with this inequality we obtain the estimate

P{Vi(t) < V;(t)} < (£ +4)e "

From this and (2) the desired result follows. m|
gTheorem. (Petrov) Let 1, ...,nn be independent r.v. and suppose there exist positive constants
H and g1, ..., gn such that

Ee¥" < exp(giy”/2)
forye€[0,H]. Put G=g1+ -+ gn. Then

P{anm>x}<{exp<?>’ f0<z< GH,

exp (_T) , if GH< z.
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Corollary 1.
P{ min  Vi(t) < max Vj(t)} <ae ™, a,A>0
Ae(il,...,in) j€(i1,~~-,in)

for any HPIV from IC. with optimal actions u;,,...,u;

"

We obtain more complete information on the behavior of the dw-automata by
considering the properties of the following r.v : 7§ is the first hitting time of the
automaton in the dw-optimal regime (Markov moment), 75 is the last hitting time
in this regime (non-Markov moment). They are related by the inequalities

F<15<7{ <0+ 75 (5)
where, in the simplest case of a single optimal action uq,
7 = min {t VA(E) > Ijngg{‘/}(t)},
=1 —|—max{t Vi(t) < IJn;g(Vj(t)}

In what follows we shall assume that the rule Z which defines the moments when
the operator Q is used is such that the random lengths A of the time intervals
between the successive uses of this operator have finite moments EA™ n > 1.

Theorem 3. If a dw-automaton and a control of HPIV from K. is given then all

moments of the r.v. 75 and T3 are finite.

Proof. By Corollary 2 we have
P{7 =t} = P{Vi(s) < maxVi(s),s < £,Vi(t) > max Vi(r) }
(2 1~

< P{Vi(t—1) <maxVi(t— 1)} <ae™7D.

Hence
o0

o0
Ef" =) t"P(f=t)<a) t"e """V <oo, n=12..,
t=1 t=1
i.e. all moments of 7 are finite. The assertion on 7; can be proved by similar argu-
ments. Now, from (5) and the condition on the rule Z the assertion follows. O

Let us define a subclass of dw-automata to be used later on. They are defined
by the specific form of the operator ) which depends on two numerical parameters
f and p such that

J0K[

0<d<1, T<ﬁ§1—6<1, §<1/2,

where k is the number of controls, ]r[ means the least integer no less than 7.
At the moments pointed by the rule Z the variational series

‘/;1>‘/;;2>”'>‘/;k
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is formed by using the empirical rewards Vi (t),..., Vi(t). We put here the sym-
bol “>” but if there exist groups of the same V; then they are arranged in order
of increasing their indices. The first application of the operator @ picks the group of
the “best” actions u;,, ... s Uy
the previous one % < p. This new probability is distributed equally between the
actions picked uniformly. The supplementary probability 1 — p is divided in equal
parts between the rest of the actions as well. Let the selected group of the actions

keep its position at the head of the variational series

. and assigns them the total probability p instead of

Ok

Vj1 > "'>Vj]ek[7

where (j1, ..., jjgx[) is some transposition of the indices (i1, . . ., ijox[) by the moment
of the next transformation. From this group of actions the proportion 6 of better
ones is picked over again, i.e. uj, ..., u;,, and the total probability p is distributed
between them. The repetition of this procedure leads, in the long run, to the best
action u, that the probability p is assigned to. So, the distribution of the probabil-
ities of the actions is the following

v—1
If at the moment of the next transformation the action w, is the leader again, the
automaton will pass into the d-regime, i.e. it will have the distribution

A D A
bs = k_la"'vk_17 7k_1a"'7k_1

v

Having additional information about the class of the HPIV the properties of the
operator () may be worked out in detail. For example, if ups is unique, the following
variants will be possible:

(1) to return from the current distribution p to the original uniform distribution po;

(2) to increase §~! times the available group of » best actions;

(3) to assign the probability p (or 1 — ¢, provided the moment occurs) to a new
group to consist of the s actions (without changing the number of the member
of the group).

The dw-automata defined here are called automata of G-type (“group”). We
denote them by G(k,6,p,9,7).

The quantitative estimates of the optimizational properties of the dw-automata
can be based on the different tests, i.e. the total reward till the final hitting of the
d-optimal regime, the average time of the first (or the last) hitting in the §-optimal
regime and so on. It is rather difficult to obtain such estimates in an analytical
way and this can be done only in special cases. Almost always such estimates can
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be obtained by computer simulation. However we note that in the adaptive theory
the “uniform estimates” are of interest, i.e. such estimates which hold on the whole
class of controlled models. The individual estimates which refer to a concrete process
from the class are not useful because we do not know which process concretely is
under the control.

We shall use the design principles of dw-automata which are e-optimal with
respect to the classes of the HPIV to synthesize the asymptotically optimal
automata. The aim of control defined as

t

P{ tlirgotfl an = mzale} =1
n=1

is obviously equivalent to the one stated in terms of the choice probabilities of the

action u; at the moment ¢

{ Jim S } (6)
where I denotes the index set of the optimal actions. This equality should take place
for each process { € K. When a unique optimal action uj, exists the appropriate
vertex ej, = (0,...,0,1,0,...,0) of the simplex ¥ will be the unique absorbing point
of the random walk corresponding to the interaction between ¢ and the automaton.
We shall consider the automata whose state sets contain the vectors N, V, p.
Condition (6) refers to the components of the vector p. We rewrite this condition
in terms of N:

. 1 ) _ _

P{tlggot ZNz(t)_l} =1. (7)
il

The pairs (N, V) serve as the states of the simplest automaton construction. Its

output function is defined by an integer » > 1 and a sequence of positive integers

Ny (N < Nmy1). The controls u,; (referred to as actions as before) are chosen in
two alternative regimes:

(1) each element from {uq,...,ux} is used r times in succession;
(2) during n,, times the best action (corresponding to the maximum empirical
rewards V;(t)) is applied.

This automaton is denoted by M.

Theorem 4. The automaton M is asymptotically optimal with respect to the class
of all scalar HPIV.

Proof. By construction we have N;(t) —— oo and, hence,

t—o00

P{tlirgo‘ﬁ(t)zwi i:l,...,k}:l.
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So, beginning from some moment 7 the quantity Vj,(¢) will become greater than
all other Vj if u;, belongs to the group of the optimal actions. Beginning from
this moment, the choice frequency of the optimal actions approaches one (i.e.
Ny, /t P 1) but the frequencies of the other actions approach to 0. This implies

that the total average reward in time ¢

k
vy =3 My
=1

t
converges to max W; = W a.s. O

The automata Gs are similar to G. The difference consists of the changeability
of §, i.e. instead of the constant number § we have a sequence 9,, such that

0< 0y <1/2, 6,10, > 6,=00. (8)
n=1

On reaching the d-optimal regime at the moments defined by the rule Z we replace
the value §, obtained by the smaller one 6,41, i.e. the probabilities §,; and
On+1/k — 1 are assigned to the best action or the optimal one and the rest of them
respectively. If the rule Z consists of changing the leader of the variation series at
the moment when an action which has been used most rarely so far is applied then
instead of &,, we shall write 0,4y where n(t) = min; N;(¢). Then, in conditions (8)
the divergence of the series is not required. We denote this version of automaton

Gs by Gs,,.

Theorem 5. The automata Gs (in particular, Gs, ) are asymptotically optimal with
respect to the class of all scalar HPIV.

Proof. After getting the automaton Gs in the d-regime the choice probabilities of
other than the best actions became equal to d;/(k — 1). According to (8) the series
composed of these numbers diverges. This implies that the number of uses of these
actions tends to infinity, i.e. limy_.o N;(t) = oo for all j. In view of Vj(t) % W;
convergence in finite time, one can find an optimal action which will be used
with frequency approaching one as t — oo. For the automata Gs_ it is obvious
that n(t) %oo Otherwise the probabilities of all actions would be bounded
from below by some positive constants but then Nj(t) %oo This leads to a

contradiction. O

Definition 2. An automaton SA is defined by the recurrent procedure

_ _ 1 - _
Di+1 =Pt + P [¥(t) — Pt 9)
where the components of the vector 1(t) are defined as follows
1, if V;(t) = max V;(1),
7

¥;(t) = 0, if V;(t) < maxVi(t).
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If there are several maximum estimates then v;(¢) = 1 only for one index j (for
example, for the least one).

Theorem 6. The automaton SA is asymptotically optimal with respect to the class
of scalar HPIV with unique optimal action.

Proof. For almost all w € A = {w : limy_,o0 Ni(t) = 00, @ = 1,...,k} we have
Vi(t) = W;. Hence V; () > V;(t) for all sufficiently large ¢ where ig (# 4) is the
index of the optimal action. Then the transformation (9) increases the probability
i, (t) and decreases the rest of them. For i # ig, t >ty we have (a(t) = (1 +1¢)71)

t
pi(t+1,w) = (1 —a(®)pi(t,w) = Y (1 —a(l)--- (1 = alto))p;(to, w).
l=tg
The divergence of > a(t) implies that Hf:to(l —a(l)) t—>07 ie. pi(t,w) t—>0
for i # ip. Hence p;, (t,w) P 1.
—00
It remains to show that P{A} = 1. To that end we shall prove the divergence
of .2, pi(t,w), i = 1,..., k with probability one. Indeed, by (9),
p(t 4+ 1) = (1) + (1)
P BEES t+177
Le . pi(t+1) >t/(t+ 1)pi(t) and equality takes place if and only if ;(t) = 0. This
implies the divergence of the series in question.
Let the automaton SA controlling the HPIV be given. We put

t(i)(w) _ { 1, if w(t) = uy,

K 0, if u(t) # u,.

Then N;(t) =3, nl(i). We have
E(n"|Fo1) = Plu(t) = wilzt, u' 1} = Plu(t) = wils(t)} = pi(t,w).

In this sequence of equalities the second one holds since the past history (zf,u‘"1)
defines the state s(¢) uniquely. Thus, the conditional mathematical expectations of
77151) are equal to the choice probabilities of u; at time t. By the lemma on series
of r.v.! the divergence of the series > ;= p;(w) implies that of Y 5=, nél) and this
means that P{lim; .., N;(t) = oo} =1, i.e. P{A} =1. O

The following construction is similar to the previous ones.
Let 7P denote an automaton whose states are represented by the triplets
(N, V,p).

hLemma. Let & (w) (0 < & < B < 00) be a sequence of r.v. measurable with respect to a sequence
of o-algebras Fy. Let pe(w) = B(&|Fy—1), t > 1. Then the series Y72 &t(w), >_poq pe(w) converge
a.s. simultaneously.
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Let

be the empirical average reward over time t and @(t) = (p1(t), ..., ¢x(t)), where

We define a “norm” by the relation p = > le @; and a transformation of the vector
p by the equality

_ o Pt o(t)

t+1) = Qp(t) = —2L,

p(t+1) = Qp(t) = T o)

In studying the properties of the automata FP we shall restrict ourselves to the
case of two actions, the action w; being optimal (W; > Ws). Beginning from the
moment tg let the inequality Vi (¢t) — Va(t) > v > 0 (¢t > ¢¢) hold. Then

t t
pat +1) = P2 _ — p2(t) < 1121( ) ,
T+@(t) 14+t IN2()[VA(t) — Va(t)] = 14+t~ 1oNa(t)
and iterating this correlation T' =t — tg times we obtain

p2(to)
[Tiso(1 +w(to +5)~ Na(to + 5))

From the divergence of the product in the denominator as ¢ — oo it follows that

pa(to+7) <

pa(t) — 0, i.e. the choice probability of the optimal action uy tends to one.
We shall define the following measurable sets in the probability space:

A, = {w : lim N, (t,w) = oo} , x=1,2.
t—o0

Then lim; . V,.(t) = W,, a.s. on A,,. We shall show that N;(¢) and No(t) can-
not tend to infinity simultaneously. To prove this we suppose that Ay N Ay # .
Then V.. (t) — W,, for almost all points of this intersection and, hence, beginning
from some moment the inequality V;(¢) > V2(t) holds and the probability p;(t)
approaches one. To study the convergence of Y =, pa(t) we use the Raabe test:
this series will converge if for all ¢ > ¢/

; ( p2(t)
pa(t+1)
Indeed, this inequality holds since we have Ny(t) — oo and Vi (t) — Va(t) — Wy —
Wy > 0 a.s. on Ay N As. So, the series Zfilpg(t) converges. It contradicts the
assumption that Ny(t) /4 oo on the set Aj N As.
Thus, the automaton FP cannot choose every action infinitely often. This fact

— 1) = No(t)[Vi(t) — Va(t)] > 1.

is the reason that the automaton FP is not asymptotically optimal with respect
to the class of the scalar HPIV with U = {us,us}. Indeed, for any however large
T the probability of the event {Vi(t) < Va(t), t < T} that is “interpreted” by the
automaton as the indication of optimality of us (but not uq) is positive.
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2.5. Automata with Formed Structure

The strategies realized by the infinite optimal automata which we have studied
above are non-identificational. The full identification consists of estimating the con-
ditional distributions u(-|u). But in the previous constructions (except automata
with increasing memory) there exists some identification element in estimating the
average rewards W (u). It is of interest to construct automaton algorithms of adap-
tive control without this element of identification but which should be asymptoti-
cally optimal. The present section is devoted to this problem.

Let X = {—1,41} be the binary input alphabet and U = {uq,...,ur} be the
output alphabet, ¥ = {ﬁ =(p1,---,Pk): Z?lej =1,p; >0,j=1,.. .,k;} be the
k—1-dimensional simplex and T'*) be some transformation of the simplex into itself
that depends on the input signal z. From these elements we form the non-initial
Moor automaton G = (X, X, U; T(')) with the continual state space ¥j and tran-
sition function 7*)| i.e. its state at the moment ¢ 4+ 1 is defined by the equality
s(t+1) = T s(t) and its output signals at the moment ¢ are defined by the fam-
ily of probabilities pi(t),...,pi(t) where p;(t) = P{u(t) = u;} is the component of
the vector p(t) (the state of automaton at the moment ¢). The similarity of such
automata with the stochastic learning models is obvious. However, the constructions
being considered here, which are called the automata with formed structure, have
the following feature concerned with the sequence of states p(0),p(1),...,p(t), ...,
i.e. it is the random process (on simplex X3), and for the automaton G to be asymp-
totically optimal this process should be absorbed in the vertex e;, of the simplex
Y, corresponding to the optimal action u;, for any binary HPIV from some class K.

Hence the optimizational abilities of the automaton G depend on the form of
the transformation 7(®) (transition function).

Theorem 1. There ezists an automaton with formed structure G which is asymp-
totically optimal with respect to the class K1y, of binary HPIV with k controls among
which only one is optimal.

Proof. This theorem will be obvious if we find at least one transformation 7°(*)
which generates a random process on ¥ absorbed in the vertex of the simplex
corresponding to a single optimal action for any HPIV from Ky ;. We define such
a transformation as follows

a(t)(1 + =)

5 le(u(t)) —p(®)],  p(1) >0 (1)

p(t+1) =p(t) +

i1
where ¢; = (0,...,0,1,0,...,0), e(u) = Zle e;x(u(t) = w;) is the vertex of the
simplex corresponding to the action w(t) at the moment ¢, x(¢) is a value of the
input signal at the moment ¢ (1 or —1) but a(t) is the sequence of the “steps” of
the recurrent procedure (1). Hence the transformation (1) changes a state of the

automaton only in the case of arriving at the input “encouragement” (+1) but in
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case of “penalty” (—1) this state remains the same. It is easy to note that the
sequence of states p(t) is a Markov process on 3. To judge the convergence of this
process it remains to impose the following conditions on the numerical sequence a(t):

0<a(t)<1, ia(t):oo,
o 2)
Tim a(t) =c (Qio — qiy )pio
= Il (1 = a(D) Tio

where ¢;, and ¢;, are the gains probabilities for the optimal (u;,) action and the
subsequent (ui1 = arg maX#iOW(ui)) one respectively. For the class Ky ; we have
Qi > i, - Hence the adaptability of the automaton G is proved. O

Theorem 2. Let the procedure (1) realize the control of a HPIV from Ky with
steps a(t) obeying conditions (2). Then the sequence of vectors p(t) converges both
with probability one and in the mean square sense to the vertex e;, of the simplex
3 corresponding to the optimal action wu;,.

Proof. From the initial condition p;(1) > 0, Vi, and the form of the procedure it
follows that p;, > 0 a.s. for all .
We define the r.v.
1—p; (t
I, — L= Pi(t)
Piy (t)

and the sequence of o-algebras F; = o (uy,x1;- - ;us—1,x¢—1). With probability one
we have

k
E(Liy1|F) = ZE(Lt+1|ft; u(t) = u;)pi(t)

Cpal) 1 palt) —al®s —pu®) |
‘Z{ 1)+ alt)0i0i — P (1)) ql] Pilt)

1—a(t io
= L | piypig (t) + a(t) j_pio (t() ()]?q_ pm + ;)pzpz
1 pi (D)1~ a(t))
T (0)1 — a0)) ( ~Palt) = 2 bl )]
(L(t) (L(t) E #iopipi(t)

=l [1 TP T U= po )1 —alt)

G‘Q(t)qm
T a)al) + pi, (O - a(t)]]

() Bio — i a*(t)diy , —a
<rfi-ant ey O 00— a()
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where the inequality appears because

> pipilt) = g, (1= pi, (1)),

i#ig
We also have
t—1
Pio(t) > iy (1) [ (1 = a(h))
h=1
And so,
Cl2 (t)Qio < a2 (t)Qio

(1= a®) [a®) + P @ = a®O) ™ (1 - a(t) (alt) + pi, (O TS (1 - aD))

o [y, 2170 an]
< a1 ey o <l>>]
< %@jéz) [1pi (¢ Ho(1))]

Here the last inequality holds by (1). Hence we finally have the inequality

E(L,1|F) < Ly {1 - - i(i)(t) <q g — W n 0(1))] N E))

The last condition in (2) and the martingale lemmal imply that L; ta—s> 0. There-
— 00

fore p;, (1) ta—g> 1. From the dominated convergence theorem it follows that the
— 00

convergence in the mean square sense takes place as well. O

Note that the conditions (2) require knowing the probabilities ¢;, and g;,. This
prevents from reaching the aim on the whole class Ky . Hence the conditions (2)
take place for the sequences a(t) of the form

where a € (0,1),b>a — 1.

iLemma. (Martingale lemma) Let a sequences of r.v. nn, 0n (> 0) be measurable with respect to
the o-algebras Fpn, En < oo, > 02 | Eb, < oo and

E(nns1|Fn) < (A —a(t) +b(t)ne +0n, n>1, a.s.

where a(t), b(t) are non-negative and such that > 72, a(t) < co,> 72, b(t) < co. Then

P{ Lm 7 =0} —1.
n—oo
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This immediately follows from the easily verified inequality

(i) = Moo= (353) @

=1

We can now prove Theorem 1 quickly. The choice of steps in the form a(t) =
a/(t + b) ensures that the procedure (1) will be asymptotically optimal with respect
to the class Ky . Therefore the automaton G with formed structure is adaptive.

Information on the convergence rate of the sequence p(t) to the vertex e;, of the
simplex Y, is given below.

Theorem 3. Under the conditions of Theorem 2 and for a(t) = a/(t+b), b > a > 0,
a < 1 the following estimate

—p; _ —a(qig—qiy)
Al Dig (1) <t+b a+1) >0

Ep;,(t) > 1 -
pO()— pio b_a+1

holds. Here

A=exp {pm(l)(laip;l)(b —a) }

Proof. We take the mathematical expectation on both sides of (3) and use the last
inequality in (4). Iterating the inequality (4) we obtain

L R 1 — g
I1b0—a \To ~ I T T e+ b)) |

Using inequality In(1 —z) < —2 (0 < 2 < 1) we see that

t
a C1
EL, < EL S (g~ -
t > 1eXp{l_1l—|—b—a<q0 qiy 1—|—p7;062(l+b)1_“>}

< EL;exp by boat1 YT .
- (1—a)(d—a)p;, t+b—a+1

The required estimate for Ep; (t) follows from the obvious inequality L; >
1-— Pig (t) O

t
EL, < EL, H {1
=1

Thus, the probabilities p(t) converge at a snail pace. It is possible to find the
upper estimate for the convergence rate (in the mean square sense) of the current
reward to the limiting value. For the sake of completeness we write down this
estimate

t—o0

t 2
lim t7E<tlz$i—Wio> < 0(1—7/2)72
i=1

where
5 ¢ (1)(b—a+1)"
pio(l)

v =a(gi, — ¢i,); C = A(¢max — ¢min)
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2.6. Asymptotic Optimality of Automata with Variable Structure

All optimal automata considered above have either an infinite set of states or a
set of states increasing unboundedly. What are the possibilities the finite automata
with variable structure (FAVS)? The heuristic consideration in favour of a positive
answer is the following. The associated Markov chain corresponding to the inter-
action between a FAVS A and a HPIV ¢ denoted by A ® £ is non-homogeneous.
Therefore the current probabilities for some state p;(t) may tend to zero as t — oc.
As seems a priori it is possible to find some transition functions and to alternate
them in time so that for any HPIV the limiting probabilities of the optimal actions
equal to one. We are going to demonstrate the existence of such constructions of
FAVS restricting ourselves, for the sake of simplicity, to the case of an automaton
with two actions.

Let K4 denote the Moor automaton with binary input and output alphabet and
S = {5, sh; 57,54} be the states of the given automaton.) The transitions between
the states are shown in Fig. 4.

Let the automaton C4 interact with the HPIV . If the action u; is used then the
win 21t = 1 and the loss 2= = —1 will appear with the probabilities g;, p; respec-
tively. For two possible transition laws I and II we define the following transition
probability matrices

sy sy s sy

pog 0 0 ss {0 0 1 0

P = 0O 1 0 O Py = sh11 0 0 0
0 0 p2 @ 't o o0 o0

0 0 01 sy\0 0 1 0

Let us define an alternation law of these matrices. We agree to denote the [-multiple
iterations of a matrix P by the symbol [P]'. Then the alternation technique of the

+7_ —_
+
HOS O
+
Law I Law II

Fig. 4.

In the states s}, s}, the automaton performs the action u1 but in the states s}, s the action us.
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transition laws of the automaton K4 can be written symbolically as follows

o
H PI n(m)PII
m=1

where m denotes the number of stage of control and n(m) is the duration of this
stage. The structure of automaton Ky is described completely.

It remains to formulate the optimizational aim of the control. It is convenient
to represent it in the form

lim Exz; = max W (u;). (1)

t—o0

Theorem 1. For the automaton K4 to be optimal it is necessary and sufficient that
the following conditions:

1. limy,—eo n(m) = oo,
< nlm) _
2. Zm:lp 00, Vp € (0,1)
be satisfied.
Proof. We denote the probabilities to get in the state s; (s7) at the moment ¢

and the probability of the action w; at the moment ¢ by pi(t) (p/(t)) and b(t)
respectively. Then

bi(t) = s1(t) + s5(t),  ba(t) = sY(t) + s5().
We define the numerical sequence t,, in a recurrent way
to=0, tm=tm-1+n(m)+1, m>1.

Change of branches (or actions) occurs only at the moments t,,. Therefore the
function b;(t) is piece-wise constant, i.e. by(t) = bi(ty,) for t,, < t < tp41. The
optimizational aim of the control (1) is equivalent (for ¢ > g2) to

lim by (ty) = 0. 2)

m— 00

Change of branch on the mth stage occurs only after n(m) penalties in succes-
sion. So,

bo(tm) = (1= D3 "™ Voo (ty—1) + DL ™ b1 (b1 (3)

and, in view of by (t,,) + b2(t,,) = 1, we obtain

bo(tm) = 7™ + (1= pP™ = p3 ™ Voo (1) (4)
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Now, let us prove the necessity. The necessity of the first condition is obvious.
Indeed, if there were a subsequence m; < mg < oo, V7, then

bQ(tmj) = (1 —p; )bQ( my‘—l) +pn(mJ bl(tm.f—l)
> q2ba(tm; 1) +pn(m°)b1( 1) > min{Qzap?(mO)} >0

and equality (2) would be false. We consider now condition 2. Suppose this fails for
some p > 0. Then for any p1, p» < p we have >_°_, (p} (m) 4 p"(m)) < 00. According
to the necessity of the first condition proved above there exists an N < oo such
that 1 — n(m) p"(m) > 0 for all m > N. Hence

J=N+1

From (4) it follows that
ba(tm) = (1= 97" = p5™)ba(tm ).

According to (3) all ba(t,,) > 0 except, may be, ba(to). Hence, for m > N we have
ba(tm) = ba(tn) T (1= w1 = p5"),
j=N
Putting m — oo we find that condition (2) holds.
The necessity is proved. We shall now prove sufficiency. By condition 1 we
conclude that for any fixed € > 0 there exists L = L. < oo such that

n(m) n(m) Dy n(m)

+py <1, <e p; <e (5)
for all m > L. (here the last inequality follows from the preceding ones). We want
to prove that for any fixed € > 0
lim by(t,) < 2e. (6)
m—0o0
If this is the case then this inequality and the arbitrariness of & will imply the
required equality (2). Hence, the theorem will be proved.
The probability bs(t,,—1) where m > L. satisfies one of two inequalities

(@) ba(tm_1) > 217, (B) b2(tm-1) < ﬁ'
+ Py
From the first of them it follows that

bo(tm) = o™ 4+ (1= P = pb ™ Vbo(t1)

- bQ(tm—l) +p?(m) - (p?(m) +pn( ))bQ(tm—l)
n(m p +p
< bQ(tm—l) +p1( ) A ( n(rr?) ) = bQ(tm—l)a

(M)+p
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ie. ba(ty,) is a decreasing function of m. The inequality (5) means that
ba(tm—1) < €. Then, for the next value we have

bo(tm) = (1 = p5 ™ )ba(tn1) + Py b1 (tr) < 2e.

The function by (t,,,) can have two types of behavior: in the first case by(t,,) decreases
as m increases until entering an e-neighborhood of zero that, according to the last
inequality, from which it does not depart further than 2¢; in the second one this
function is bounded from below inf,, ba(t,,) = a > 0, i.e. ba(t,,) > a + ¢ for all
finite m.

Now we prove that the second type of behavior is impossible. From this inequal-
ity (6) will follow. Let

by
ba(tm) > at+e>a+ ———rs (7)
P (m) Tp (m)
for all m > L. By (4) we have
nm p n(m n{m
b(tm) < DY ™ + ba(ty—1) — <a+ m> (p1( )y ))
2 2

< ba(tm—1) — a(p?(m) —|—pn(m))-

Summing these inequalities over m € [L, N ] we see that

b(tN)<b2 —az nm))

Due to condition 2 inequality (7) fails for all m > L. This proves that inequality
(6) holds. Hence the theorem is proved. O

The function n(m) = [Inlnm], m > 2, is an example of a function which ensures
the divergence of the series anozl p™ p < 1.
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CHAPTER 3

STOCHASTIC APPROXIMATION

We discuss applications of recurrent procedures of stochastic approximation to
adaptive control problems of HPIV. The aims considered consist in maximizing
the average reward and keeping it at some given level. The necessary and suffi-
cient conditions for convergence are stated. From the conditions obtained follows
the extension of such procedures to more general (than HPIV) classes of random
processes. Some asymptotic properties are discussed as well.

The extension of the ideas of stochastic approximation to searching a conditional
extremum for vector HPIV is also considered.

3.1. Formulation of the Problem

The recurrent procedures serve as the most convenient means of numerical calcu-
lations. For the main problems such as solving a system of equations or searching
an extremum of a function they are preferable due to simplicity of their realization
and the absence of necessity to store a large data base. The advantages of recur-
rent procedures have appeared at the same time as calculation problems having a
statistical nature.

Let W (u) be a scalar function of the argument u € R! which can be calculated
for any w with some random error £. We need to find the solution of the equation
W(u) = w provided it exists. If the function W is non-decreasing we shall use the
following recurrent (or iterative) correlation

U1 = up —Y(O)[W(ue) — G —w],  uo, t >0 (1)

where ug is an initial value, v(t) is a “step”, index ¢ (“time” means the number of
the current calculation. This correlation represents the Robinson-Monro Procedure
(RMP for short). Its convergence can be substantiated on a heuristic level if the
errors (called noises or hindrances) without constant drifts and with finite variance
(i.e. E¢; = 0, E¢? < 00) are independent and if the steps (t) satisfy

V() >0, D y(t) =00, Y () <o

We should formulate the notion of convergence. Having in mind that it has a prob-
abilistic character we shall further write about convergence limy_, o u; = ws (uy is
a root of the equation to be solved) both with probability one and in the mean
square sense.

7
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If the function W (u) is non-increasing then we should change the sign in (1)
before «(t).

In multi-dimensional case, when W(u) = (WM (u),..., WM (u)), v =
(ul,...,u™) and a system of either n algebraic equations or transcendental ones
with n unknown variables is under consideration, RMP keeps its form. The fact
that we can find a basis for an RMP can be applied to find the extremum of some
unimodal differentiable function W(w). With this aim in view we should find the
root of its derivative W’(u). However it is impossible to use it directly. We shall
use its approximation AW (u) = (28) W (u + &) — W (u — §)]. To that end, let
us introduce a sequence 6(t) vanishing to zero as t — oco. By analogy with (1) (at
w = 0) we obtain the correlation

U1 = up — Y(t) Wl + 6(75);5_@?/(Ut ) 5 (2)

which is called the Kiefer—Wolfowitz Procedure (KWP for short).
In the multi-dimensional case the equality (2) contains the estimate of the gra-
dient of the function W (u), i.e. the vector with the components

W (uj +0(8)") — Wu; — 8(2)")
24(t) ’
where ul 4 6%(t) = (up,u?, ..., ul +6(),ul™ .. up),i = 1,2,...,n. If W(t) or
grad W (u) is continuous, we can rewrite (2) in the form
w1 = ue — y(t)[grad W(ue) + 2 + ¢ (3)

where 3¢ = 3¢(u, §(t)) means a decreasing systematic error.

i=1,2,...,n,

The procedures (1) and (2) can be varied depending on the concrete conditions
of the problem under study. Quite often, a “truncation” is used, i.e. after defining
(in the scalar case) the admissible interval [u’,u”] of varying the argument u one
can put uspq = u’ or ugpq = u” if the right-hand side of the equality (1) or (2)
is less than u' or grater than u” respectively. In the multi-dimensional case the
projection on the closed convex set of admissible values of the arguments is used.

It is common practice to unite the procedures (1) and (2) and their modifications
under the name of stochastic approximation. This theory consists of studying the
convergence conditions, the convergence rate and some questions of asymptotic
behavior.

It is reasonable to use the ideas and methods of stochastic approximation for
adaptive control problems. One result of this kind has been described in the pre-
vious chapter. We now make a more systematic investigation. The processes with
continuous spaces of states and controls (first of all the HPIV) are the object of our
attention.

So, let an HPIV with the space of states and controls R™ (n > 1) and finite

average rewards
o0

W) = Ba(u) = [ zn(dz ),

— 00
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be given. These rewards can be vector, i.e. they have n > 2 components
W)= (W (u),..., W™ (w).

The usual conditions imposed on the measure u(-|u) imply the measurability of
the average reward with respect to u. Its continuity is guaranteed by an additional
assumption, namely, p(-|u) is continuous in u and the integral defining W (u) con-
verges uniformly.

The following aims of control are of paramount importance.

1. To solve the equation (or the system of equations)
W(u) =w

where w belongs to the domain of W(u). The root of this equation will be
denoted by ..
2. To maximize the average reward, i.e. to find wuep such that

W (tuopt) = max W (u).

In the classical statement of the control aim (i.e. when the function W (u) is known)
it is necessary to solve the following problem: to find u. or uep in advance, i.e.
before beginning the control process. Then the required strategy turns out to be
stationary. Such strategies transform the HPIV into a sequence of independent
random variables. According to the strong law of large numbers we have

t—oo

t
lim ¢! ZW(W) =Wuy) =w, as.
=1

t—o00

t
lim ¢~* Z W(w) = W(topy) = max W(u), a.s.
=1

The solution is unlikely to remain simple in the adaptive version. Proceeding
from the stochastic approximation stated above we use the recurrent procedures
inspired by it which deal with the controls u; and HPIV values x¢(us—1). To solve
the equation W (u) = w we shall use RMP

g1 =y — () () —w], =1 (4)
if the function W (u) is non-decreasing, and
upyr = g+ y()[zeg () —w], t>1 ()

if this function is non-increasing, some u being taken as initial. The sequence (t)
is positive and converges to zero as t — oco. Moreover, it satisfies the equality

Y ()=

which serves as the condition of achieving the true root u, at any initial value uy.
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The sequence of controls uy,..., us,..., generated by the interaction between
algorithms (4) or (5) and the HPIV is represented as a random walk on the set
of controls. It must ensure the convergence to the required limit u, in one of the
probabilistic senses. We note that the sequence {u;} is Markovian since z;(u(t—1))
represents the Markov process but wu; is its linear transformation.

The uy %u* convergence means that for any € > 0 there exists a non-

Markovian moment 7. such that P{7. < oo} =1 and
i — us| < €

for all t > 7.. If W (u) is continuous, this convergence implies lim;_,o, W (uz) = w
a.s. Moreover, the equality

t
lim ¢ ¢ E Ty =W
t—o0
n=1

holds with probability one. We now turn to the optimization problem of the average
reward for the HPTV. We consider first the scalar HPIV with unimodal (maximum
is reached at the point uept) continuously differentiable function W (u). To realize
KWP we have to construct some estimate of W’ (u) which, obviously, requires the
values of the process when the controls u; 4 d(t) and u; — 0(¢) are used. Then KWP
takes the form

Ugpy2 = Ugt + % [@ap1(ue + (1)) — g2 (us — 0(2))] (6)

with appropriate initial value wg. From the various conditions imposed on ~(t)
and J(t) we choose the following:

(a) v(t) > 0,0(t) > 0,t > 1;limy .o 0(t) = 0
(b) 272 v(t) = 00, 3272 [¥(D)3(8) +7*()52(1)] < oo

In particular, these imply lim;_,~ ¥(¢) = 0. The following sequences satisfy the
conditions stated above:

d 1
y(t) == 6(t)—t—5, g9, d>0, 0<d<.

The convergence with probability one of the KWP (6) implies

t
tli>Holo W(uy) = W(uept) = tli>Holo tt Z T, A8
n=1
which means that the aim of control is attained with respect to the appropriate
class of HPIV.
The study of asymptotic properties of the optimizational procedure of stochastic
approximation should be based on the following three factors.

(1) the “steps” y(t);
(2) the function W (u), i.e. the average reward (or the regression function);
(3) the noise ¢; or, which is the same, the controlled random process ;.
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First of all we are interested in the conditions about the noise (or random
process x;) which allow to control a wider class of random processes by using
the stochastic approximation methods. At the same time it is necessary to define
more exactly the structure of the corresponding classes of the HPIV. The study
of the influence of the steps v(¢) and function W (u) will be less important in our
investigation.

3.2. Convergence Conditions of Stochastic
Approximation Procedures

Having in mind the convergence either with probability one or in L,, sense (mainly in
the mean square sense) we shall try to find the most general necessary and sufficient
conditions of convergence of RMP and KFP. Using no terminology of control theory
but only the statistical one (of solving a problem on the regression function W (u)
in the presence of noise (;) we shall study RMP (u; € R", W : R* — R")

uppr = ug — ()W (wr) + & (1)
A simple heuristic consideration suggests that wu T Us (us is the root of the
— 00

equation W(u) = 0) with the strong law of large numbers for the noise & € R”
t
Jim () Z:lé“n =0. (2)

The explicit statement of this relation must include some restrictions on W(u)
and y(t). The function W (u) is always supposed to be non-decreasing and its rate
of increasing is at most linear at infinity. The sequence of steps v(t) satisfies the
restrictions

t—o0

Y(t) =0, > y(t)=o0, lim y(t)=0.
t=1

Under these preconditions which are inadequate to give formal proofs we state the
convergence hypothesis:

For the convergence of RMP (1) either with probability one or in the L, (p > 2)
sense to take place it is necessary and sufficient that the strong law of the large
numbers (2) hold in the same sense, i.e.

{ur — us} & {tl Z{n — 0} .
n=1

Using the examples we can show that the correlation (2) understood as the con-
vergence in the probability sense, is neither necessary nor sufficient for convergence
of RMP. We will not discuss the corresponding examples here.

Passing to the exact formulation of the hypothesis we note that the necessary
convergence conditions differ from the sufficient ones for RMP. We begin with the
necessary condition always supposing that the root of the equation W(u) = 0,
usx = 0 is being searched.
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Theorem 1. If the function W(u) is non-decreasing and continuous in a neigh-
borhood of the point u = 0 and (t) =t~ then from the convergence lim; oo us = 0
a.s. (or in the L, sense, p > 2) it follows that

t
lim ¢! § £, =0
t—o00
n=1
in the same sense.

Proof. Multiplying both parts of the equation
U1 = Ut — til[W(ut) + &

by t and summing over ¢t from 1 to 7', we have
T T T
TUT+1 = Zut - Z W(ut) - th
t=1 t=1 t=1
or

T T T
Ur41 = Tﬁlzut —Tﬁle(ut) —Tilzft. (3)
t=1 t=1 t=1

By ur — 0, the properties of the Cesaro averages and the continuity of W(u) at
zero we obtain

T—o0

T T
. 1 - . 1 -
lim T Zut =0, TlglgoT ZW(ut) =0.
t=1 t=1
This and (3) imply the assertion of the theorem. m|

It is surprising that this theorem does not require the fulfilment of the following
conditions: E¢; = 0 and E£? < oo which may seem inevitable.

The weak assumptions on W (u) are related with the assumption that the pro-
cedure converges. The converse must include stronger restrictions on W (u). Sev-
eral types of sufficient conditions are known. We start with a special result on
the convergence of RMP for the simplest regression function: the linear function
W(u) = au, o > 0. Such functions satisfy the assumptions of all theorems on suf-
ficiency. The problem about the root of the equation W(u) = 0 is solved by the
recurrent procedure

Ut41 = Ut(]. — Oét_l) + t_lft

under the condition ¢! Zi:l &, — 0. Then lim;_, us = 0. This follows from the

following lemma.

Lemma 1. Ifa > 0 and limy_ ot ! 22:1 En = &o then limy_ o up = &/ .

From the general sufficient conditions of Theorem 2 another proof follows.
We turn now to the converse with respect to Theorem 1. The sufficient conditions
for convergence have non-coinciding forms which differ one from another by the



Convergence Conditions of Stochastic Approzimation Procedures 83

requirements imposed upon the regression function and steps ~y(t). For the sake of
simplifying the statements we only consider the case v(t) = t~! for the RMP (1)
assuming that W : R™ — R™, W (u,) = 0 and W (u) is continuous.

Theorem 2. The equality

t
lim ¢1 Zgn =0, a.s. (orin the L;, sense, p > 2)
n=1

t—o00

will imply limy_. oo uy = uy in the same sense if at least one of the following condi-
tions holds:

(o) the function W satisfies the conditions

W) =W < Lju =u"||, W(0)=0, L>0,
(u, W () > qflull, q>0;

(B) there exists a twice continuously differentiable function V(u) : R™ — R™ such
that for any u # .
V(u) >0, V(0) =0;
V(u) =00, (gradV,W) > 0;
llul| =00

(7) the following inequalities

IW (w)] < allu— w. +b, a,b >0,
(w—w) W) > H(Ju— ), lim = H(z) > 0

hold, where H(x), x > 0, is a continuous, strictly increasing function such that
H(0) =0.

We have no possibility to produce a detailed proof and restrict ourselves to some
remarks about the conditions («), (8) and (7). Each of them means (explicitly or
not) the presence of a Lyapunov function. In the case (v) only its existence is
required without specifying its form but in the case («) it has the quadratic form
v(u) = |lul|?>. The corresponding inequalities in these conditions are equivalent
to the requirement of assymptotic stability of the trivial solution of the following
differential equation

’l'l,t = —W(U,t),

associated with the RMP as its continuous analog.
In the optimization problems of stochastic approximation the following two cases
are possible.

(1) The gradient of the regression function can be calculated directly with the
error &;.

(2) It is required to find the increment of the function W(w) (with some errors
as well).
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In the first case Theorems 1, 2 remain in force with W’ (u) instead of W (u). In
the other we operate with the formula (3) from Sec. 1 which is based on trial steps.
We write that formula in the form

Upy1 = Up — til[grad W (ug) + 2 (ur) + &

Under the natural assumption about s¢ = ||5¢(u¢)||, namely,
o0
Zt_l%t < 0
t=1

Theorems 1, 2 are valid. Hence, in all cases the convergence hypothesis is true.

In conclusion we discuss the following question: for what types of random
sequences & does the strong law of large numbers hold? We restrict ourselves again
to the convergence either with probability one or in the mean square sense. Let us
give some examples.

A. The sequence & formed by the independent, identically distributed random
variables with E& = 0. Then the Kolmogorov Theorem ensures the fulfilment
of the equality

T
. —1 . _
P{Tlin;OT th_o} =1. (4)
t=1
Hence the structure of the class of HPIV the RMP allows us to solve the problem
at the level w = W (u,), under the appropriate conditions on W.
B. The sequence &; is stationary in the wide sense with E£; = 0 and the covariance
function R(t,s) = E&&s is such that
t* + 5P

|R(t, )| <k

—, k>0,0<2a<B8<1.
= 1—|—|t—8|5’ ) - « ﬂ

According to Cramer-Leadbetter Theorem it satisfies (4). If the process has
bounded spectral density® f(\) then the convergence in the mean sense (with
respect to Lg) t~1 22:1 &, — 0 will take place. Taking into account the esti-
mation |f(\)| < fo < oo this fact can be verified by a simple calculation.

C. The sequence &; is obtained by summation with the finite memory M

M
ft — Z Anntfn
n=1

2Tt means that the covariance function R can be represented in the form
1 7" .
Rm) = 5- [ f)e P,
27 ) _n

and the spectral density f(\) is supposed to be bounded.
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of independent, identically distributed random variables (or random vectors) 7
under the constant coefficients (or matrices) Aq,..., Ay. In the more general
case {n;} is a martingale-difference (i.e. E(n:|Fi—1) = 0,¢ > 0, a.s.) with respect
to a flow of o-algebras F;, with bounded second moments. The correlation (4)
is obvious. Indeed,

t t M M t
t71 Tnz::lgm — t71 ;;Annmfn — ;Antilrnz::lnmfn E’Oa

because

t
1D im0
m=1
for any n by the strong law of large numbers.
D. The sequence & represented by the outputs of a linear stable filter

L N
Z Ai&—i = Z Bini—j.
i=0 Jj=0

On the right-hand side we have a martingale-difference with bounded second
moments. The elements of & can be written explicitly as follows

t
& = Z Co—rmi + 04

k=1

where 6, is some linear function of the previous values of n; (i.e. ng, k < t).
This function increases as t*\', A € (0,1). The coefficients (matrices C;) have
the growth order t“\! as well.

In a similar way as in example C we see that the limit lim; oot~ ! 22:1 &n
exists (a.s. and in the mean sense) and equals zero.

E. We start with some definitions concerning a random process & defined onto
a probability space (Q,§,P). Let §; = o(&) denote the o-algebra generated
by the r.v. &. Let §<¢ and §>; denote also the o-algebras generated by the
collections {...,&_1,&} and {&,&41,...} respectively. Let A € F<p, B €
S>>t t <t

Definition 1. The scalar function

alt)= sup  [P{AB} - P{A}P(B}]

AEF < BET >
is called the strong mizing coefficient and the function

pt) = sup [P{A} - P{A[B}|

A€E<t”BES>t’+t

is called the uniform-strong mizing coefficient.
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A stationary sequence &; has the property of the uniform-strong mizing (strong
mizing) if lim;_,o0 B(t) = 0 (limy—o (t) = 0). The first of these notions represents
the particular case of the second one. For the sake of brevity we shall call such
sequences just the “sequences with mixing”. In addition, we suppose that E = 0
and E¢? < oo for all t. The properties of such sequences are well known.

We are now going to find the conditions when the equality

t
. -1 _
Jim ¢ ) 6 =0

takes place with probability one and (or) in the mean sense. By the Toeplitz The-
orem it is enough to make sure that the series of r.v. Y 77 | &,/n converges in the
same sense.

We give one example of solving this problem in the mean sense. We have

t

t 2 t
E (Z n15n> =Y nPEE+ Y (nm) 'EGSn = Si(t) + Sa(t).
n=1 n=1

(n,m):n#m

The following estimate (where o7 = E&?) is well-known in the theory of random
sequences with mixing

|BE LS| < cra®(t —8)a?, [|[E&E|| < eBb(t —s)o2, 0<a,b<1/2.
So, supposing
G <L alt)=0("), At)=0(t"), L§>0

as t — oo, we derive the convergence Sy (1) = 0, and Sa(?) o 0.

We leave the investigation of other versions of this problem to the reader. Once
more we stress that the purpose of our study is whether the strong law of large
numbers takes place for the considered class of random sequences.

The main conclusion is that the application sphere of stochastic approximation

considered as a means of control (i.e. a strategy) goes far beyond the scope of
the HPIV.

3.3. Survey of Asymptotic Properties of Stochastic
Approximation Methods for HPIV

We consider the adaptive problem of attaining the given average reward for the
processes of the HPIV-type.

Let & be a HPIV with R™ (n > 1) as the state and control spaces for which
there exists a continuous average reward W(u) for all u € R™. We shall use the
RMP as a control algorithm always supposing W (u) satisfies at least one of the
conditions («), (8), (7) in Theorem 2 from the previous section.

Let us list some limiting properties of RMP. We start with the estimates of the
convergence rate of this procedure with probability one and in the mean square
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sense. For simplicity we assume that the function W(u) does not increase in a
neighborhood of the root and the RMP has the form

g1 = up — at” Hap (ug) —w], t>1. (1)
Theorem 1. Let a HPIV & satisfy the following conditions:
(1) There exist n x n-matriz T =T7 > 0 and number X\ > 0 such that
(TW(u),u —us) < =AT(u—us),u—uy), 2a\>1;

for all u.
(2) Exf(u) < g(1+ [[u]?);
(3) the initial value uy has a finite second moment.
Then
lim ¢"|lu; —u.|?> =0 as. Vre(0,1),
t—o0
Eflu; - u. 2 = O(t™Y).

Moreover, we can prove convergence in the distribution sense and show that
the random sequence u; is asymptotically normal. This means as usual that the
distributions of the random variable v/#(u; — u.) approach (converge weakly) to
the normal distribution N (0, d) with zero mathematical expectation and variance d
as t — oo.

We consider again the RMP (1) and suppose that the convergence u; ta—s> U

—00

takes place.

Theorem 2. Let a HPIV satisfy the conditions:
(1) The function W(u) has the form
W(u) = B(u —uy) + 6(u)

where B is a constant matriz and §(u) = o(||lu — ux||) as u — u., the matriz

A =aB + 271 being stable;
(2) the covariance matrix

C(u) = E(z¢(u) — W(uw)(z(u) = W(u)"
is finite and there exists

lim C(u) = So;

U—00

(3) for some h >0

lim  sup / lze(u) — W () |2P{dw} = 0.
[lze(u) =W (u)||>R

R=00 |lu—u. <0

Then
Vi(u—u.) ~ N(0,5),
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where
o0
S = a2/ e4%Spe*dz.
0

Both theorems point to the convergence rates of the RMP in the mean sense,
in the distribution sense and in the a.s sense. These rates are characteristic for
statistics, i.e. they have the order t=1/2,

Until now it has been supposed the equation W (u) = 0 has a unique solution.
It would be interesting to study in detail the behavior of the control sequences
when the considered equation has several solutions. For example, whether we can
hope that u; enters set B = {u : W(u) = w}.

We assume that the set B consists of a finite number of connected components
and put U.(B) = O.(B)U{u : ||u|| < e'} where O.(B) denotes the e-neighborhood
of the set B.

Theorem 3. Suppose there exists a function V(u) > 0 with bounded and continu-
ous second derivatives such that for e >0

lim V(u) = oo, sup (grad V(u), W(u)) <0,
l[ul| =00 ueU.(B)

Ez?(u) < c¢(1+V(u)).

Then the sequence u; converges a.s. either to one of the points of the set B or to
the boundary of one of its connected components.

Under some restrictions on the HPIV it is possible to narrow the limiting set of
sequence u; in comparison with Theorem 3.

Let us define a class of HPIV for which the KWP ensures maximization of the
average reward W (u). This class includes the HPIV such that

(a) the function W (u) has a unique maximum were W’ (u) > 0 and W'(u) < 0 on
the left and on the right respectively;
(b) there exists a number d > 0 such that

(W' (w)? + Ea (u) < d(1 +u?),
for all u.

The KWP possesses many interesting and important properties of which we
consider only the convergence rate in the mean square sense calculated by using the
value s(t) = (Efus —uopt)?)'/2. Tt turns out that for large ¢ its asymptotic properties
are defined by the smoothness of W (u) in a neighborhood of the point ugpt.

If the derivative W’(u) is continuous and some power functions are chosen as
~(t), d(t) then

s(t) = {O(téJrv)a v > 1/4,

o), ~<1/4
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If there exists a continuous second derivative W”(u) in a neighborhood of uept then

_fo@tE ), 4 >1/6,
s(0) ‘{ O(t2), v <1/6,

i.e. the growth order of s(t) is equal or close to t~1/3. For analytic and symmetric
(in a neighborhood of wept) function W(u) we have

s(t) = O(t~1/*™)

for all v € (0,1/2).

We now give information on normality of the sequence u;. The result depends
again on the smoothness of W (u). It turns out that either ¢—1/2+7 (v, — Ugpt,) OF
t1/25(t)(uy — uopt) is asymptotically normal with zero mean and variances which
can be expressed in terms of the numerical characteristics of the HPIV.

These (and a number of other) facts can be extended to the multi-dimensional
case when u € R".

3.4. Calculation of the Conditional Extremum

The simplicity of the recurrent procedures above motivates us to extend the appli-
cation sphere of stochastic approximation methods. We have in mind other (then
mentioned) types of problems and aims of control and also more general classes of
controlled processes. One of these extensions was made in connection with automata
having the formed structure (Sec. 5, Chap. 2) where the randomized control choice
rules p = (p1,...,px) have been used. In Sec. 5, Chap. 5 these procedure will be
considered for Markov chains. So, we now formulate the general principles of con-
structing the recurrent procedures of stochastic approximation. Having in mind fur-
ther applications we turn to problems with a finite set of controls U = {uq,...,ux}
and shall use randomized rules p which are probability distribution on U. This
means that the rules p are identified with the points of the & — 1-dimensional sim-
plex X, = {p : p = (p1,---,0k), Z?lej =1, pi>0,4i=1,....,k}. We seek
transformations of these rules in the form

D1 = Pt — a(t)g(zeq1,ue, pr), t>0 (1)

where g(+) is a vector specifying a “move” of the distributions p;.

The following conditions on the steps a(t) have appeared in all procedures con-
sidered above: a(t) > 0, Vt; Y 2, a(t) = oo. In the optimization problems the
vector g is constructed by using the function W (p) whose extremum must be found.
But this function is unknown and we have only the controls being sent and the
responses of the HPIV obtained in reply to them. The procedure is based only on
the current information about the process. Two operations are natural:

(1) Define the vector g as
g = grad W(p) = (OW /0pa,...,0W /Opy);
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(2) represent the derivative 9W/dp; in the form having probabilistic sense or, more
precisely, write it down as

ow
Opi

= BEh;(vt41,ut, Pr)

where h;(-,+,) is a known function.

If both steps are realized, then the original procedure will have the form (1)
where the function g = h = (hq,. .., hi) is called the stochastic gradient. The proof
that this procedure leads to the required aim can be done by using the Lyapunov
function L(p) specified as follows

(a) L(p) >0, Vp € Xk, p# Ps, L(ps) = 0;
(b) L(p) is continuously differentiable.

The point p, is defined as P, = lim;_., pr which has the desired property. The
proof of Theorem 2 in Sec. 5, Chap. 2 represents an example of using the Lyapunov
function to prove the existence of this limit. In this case the right-hand side of the
recurrent correlation is constructed so that it always belongs to the simplex ¥,
i.e. p € Xy, for all t. There exist problems where this inclusion may fail. Then the
procedure (1) has no sense and we have to modify it.

Let Xj(€), € > 0 denote the subsimplex of the simplex Yj:

k
Ek(g):{p:p:(plw"apk)a ijzla p1'257 i:17---7k};
j=1

and 7. (+) be a projector on X(g), i.e. a mapping which associates with any vector
p € RF the vector § € ¥x(¢) such that the distance between p and p is minimal.
The procedure

Pra1 = e,y (Pt — a(t) W41, ut, pr)) (2)

is called a projective procedure. Here the size of the subsimplex ), (¢) increases
as €, — 0. The vector p; belongs to the interior of ;. The necessity of using the
projective procedures usually arises in the case of a non-binary process.

We shall apply these general considerations to one more problem of adaptive
control.

We consider a class to consist of the HPIV being understood in the extended
sense (see Sec. 2, Chap. 1). At that, any process is [ 4+ 1-dimensional, i.e. x;y =
(xio), xil), e ,x,gl)). Let W(p) = (Wo(p), Wi(p), ..., Wi(p)) be the vector of average
rewards. We need to find the “conditional optimal” strategy ¢° such that

Wo(p) — min, W;(p) <0, i=1,...,1L
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It turns out that in this case one can reach the strong aim, i.e. (here the notation
V;(t) defy—1 22:1 2 is used)

lim Vo(t) = min, lim V;(t) <0, i=1,...,l, as. (3)
t—oo t—o0

The attainment of aim (3) is called the conditional extremum problem. In the clas-

sical statement it can be reduced to the following linear programming problem

k k
Wo(p) =Y wi¥p; —min,  Wilp) =Y wlp; <0, i=1,....1 (4
j=1 j=1

with the constraint p € ) ,. Here wéi) will denote the mathematical expectation
of the ith component of the HPIV if the control u; is used. It is easy to see that
the problems (3) and (4) are equivalent for the class of the HPIV (in the extended
sense).

Let us turn to the adaptive version of the conditional extremum problem when
the characteristics of the controlled HPIV are unknown. One approach to solve the
problem is the method of Lagrange multipliers.

We form the Lagrange function

l
L£(p. %) = Wolp) + 3 A0 Wi(p)

i=1

where the vector A = (A(1),A(2),...,A(l)) has non-negative components (A € R},
for short). One of the conditions for the existence of a solution p. of problem (3)
can be formulated with the help of the function £ as follows.

It is necessary and sufficient that for some vector . > 0 the point (p., \s) be
a saddle point of the function L for all p € Xy and X > 0, i.e.

LD, A) < LDy M) < LD, As)- (5)

It remains to find a method of searching for the coordinates of the saddle point
(P, A+ ). In view of the bilinearity of the function £ we cannot use stochastic approx-
imation directly because of the non-stability of the procedures (this can be shown by
a simple example”). To avoid difficulties it is necessary to replace the original prob-
lem by a “close” one (to regularize the original one). In our case the replacement

consists of adding summands to the function so it is strongly convex with respect

PFor instance, let us consider the following gradient procedure:

Tn = Tn—1 — YnYn—1,
Yn = Yn—1 + YnTn—1,

of searching the saddle point of the function f = zy. If 3>, ~2 = o0, this procedure will not be
stable since 22 +y2 = (1 +~2)(22_; +y2_,) — o0 as n — oo but (0, 0) is the saddle point.
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to p (at any admissible \) and concave with respect to A (at any admissible p). The
regularized Lagrange function £ is defined by the equality

Ls(p,N) = L(B,A) + (IIPIIQ—IIAH ), 0>0

where p € Xk (g), € € [0,1/k). Obv10usly, it possesses the required properties and,
hence, it has a unique saddle point (p. (e, ), A« (e, d))on the set Ty(e) x R, . Let us
consider the question of closedness of saddle points of the regularized and original
Lagrange functions. First we state the following condition on the parameters of
regularization.

Condition A. Let
c0,k7Y), 6,>0, lim 4, =0,  lim £nd, = 2 < 0.
) This c_ondition will be used in two auxiliary lemmas. We put p.(n) = p.(en, o),
Ae(n) = Aen, 0p).
Lemma 1. If condition A holds then
Tim (7.(n). A (n)) = (5. ).
where Px, \x are defined by (5) and may depend on .

Proof. For all p € $i(e), A € Ry we have Ls, (p«(n), ) < Ls, (P, A«(n)). Taking
into account the notation

62(1,...,1), 5‘:)‘*; ﬁ:ﬁ*—sn(kﬁ*—e), (6)
we can write
[15() 12 + I (1P < [|ull® + IX]® = 2ken8, " [L(Ps, A (n)) =Lk e, Au(n))]

i.e. the sequence (p«(n), A«(n)) is bounded. Let («(n i), A (n;)) be any subsequence
converging to (p,\) as i — oo. It is clear that (j,A) is the saddle point of £(p, \)
on the set ¥ X Rl+. Hence the lemma will be proved if the saddle point is unique.
Otherwise, we can choose any point (p., A.) satisfying conditions (5). Since the
function L(-,-) is convex with respect to p and concave with respect to A, we have

(VpLs, (5(n), A(n)), s — P) — (VaLs, (Px(n), A(n)), A — ) < 0.
From this and (6) it follows that
’“Z—Z [5@*’ Ae(n) = Lk e, Au(n)) — L(p, Au(n)) + Lk e, X*)}
+ (Pe(n), () = B) + (Au(n), A(n) = X) <0

where p = (p.(n) — e,e)(1 — ke,,) ™t € ¥j. It remains to find the limit along the
subsequence (n;). We have

%[L(l/ke,)\*)— L) — Lk e, M| + (5,5 — 5) + (WA — A) <0,
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i.e. the saddle point (p,)\) points to the unique minimum (ps, A.) of the
quadratic form

l
1PI* + IAN® = 25¢k Y MWk "e)
i=1

on the closed convex set of saddle points. Hence

lim p.(n) =p, lim A, (n) = \.
The following lemma has a “technical” character. O

Lemma 2. Let the condition A hold. Then there exists a constant C' > 0 and an
integer N > 1 such that

1P+ (€ns On) — Pu(Em, ;\m)HZ + ”;\*(5n75n> - ;\*(Em,5m)||2

< Cllen — m| + |00 — | + a0t — sma;f} L

for allm and m > N.

Proof. Tt is enough to verify that p. and A as functions of ¢, § and ¢/ satisfy the
Lipschitz condition. We define the following sets

k
My = {(pvj‘) : Zpl = 1};
=1
Ml(ilv"'7i5) {(]5;5‘):p(ig):Eag:]-a"'vs}mMOa
My(it, ... ip) ={(D,A) : A(j) = 0,9 =1,...,7} N Mo,
Mg(il,...,is;jl,...,jr) = Ml(il,...,is) mMQ(jl,...,jr)

where 41,...,4s, j1,...,jr are all possible transpositions of the indices (1,...,k)
and (1,...,1) of the controls u; and factors A; respectively. Reindexing these sets
we consider the correspondence between the nth of them and the problem Z, of
calculating the coordinates of the saddle point for the function Ls(p, ) (8 > 0)
on this nth set. Let (p(Z,), A\(Z,,)) denote the solution of Z,. For any € € [0,1/k),
§ > 0 the point (p.(g,6), A(g,8)) coincides with the solution of one of the problems
Z,. So, the needed properties of the functions (P« (g,d), M« (g,8)) will be found if we
understand the dependence of the points (p(Zy,), A(Zy)) on the arguments ¢, ¢ for
each n. We consider the problem Z,, for the set

k
Ma(1,1) = {(p, N> pl0) = 1,p(1) = £, A(1) = }

i=1
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Consider the system of linear equations

Vo L(D,A) + 6p — s9e — 3161 = 0,

V)\,C(ﬁ, )\) 4+ 0A —bie; =0, (7)
pre=1, p(1)=¢, A1) =0
where e; = (1,0,...,0), 50, 311, 0 are the Lagrange multipliers in the problem Z,,.

The solution of this system, i.e. the representation of the coordinates of the saddle
point (p(Z,), M(Z,,)) and the Lagrange multipliers in terms of € and §, has the form

St (ai + bie)d?

(8)

The polynomial in the denominator is the determinant of (7). It has no roots at
d > 0, otherwise the saddle point of the function L5(p, \) on the set M3(1, 1) would
not be unique. Making all possible cancellations in the fractions (8) (if needed) we
consider their least common denominator. Let it contain a factor §", » > 0. Then
r =0 or r = 1. Indeed, substituting the solution (8) in (7) and multiplying the first
equation by p(Z,,), the second by A(Z,) and summing, we obtain

S(IP(Z) 1 + IMZn) %) = 50 + 521

Comparing the powers of the polynomials we find that 2r—1=ror2r—1=r—1,
ie.r=1orr=0.If r =0 then (p(Z,), \(Z,)) is the Lipschitz function of €, § in
the region of their values. If » = 1 then we write down the fraction (8) in the form

a0 + Y10 @b’ + e 33 bio!

Yty et '
The denominator has no roots at § > 0. If ag # 0 at least for one of the compo-
nents of the k+l-vector (p(Z,), \(Z,)) the point (P« (gn,0n), Ae(En,dn)) is not a
solution of the problem Z,. In the case ag = 0 for all components of the vector
(p(Zn), M(Z,,)) the last function is Lipschitz in the arguments ¢, §,&/8. This holds
for all problems Z,,. From this the stated assertion follows. O

Corollary 1. Under the conditions of Lemma 2 there exists a constant C' such that

[9«(€n, 6n) — Di(En+1, Onta)|l + |5‘* (€ns0n) — 5\*(5”+1, Snt1) |
_ _ def
<C [|€n — ent1] + 00 — Ongr1| + |€n6n1 - snﬂdnilﬂ = CT,.
We now consider the calculation of the conditional optimal control. This pro-

cedure of gradient type is a combination of two methods, namely, of stochastic
approximation and Lagrange multipliers. For the gradients with respect to the
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vectors p and \ we have

vpﬁé(pv 5‘) =E e(un) xgv,O) + Z )\n(j)l’;’j) + (5]956(11,”) Pn=D, S\nzj\ )

pre(un) j=1
OLs(p, \) G N 3 ;
: :El‘nj)_(S)\n n = 7)\n:)\7 :1,...,l.
G [ ()|pn=p ,J

Here, as in Sec. 5, Chap. 2, we put e(u) = Zz Leix(u(t) = u;). The vectors
p(t) = (p1(t),...,pk(t)) € Zp(e), A = (Ae(1),..., \(l)) are the current estimates
of the saddle point of the function L(p,A). To complete the construction of the
required procedure it remains to consider the projection operation

Pei1 = Pevis ﬁt—aa)p‘:(" +ZAt o +dpfe(u) p |, (9)
N1 () = max {0, 2 (j) + a(t) (=’ —mt(j))}, j=1.L (10)

In these recurrent relations the parameters a(t), d;, £; are used. For this procedure
to be valid they must satisfy some restrictions.

Condition B. The parameters a(t), 6¢, ¢ satisfy the following restrictions

a(t) >0, §; >0, Vt >0, hm 0 =0, g, €(0,1/k), Za ) < o0

=1

there exists limy_.oo €¢/0; = 3 < 00 and

Z (t) /et + lee — e + 100 — Sl + leed; b — er410;15 1] < o

t=1

We can now state the main result.

Theorem 1. Let condition B hold. Then the procedure (9) converges to the sad-
dle point (P«, \+) of the Lagrange function with probability one and, moreover, Py

converges in the mean square sense as well with respect to the class Ny of the
generalized | + 1-dimensional HPIV with finite number k of controls.

Proof. As before (Sec. 5, Chap. 2) we define the Lyapunov function in the form

= B(t) = p=OI* + @) = A
where (p.(t), A«(t)) is the saddle point of the function Ls, (p, \). If we show that
lim; .o L = 0 then from Lemma 1 the assertion of the theorem will follow. The
proof of this relationship is similar to that of Theorem 2 (Sec. 5, Chap. 2). Therefore,
we are brief. The first step consists of obtaining the following inequality

E(Lisa|F) < Lo+ C[TV/Ii+ T + (L+ Lz 'a?(1)
—2a(t) [Ls, (B(6), Au (1)) — La, (p-(t), Ar) + 2726, L]
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where Z; has been defined in the corollary of Lemma 2. This inequality is easily
derived from the representation of V,L;5(p, A), the procedure (9), the properties of
a projector and Corollary 1. The second step leads to the inequality

a®(t) cI?

Et 2a(t)(5t '
It is derived from the definition of the saddle point and the inequality 2ab < a® + b>
(where a = /a(t)d:L¢, b = C(Zi((a(t)d:)~/?). Applying to this inequality the
martingale lemma (see foot-note on page 70) we obtain lim; .., Ly = 0 a.s. By

the dominated convergence theorem, the convergence of (p(t), A\(¢)) a.s. implies the
convergence of p(t) in the mean square sense. |

E(Li1]F) < (1 —27 a(t)d; + ¢, Ca®(t)) Ly + C | T2 +

Hence procedure (9) is the conditional optimal strategy with respect to the
class Ny ;. While using procedure (9) it is convenient to choose the sequences which
appear there in the form

a e «
alt)=—2 = g =

(t+ f)o (t+g)°’ (t+h)

For the condition B to be satisfied we must impose some restriction on the power:
a+0<1l, €>§>0, 2a>1—¢.

The estimates of the convergence rate are given below.

Theorem 2. Under the conditions of Theorem 1 the conditional extremum is
attained with probability one and

Jim t"E(Wj(po) = Vi(1))® < oo, j=0,1,....1
where Po is the solution of the linear programming problem (4) and
min(26,« — 25),  for e =,
N {min(25, 2c—3)), fore> s,
with d < 2/5 but the equality d = 2/5 takes place only at o = 4/5, e =5 =1/5.



CHAPTER 4

MINIMAX ADAPTIVE CONTROL

In this chapter we consider control problems whose aims are obtaining minimax (or
maximin) of the appropriate function. For such problems the game interpretation is
natural enough, i.e. several players are trying to gain profits at the others expense.
The first game below is deterministic but in the following two the players act on
a vector-valued HPIV. We consider two statements of the problem: synthesis of a
strategy to obtain the game aim (Sec. 1, 3) and analysis leading to find the solution
by a family of the finite automata (Sec. 4).

4.1. Games with Consistent Interests

A number of economical and sociological situations leads to the following two-
participant game. The first and second player uses controls from the sets U = {u}
and V' = {v} respectively. The game consists of the following. The first player (I)
chooses a move u; and informs the second player (II) about it. Player IT makes a
move v; and informs the first player about it. Thereafter the process repeats. The
order of the moves is essential in such a game.

Let us turn to the motivations of the players to choose a given move. For player I
it is maximization of his gain W (u,v) and for player II the purpose (or interest) is
obtaining desired values for some function G(u,v). For example, it could be either
to obtain the maximum value of the function G(u,v) or to secure the inequality
G(u,v) > 0. A set of “expedient moves” N(u) C V corresponds to each of such
purposes. For the interests of player II stated above these sets have the forms

N(u) = {v : G(u,v) = rrﬁxG(u,v')}, N(u) ={v: G(u,v) > 0}.

It is essential that for a fixed interest of player II these sets are uniquely defined
for any w. If player I knows the family of expedient responses {N(u),u € U}
exactly, then the choice of his move u will be determined by the size of the reward
W(u) = inf,e () W(u,v). In this case “solving” the game means to find both the
“guaranteed result” w = sup, W(u) and a strategy realizing it (maybe accurate
within ¢). Player I may be informed insufficiently, i.e. instead of expedient responses
{N(u)} a family {Ng(u),u € U,0 € O)} where © is a set of parameters is given.
Then the best guaranteed result is equal to w(©) = sup,, infginf, ey, @) W(u,v)
where the sets Ny(u) = {v : Go(u,v) = max,ecy Go(u,v')} are assumed to be non-
empty. We assume that for any v € V' we can check if it belongs to the given set
Ny (u). This game is denoted by the symbol T'y.

97
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So, in each turn player I makes a move and informs player II about it. Next,
player IT chooses his move in keeping with his desire to maximize the function
G(u,v). The first player knows:

(1) the move of his adversary;

(2) the class of the admissible functions Go(u, v);

(3) the behavior of the second player which consists of choosing the response v so
his gain function is maximized. However the value of this gain is unknown to
the player I.

In the n-th round player I has the knowledge of the history of the game, i.e.
the collection of pairs (u1,v1), (u2,v2), ..., (Up—1,v,—1). Using this information he
tries to achieve the maximum guaranteed result w (maybe accurate within £). This
will be the case if beginning from some moment the participants choose the moves
(Un, vn) s0 that W (up, vn) > sup(, .y W(u,v) —e. Thus, the adaptive version of the
minimax problem has arisen.

We introduce the necessary notation. We suppose that 6y is the true value of
the parameter. Next,

w(u) = inf W(u,v), wy=supw(u).
vENg, (u) u
Definition 1. The value wq is called the mazimum guaranteed result under
complete information of player I.

If player I knows the interests of player II accurately within the class © then
the best guaranteed result will be equal to
w=supinf inf W(u,v) = supinf Wy(u).
up 0 vENg(u) ( ) up 0 0( )
The inequality wg > w holds but the value w is unknown to player I. We introduce
one more notation
w(f) =sup inf W(u,v).
uw VENg(u)
Now we construct optimal game strategies. These depend on the aim. First, we

consider the aim:
Qc. for allm > N the inequalities

W (tn, vn) > wo — €

hold (here e > 0 is fized).

This means that by using information obtained for the first N games about the
adversary, player I wants to receive a guaranteed result which is not less than wy,
accurate within . Player I does not know the value wy.

We shall find a way of attaining this aim in the case of a finite parameter set
O ={01,...,0,}. Let all sets Ny(u) be non-empty.
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Definition 2. The set © is called distinguishable if for any pair 6;, 8; (i # j) there
exists a move u such that Ny, (u) N Ny, (u) = 0. Otherwise, this set is said to be
undistinguishable.

Theorem 1. If the set © is distinguishable then for any e > 0 and N > |0| — 1
(= n —1) the aim . will be attainable. If the set © is undistinguishable and
a = sup,, min{wg: (u) —w(0"), wer (u) —w(0"”)} < 0 then the aim a. will be unattain-
able for 0 < e < —a and any N.

Proof. 1. Always supposing player I knows the collection of sets {Ng(u)}, he can
choose u; move by move in such a manner that every time one of the values of 6;
be rejected. In n — 1 moves the true value of the parameter will be found. This will
give the gain function Gp,(u,v) of player II as well.

It is clear that if there exists a ug such that Ng:(ug) U Ny (ug) = 0 for all 6, 6”
then the aim a. will be attainable for any € and N > 1.

2. Let the functions Gy, Gy~ be undistinguished and in the first n turns player
IT has chosen

’Uz'ENgl(’U,i)UNau(ui), 1=1,...,n.
This means that before the n plus first game player I knows that the function G is
equal to either Gy, or Gy~. By the conditions of the theorem we have
min{wg (u) — w(@ )wer (u) — w(0") 4+ e} < 0,

for all u. Hence, in the n plus first game player I cannot guarantee the fulfilment
of the inequality W (up41,vn+1) > wo — €. O

There are simple examples to demonstrate the non-attainability of the aim .
for N < |©| — 1 and sufficiently small e.

We shall now consider another aim of control:
Be. in all turns, except for at most N of them, the inequality

W (U, vp) > wo — €.
should taken place.

Theorem 2. For the finite parameter set © and any € > 0 the aim (. is attainable
at N > |©| — 1 and is unattainable, generally speaking, at N < |©] — 1.

Proof. We can assume that |©] = 2. If the functions G; and G4 are distinguished
then player I will choose his first move u; so that Ny(u1) N Na(ui) = (). Hence he
will know the true function Gy. Therefore, in the other games he can guarantee
himself the gain being no less than wy — ¢, i.e. the aim of control will be attained.
If G1 and G5 are undistinguished then M (u) = Ny (u) N Na(u) # 0 for any u. Then
uy should be chosen according to the condition

inf W(u,v) > inf W(u,v)—e.
vellrv}(u) (u v)fsgpveljr&(u) (u,v) —¢
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We shall consider two cases: either v; € M(u1) and then, obviously, W (uy,v1) >
wo — € or v1 & M(uq). In the last case player I will determine the true function Gy.
In the next games, if the player does not know the true function yet, he chooses
his moves in a similar way. It is easy to see that if |©] > 3 the arguments will
remain in force. It is possible to construct some simple games where the aim [, is
unattainable for N < |©] — 1 and any € > 0 in. m|

It is of interest to note two peculiarities of the control problem with the aim
Be. One is the fact that there is no need to demand that the functions Gy be
distinguished. The other one is that when player I cannot obtain new information
about the function Gy he can assure the very same gain as in the case of full
information about the gain function of player II. If player I knows in advance that
there is no information about the function G then in each game he can guarantee
that his own gain will be no less than wy — €.

Now let the set © be infinite. Then the question of attainability of the aim [,
has a more complicated solution.

Theorem 3. Let the following conditions hold:

(1) the set © is compact in a complete metric space with metric p;
(2) the function wg(u) is lower semi-continuous® in 6 € © for any fived u;
(3) the function w(0) is continuous for 6 € ©.

Then for any € > 0 there exists N(g) such that the aim [ is attainable at
n > N(e).

Proof. 1t is sufficient to show that for any € > 0 there exists a finite decomposition,

ie. sets ©1,...,01,0,N0O; =0, i# j such that © = U;Zl ©;, such that for any

i=1,...,Lwehave w(f) —w(©;) < e, 0 € O,. (Here w(O,) def sup,, infgeo, wo(u).)

Making use of conditions 2 and 3 we define a system of open sets in O as follows
S(u,e) =40 : wo(u) > w(d) —e/2}.

This system forms an open cover of the compact space © since for any 0 there exists
at least one u such that wy(u) > w(f) — /2. From this system we select a finite
cover S(ui,¢),...,S(ur,e). Using it we shall construct the decomposition of the
set © formed by the following disjoint sets:

L—1
Sy =S(ur,e), Sa=S(uz,e)\S1,...., S.=S(u,e)\ [JS;
j=1

aA function f(z) is said to be lower semi-continuous if for any sequence z1,22,...,&n,... — &
the inequality

lim f(zn) > f(z)

holds. It is equivalent to the following: the sets {z : f(z) < ¢} are open for any c.
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According to condition (3) we can choose § > 0 so that the inequality p(6,6) < &
implies |w(f) — w(0')| < /2. We shall write down the set S; in the form S; =
Ui, M, j where the sets M; ; are disjoint and their diameters are less than 6. Then
0 = Ule U:’:71 M; j, i NV My 5, = (0 if (i1,71) # (i2,j2). From the following
sequence of inequalities
w(Mi’j) B Slip gérll\gij wo(u) = gérgi_i o (uj) = Gérfgu w(t) —e/22 Glelé)U w(®) —e

for all 4, j it follows that, except for at most ny + - -- + n, games, player I obtains
the gain no less than w(M;j,) — e (where jo is the index of the set belonging to the
decomposition and containing the true objective set of player IT), i.e. the aim [ is
attainable. 0O

The conditions of the theorem will be fulfilled if all functions W (u,v), Gg(u,v)
are continuous on the product of metric compacts U x V x ©.
We shall now state another sufficient condition for the aim to be attained. First,
we introduce the necessary notation:
@o(u,v) = sup Go(u,z) = Go(u,v), Ny (u) ={v:pe(u,v) <7}, 720,
zE
wy(u) = inf W(u,z), w (0) = supwy (u).
zEN, u
Theorem 4. In the game above let player 11 mazimize his gain (defined by a
function from the family (Go,8 € ©)) and assume the following conditions hold:

(1) The sets U, V, 0 are compacts in some full metric spaces;
(2) the functions W(u,v) and Gg(u,v) are continuous on U x V x ©;
3) lim, oy w (0) = w°(0) uniformly with respect to 0.

¥

Then for any € > 0 there exists N(g) such that the aim (. is attainable for
n > N(eg).

We omit the proof, though it is attractive due to using information about the
course of the game more fully than in Theorem 3.

Now we put player I in a more complex situation: in every set (u,,v,) let him
know only his own gain W (u,,,v,) but not the move v,, of player II. In this new
situation we consider the analogues of the aims «/), 3) (there is no need to formulate
them again).

Under these conditions the aim («) proves to be unattainable even if all functions
Gy are distinguishable in pairs. This may be proved by the following example. Let

U=V =[0,1, W(u,v)=4v(v—1)
and

(0.1/2), we 0,172, L ueln1)),
Nl(“"{ 0, we(1/21), NQ(“)‘{[l/z,u, we [1/2,1],
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be the objective sets of player II. (We suppose here that ; = 1,05 = 2.) Obvi-
ously, N1(u) N No(u) = 0 if w # 1/2. If W (u;,v;) = 0 in the first N games, then
according to
N
{1,2} = ({0 : Jvi € No(w) : W(w,v;) =0}
1=1
in the N+1-st game player I will obtain the gain no greater than

su inf 4o(v—1) = —1.
up vEN7 (u)NNa(u) ( )

However, player I could obtain the gain w(#) = 1 for both values of the parameter 6.
Hence, for ¢ < 1 the aim «. is unattainable. As concerns the aim ., Theorems 2,
3, 4 remain in force.

The game approach described above can be extended from two-participant
games to the more complex two-level hierarchical structure. Then we shall say
“center” instead of “player I” and “producers” instead of “player II” respectively.
The center wants to maximize its own gain W(u,v1,...,v;) and the producers try
maximizing their private gains G;(u,v;), i = 1,...,h. Choosing the move u the
center informs the producers about it and they choose their own moves indepen-
dently of each other. Their moves form a collection (vq, .. .., vp). If the center knows
exactly the local gains (G;) then its best guaranteed result in an individual game
is equal to

wp=sup min --- min  W(u,?)
uw viENM (u) v, €N () ()
where
N® = {vi € Vi|Gi(u,v;) = gle&}}XGi(u, z)}
This game is equivalent to that of the center with one producer having the gain
G(u,v) = Zle Gi(u,v;). It is clear that the preceding analysis can be directly
extended to this new situation.

4.2. Some Remarks on Minimax Control of Vector HPIV

In the remainder of this chapter & denotes a HPIV with values z; =
(xgl), o ,J;Ey)) € R” and controls u; = (ugl), . ,uﬁ”) € R". Each component
u,gj) takes the values from a finite set U) = {u; j,i=1,...,k;}. Such a process is
usually defined by the conditional distribution

p(Mligy) = p(@) € My,l=1,... vig_1), M=M x---xM,.

The components are assumed to be independent, i.e.
E(M|u) = H wi(M;|a).

In addition, we assume that the vectors = and « have the same dimensions, i.e. v = 7.



Some Remarks on Minimax Control of Vector HPIV 103

The classes of the HPIV will be controlled by decentralized systems, i.e. by means
of the direct product L = L; x --- x L, of learning systems L;,j = 1,...,v. We
assume that the jth component of the controlled process &; serves as input of the
system L; but its output represents the jth component of the vector of controls w.
There is neither interaction nor exchange of information between these learning
systems. Each of them is acting as if it were single. However the distributions of
components of the HPIV depend on all components of the vector @. Below, the
systems L; are represented either by recurrent procedures or by finite automata.

Definition 1. A strategy in the form of a decentralized system represented by the
direct product of elementary learning systems is called a game control.

The operating principle of such systems consists of adopting a decision (or in
choosing the next move) by using the input values of the corresponding component
of HPIV without knowledge of the successes of the other participants. It means
that the moves of the players are independent and the game itself is coalition-free.

Let us formulate some necessary notions of game theory.

Definition 2. A vector u; = (uﬁ”,...,uﬁ”) is called the party at the time
moment t.

A game is an unbounded sequence of parties. It is accompanied by the sequence
of v-dimensional vectors T; .1 = ( (1) ) q i h spondi ins
t+1 = (Tpips - ,xt_H) enoting the corresponding gains

of the players.

Definition 3. The mathematical expectation of the jth component of HPIV
W;(u) = ffooo xpj(dzr|u) which is supposed to be finite for all j,u is called the
pay function of the jth player.

The vector W(a) = (Wy(a),..., W, ()) is called the game pay function. We
enumerate the most typical parties.
Nash point or equilibrium party is a party u = (11(1), . ,11(”)) such that

W) > wy(a®,...,au=D W gut gty =1,

i.e. if the jth player changes his move from @) to u/) then he reduces his average
gain. Therefore, the equilibrium party is stable in the sense that a reasonable player
will not change the appropriate move.

Definition 4. A party in which the minimal component of the vector pay function
W () = (Wy(a),..., W, ()) takes the maximum value is called a minimaz party.

The problem to find an equilibrium in minimax games can be considered as the
aim of control for the vector HPIV.

The investigation of game problems of control for the vector HPIV is useful for
understanding and simulating many biological, economical and sociological phe-
nomena. Of course, we cannot discuss this theme here.
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4.3. Recurrent Procedure of Searching Equilibrium Strategies in a
Multi-person Game

The symbol ¢ denotes a HPIV in the extended sense taking the values x =

(x(l), . ,J;(”)) € RY with a vector control u = (u(l), e ,u(”)) whose jth com-
ponent runs over the finite set UU) = {ugj), . ,u,(jj)} The components z(") are

supposed to be independent.

The process is controlled by v participants (players) independent from each
other. Each of them obtains the corresponding component of the vector = as a
gain (here we shall talk about “losses”) and produces one of the components of the
vector u. In other words, the jth player receives the jth component of x and forms
the jth component of u. Unlike the usual concept of game theory meaning that all
participants know a pay function we now use the adaptive point of view, i.e. the
players know only their own moves and losses. So, the adaptive strategies of the
players are decentralized and depend only on the information about the course of
the game or, in other words, on the course of the coalition-free v-persons game.
The strategy of the jth player will be denoted by o). Let us connect with the jth
player his average current losses in time T’

T
t=1

if the strategy (0'(1), e ,a(”)) has been used. The problems of control (or interests
of the participants of the game) consist in producing a behavior of every player
independent from the other participants so that the stable, “balanced” regime which
is similar to the Nash points in the usual games (see Sec. 2) be achieved. More
precisely, this means the following. We need to construct independent strategies
O'(()l), e ,a(()y) so that

t@o [Vt(j)(aél),...,a(()j),...,a((]y))—Vt(j)(aél),...,&éj),...,aéy))] <0, as. (1)

for all processes from the class of the HPIV described above for all j and any
stationary program strategy &), This requirement is similar to the notion of Nash
point but with the following differences:

(1) the move (or action) of the player by the strategy which is not necessarily
stationary;

(2) the average losses (over the set of parties) are replaced by real losses on
realization.

We associate the control problem of the process ¢ considered with some coalition-
free v-person matrix game. It is specified by v sets of moves U) and the numerical
matrices (Wj (u®, ... ,u(”))) whose elements give the average losses of the jth
player in the party (u(l), . ,u(”)). Let the players use the constant randomized
() (z _

)

choice rules, i.e. the jth player chooses his ith move with the probability p
1,..., k;j). The partners act independently from each other. The average pay of this
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player is equal to

R(]) Z Wu“,um,...,ui,j)HpEll)a

p:(p(l)a7p(y))a (J)_(p( )aap](g))

We denote this game by I

The main result is the fact that I' will have at least one Nash point (equilibrium
party) provided all participants use the invariable stationary randomized choice
rules. The inequalities to define the Nash points in terms of the game I"take the form

RO (p,) < RD (M, ... pf= ) puth ) ;.

So, we consider the game control problem for the vector HPIV (in extended
sense). Inequality (1) serves as the aim of control. The required strategies of the
players will be constructed in the form of gradient type recurrent procedures (see
Sec. 4, Chap. 3). We shall use the probabilistic notation for the gradient of the

b
(9
Vo R (p) = E ﬁe(ulﬁ”)lﬁt =D
e (ug”)py’
to express explicitly the strategies in terms of observable variables

o)

average losses

P = (S ) |58~ al) o). B €T, it

e’ (UEJ))@
(2)
where 7(X) denotes projecting on the simplex

k;
T, (€) = {ﬁiﬁi >e Y pi= 1}

i=1

For each j the sequence pgj ), pgj ), ceey p(j ) ... consists of randomized rules formed

in the course of the control process. They form the strategy of the jth player
a(()j ) = {]5? ), t > 1}. We should show that these strategies ensure the attainability

(7o) another

of the aim (1), i.e. if the joth player uses instead of the strategy oy
stationary program strategy then his losses will not decrease.
In procedure (2) the sequences a(t) and e, just as in the previous recurrent

procedures, cannot be arbitrary. We shall use the following condition:

Condition C. 0<a(t+1)<a(t), ¢ € (0, max; k; 1), lim;_,  ta(t)=00

lim (e, +a™ — ter) " ta(t) < oo.
Jim (e + Ht)ler = ee41]) = 0, Z (ter)
t=1
PRecall that e(u) = Zle eix(u = u;) where u = (u1,...,ux) and ¢; = (0,...0,1,0,...,0).
——

i—1
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The main result of this section is the following theorem.

Theorem 1. With respect to the class of vector (v-dimensional) HPIV (understood
in the extended sense) procedure (2) with positive initial vector and parameters
satisfying condition C secures the fulfilment of the following inequalities

tim [V (000, oo 08) = VO 0P8, o)) <0

t—oo

for any stationary program strategy &) and j=1,...,v.

Proof. The proof will be divided into two steps. First we prove that

lim

t—o0

t
Vvt(j) (O'(()l), ceey O'(()”)) - t71 Z R(j) (pn)‘| = Oa
n=1

(3)

t
tliglo V;(J) (O'((]l), o ,5-(]‘), . ,O'(()V)) —_ 1 Z w) (pn7p‘(J))‘| =0
n=1
a.s. for all j =1,...,v where

w?) (p,p) = R (p(l)7 o piTh g pluth ’p(u)).

The values w?) denote the losses of the jth player which have deviated from the
“Nash party”. In the second step we shall check (for j = 1,..., v and any stationary
rules pU) forming the strategy ) the fulfillment of the following inequalities

t
Tm +! D (5. — 2w (5. 50| < X
[Jim ¢ 2—21 [R (Pn) — w9 (P, P )} <0, as. (4)
which demonstrate that a deviation from the “Nash party” leads to increasing the
losses of the jth player.

Evidently, from (3) and (4) the required assertion follows:
lim [Vt(j) (0(()1), . ,aéy)) — V;(j) (O'(()l), ey &(j), ceey U(()”))}

t—o0

t
o N N
= lim ¢ n; {Ru)(pn) _ w(])(pmp(a))} <0
for all pU) € Y and j=1,.. v

So, it remains to prove (3) and (4). The arguments will be presented briefly
since they are similar to those of Sec. 5, Chap. 2 and consist in reducing the original
problem to the martingale lemma. Leaving all details to the reader we only give the
general description of this idea. Let us consider the first equality in (3). We put

t 2
L, = <V;(J)(U(()1)7 3 -aU(()V)) 4l Z R(j)(pn)>
n=1
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and introduce the flow of the o-algebras F;, = a{ﬂg), ()(ut 1,8 # 7,
2§ )(ugf )) n = 1,...,t}. The elementary arguments lead to the inequalities (for
all t)
(Lt|~7:t 1) (1—t 1)Lt 1+t 161+t 2, C1,c2 > 0.

By the martingale lemma, it implies L; — 0 a.s. Hence, the first inequality in (3)
is proved.

The proof of (4) is more difficult. We introduce the vectors q(J) (1—e¢k;)pP) +
ere (where e = (1,1,...,1)). According to the procedure (2), for any ¢ (=1,2,...)
we have (the parentheses (-,-) means the scalar product)

xye

) ) ) ) ) ) (49) ()
It = a2l < 87 = oI+ xler = vl = 2a) (p‘g” - 2 —g%)

(4) 2
X
'M%KT%T)
e” (uy)py

= ||p§j) - qt(j) ||2 +c1ler — epq1] + coalt)ersr

—2a(t)[RD (5r) — wD (p, ¢l 1)] + 2a(t)vs + a2(t)v),

where we have used the following notation
(7 ()
, ; Nooxye(u
v = R () — wD (B, q7)) - (ﬁij) — a4t C: ().)>,

e’ (ug )) pt
() 2
T
W:<7%7>>0
€ (ut )pt

Hence
nt Z [R(j)(ﬁt — @ (P, dt (J) } -1 GV(; 4t Z a(t)y!
t=1 t=1
_ " |€t - €t+1|
“+c3n 1 tz:; <€t+1 + W s (5)
where
= ||p(J) (j)||2 - ||pgk)1 - Q§j+)1|| + 2a(t)y,

According to the conditions of the theorem the last term on the right-hand side of
(5) vanishes as n — oo and

ZE t)y;)? < oo, Zt‘ "< o0,

From this it follows that the following series of r.v. > 02 a(t)vy,, Y ;o t ta(t)y)
converge a.s. Hence, sup,, | > ;- ; 7| < oo a.s. This implies that the right-hand side
of (5) tends to zero. Indeed, using the lemma on the limit (see Sec. 6, Chap. 5), the
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Toeplitz and Kronecker Theorems® from the convergence of these series it follows
that the right-hand side of (5) approaches zero. This implies inequality (4). O

Thus, procedure (2) secures the attainability of the aim for the HPIV but the
convergence of the rules ﬁgj ) (as t — o0) is not guaranteed.
Let us clear up the convergence rate in (1) if the parameters a(t), ; are taken
as follows
a e

D=FT e T Grer

First of all, for the condition C to be satisfied it must be 0 < ¢ < a < 1. On the
more comprehensive analysis we arrive at the conclusion that in the inequalities

— . , 1
Vt(J)(U(() )7.“70(() )) - V;(J) - 7

(where § > 0 and symbol =< has been defined before Theorem 2 in Sec. 3 Chap. 2)

the quantity 0 = min(e,  — £,1 — «). It is not difficult to verify that 6 < 1/3, the

equality taking place only at a = 2/3, e = 1/3.

4.4. Games of Automata

The previous sections of this chapter have been devoted to constructing and inves-
tigating adaptive strategies for minimax control problems. Such an approach may
be called direct. Sometimes the opposite situation arises: there is a system of con-
trol (strategy) and a class of controlled processes. It is necessary to find what aims
of control can be attained by this system on a given class. Here we would like to
consider the inverse problem, namely, the analysis of the decentralized system of
control in the form of a direct product of finite automata, i.e. games of automata
provided the vector HPIV having binary components are under control. Let us turn
to the accurate statement of the problem.

We consider a class Q(v, k) of HPIV & with independent components. Their
values belong to a finite interval [a,b] and U = UM x ... x U®) is the space
of controls, all factors U() = {ugj), . ,u,(fj)} being finite sets. Using the quantum
technique described above, i.e. passing from the process with continuous value space
to the binary one we shall assume from now on that the components of HPIV &; are

binary. If a control u is used these will take the value to be equal to one (gain) with

¢Theorem. (Toeplitz) Let the sequences an > 0, xn be such that 0 < bn, = > 7" | a; — oo and
Tn — xg asn — oo. Then

n

1

— E a;r; —— XQ.
n—oo
™ oi=1

Theorem. (Kronecker) If the sequences bn, > 0, xy, are such that bp, < bpy1 — 00 asn — oo
and Z:,ozl Tn < 00 then b,:l Z?:l bix; 0.
n—oo
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the probability g;(u) = P{z\9) = 1|u} = W;(u) and that to equal to zero with the
probability p;(u) = P{z0) =0u} =1— qj( u) for the jth component respectively.

As the strategies for the processes &; we choose the direct product of v automata
from some e-optimal family (see Sec. 3, Chap. 2) A = Agn) X oo X Af,n), all
automaton-factors having the same memory depth n. We agree to use only automata
Dyn and Qy ,, with cyclic and equiprobable change rules of actions (or transition
from branch to branch) and their modifications. The latter means that when chang-
ing a branch the automaton passes not into the first state s; but into the last one
sp, having the depth n. So, the considered class IC of automata is formed by using
four subclasses K = K1 U Ko U K3 U K4 where Ky consists of the modifications of
automata Dy, , and 9y, with cyclic change of branches, Ky of the modifications
of the same automata with equiprobable change of branches, IC3 is represented by
the automata Dy, ,, and 9y, with cyclic change of branches and Xy consists of the
same automata with equiprobable change of branches.

The family of automata Dy, ,, is e-optimal with respect to the class of all binary
HPIV but for the collection Qy, ,, this is not the case. Generally speaking, there exists
a constant ¢(A™) > 0 such that the automata from A form the e-optimal family
with respect to the class of binary HPIV for which max; ¢; > ¢(A™). According
to the notation from Sec. 3, Chap. 2 we have

1/27_])4_5 1fp+<1/27 p—>1/27

C(ka) _ pP— — P+
0, ifp_ >1/2, py +¢- <1
For these definite types of the automata we know that ¢(Ly ,) = 1/2and ¢(Ky,,) = 0.
We shall also assume that ¢(Dy,,) = 0. We impose the following constraint on the

automata forming the considered learning systems A" = Ag”) - x AU and on
the corresponding HPTV

(A" < Wiw) <1, Vi=1,...,v, uel. (1)

As the investigation tool for the automaton games, i.e. for the pairs (&, A™),
we shall take the associated Markov chains M, = (S, P(")) having the direct
product of the state sets of automata as their state space S = S%") X oo X Sl(,").
The elements of the transition matrix P = (pxz) where A and fi are indices
of the states s5 = (sx,,...,5x,) and sz = (S5, 8y,) from S are calculated
according to the formula

Pxp = H WP (1) + pi(w)pr;p; (0)] -

Here the following notation has been used: u = (u(l), e ,u(”)) is an output signal of
the automaton A in the state 83, (u(j) is an output signal of the automaton .Ag»n)
in the state sy,) and px, ., (0), pa, 4, (1) are the elements of the transition probability
matrix of the automaton .Al(.n) under the input signals 0 and 1 respectively. The
chain M,, has k1ko ...k, n" states.
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The assumed constraint (1) guarantees the regularity of the chains M,,. There-
fore there exist limiting states probabilities 7(s,n) > 0. In view of the Moor prop-
erty of automata, the set S may be decomposed into a sum of disjoint subsets
S (u), the control u corresponds to every one of them, i.e. S™ = (], S™(u).
This implies that there exist limiting probabilities (their total number is equal to
s =ky---k,) of the actions of the automata

m(a,n) = Z (s, u).

s€S(M) (u)

Definition 1. The quantity

W (@) = 3" Wi(a)n(a, n)
uelU

is called the limiting gain of the jth participant of the game .Ag»n).

We have presented characteristics of classes of controlled objects & and strate-
gies YK as well as the objective vector (Wl(") (a),..., ngn) (ﬂ)) The problem con-
sists of finding the aims which can be attained by the strategies from YK provided
the process & is under control. Hence, it is necessary to ascertain the asymptotic
properties of the objective vector as n — oo. The form of the limiting gains shows
that the problem consists of calculating lim,,_,c (@, n) or in estimating these lim-
its. Hence the analysis of automata games consists of investigating the sequences of
Markov chains M,,. The difficulties connected with unlimited increase of the num-
ber of states of these chains will be overcome by means of auxiliary Markov chains
which are asymptotically equivalent to the original ones but have a more simple
structure. We shall now describe the construction of these chains.

Let M = (S,P) be a Markov chain and S C S. Let us also consider the
states of the chain at the moments of entering the set S’. They form a new chain
M’ = (8, P") so-called restriction of the chain M to the subset S’. One step in this
new chain corresponds to several steps of the original chain M between two hittings
into S’. It can be proved that if the chain M is regular then the chain M’ will be
regular too and the final probabilities of both chains will be related as follows (the
upper index points to the chain (M or M’) that the appropriate notation refers to)

m(s)

ZSiES/ ’R—M(Si) ,

In particular, for any pair of the states s;,s; € S’ we have

™M (s) = ses. (2)

M (s;) oM (s:)

™ (s;) M (s)

Let us define two restrictions of the chain M,,. The first, M}, is the restriction
of M, to the set (s1,...,8,), ¢ =ky - ko----k, of the “deep states”. Each subset
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S (u) is represented by the states corresponding to the maximum depth n of each
automaton on the branch.

Another restriction, F,, is to the set s; Us UTI'; where s; is the “deep” state of
the subset S (u;), s € S (u) is arbitrary and T'; is the set of boundary states of
S (), i.e. the states from which it is possible to leave this set.

We turn to estimating the transitions and limiting probabilities for these con-
structions. We shall begin with the subchain F,,. First, we shall make one general
remark on the proofs of the subsequent lemmas and theorems. These proofs will
become more simple, without losing generality, if we assume that only automata
Di,n and Ly, take part in the game. Indeed, the chain M,, remains the same if
the ith automaton Q, having the parameters (p4,p—) and the average gain is
replaced with Ly, ,, and W;(u) = pyW;(u) + p_(1 — W;(u)) simultancously. The
letters c¢q, ca, . .. mean positive constants not depending on n and s.

Lemma 1. There exists a constant ¢c1 > 0 such that

Pf;"; >cq.
Proof. Obviously, if all participants of the game are represented by automata Dy, j,
then one time they will get into the state s; provided all automata receive the gain
at the same time. In this case ¢; = [][_; Wi(u). So, we can assume that only the
automata Ly, ,, take part in the game.? We now introduce some notation.

Let g;(t) be a depth of the state of the automaton A; at the moment t. Then

Qi (ty, ta;, 1, 1o, 13) e P{gi(ta) = l359i(t) > la, 11 <t < ta|gi(t1) = l1},

Qi(tr, t2; 1) 2 PLgi(t) > 1ty < t < ta)gs(t1) = n}.

The following relations are obvious.

ta
Qé(tlat%h) =1- Z Qll(tlat;na hvh)a

t=t1+1

Qé(tlat%h): Z Qi(tlvt%nahvl)'

l=h+1

Next, let 7;(1) > 0 be the first hitting moment of the automaton into either the
state with depth <[ (not taking into account the moment ¢ = 0) or into the state
with depth n provided the initial state has depth I. The event B;(l) means that the
transition of A; from the initial state with depth [ into some state with depth n
occurs before hitting it into the set of states with depth <[ (except for the moment
t = 0 again).

dThe general case requires some insignificant additions. We will not consider them here.
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Let p be such that [, = min;<;<, l;. For any T' > 0 we have

P;;' = i P{s(m)=s;,s ¢ T1,s(t) #s,0 <t <m|s(0) = s}
m=1
> P{s(N) =s,s(t) €T, s(t) #s for 0 <t <T|s(0) = s}
> ﬁQﬁ(O,T;li,hi,n), (3)
i=1

where h; =1, if i # p and hy, = 1,.

We shall consider the probabilities @} in detail.

The change of states by each automaton in the course of the game is a random
walk over the points 1,2,...,n with a reflecting screen at the point n. Hence, we
can use the results obtained for such a walk (or, in other words, the solution of the
ruin problem in an inoffensive game) to estimate the quantities P{B;(l;)} in the
following inequalities (j = 1,...,v)

T
Q1(0,T;15,hy,n) > P{B;(1;)} Y P{r;(l;) = t|B;(1;)}Q1(t, Tsm, hy,m).  (4)

For any [;, according to the solution of the ruin problem, we have

1—pjq; !
— 7 > qj — Dy (5)
1—(pj/q)~=t =7 7

For h; < m < n the combinatorial arguments imply the following inequalities

P{B;(l;)} = g

n—m
Q{(tlatQ;n7hjam) S <Zqﬁ> Qz(tl7t27n7h]an)
J

Summing them over m from h; + 1 to n we obtain
le(tl’tQ;n7hj’n)Z ( __J) Z le(tlat%nvhjam)

qj m:thrl

_ (1_79_{) Qi1 ta: hy). (6)

4q;

According to the properties of the function le obtained we arrive at the inequality

nfhj to )
Qy(t1,t23hy) > 1~ (ﬁ) Z Q1 (t1,t2;m, hy,n)

£ t=t1+1
P n—t;
>1—(ta—t) <—J) . (7)
4j
We put
Di
a = max b = max —.

v (Qi_Pi)T LT
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Let lp be the minimal integer such that axb® < 1/2 for x > ly. Such [y exists
since b < 1. We set Ly C S(™(ur) as the subset of states such that the depths
of all states of automaton are greater than n — Iy for s € Lg. For s € Ly we also
obtain the estimate Pf» > []/_, q. Otherwise, in (3) we put 7' =]a(n—1,)[ (where
la[=[a] + 1). Then for ¢ € [1,T") we have

n—h;
(T—t)(lﬁ) <1/2, j=1,...,n.
4

Together with (6) and (7) this implies

Q{(taT;n7hj7n) Z 1- &
4q;

Substituting this estimation and (5) in (4) we obtain the inequality

4 (4 1))
Q1(0,N;lj, hj,n) > = 2(]‘] > P{7;(l;) = t|B;(1;)}
J t=1

2
¢ —p;
=2 pray) < 7B}
2q;
We shall use the inequality
P{7;(l;) <T|B;(1;)} > 1— T "E(7;(1;)|B; (1)) (8)

to estimate the probabilities on the right-hand side of the previous inequality. In
view of the identity

E7;(l;) = P{B;(1;)}E(7; (1;)|B;(;)) + P{B;(1;) }E(7; (1)1 B;(1;)),
we have
< Ell)
~ P{B;{))}
Using again the solution of the ruin problem we obtain

E(7;(1;)|B;(1;))

nol  1-pi/g
E(7;(l;)) = - e < :
T 4 —pj 1= (pj/g;)""Y  pi—a; ~ ¢ —p;
Substituting this estimation in (8) and (5), we finally obtain the estimation for the
right-hand side of (4)

1 <7L—lj

1 1
P+ ()< NIB:(IN>1—- — >~
{m(l;) < N|B;(l;)} = EntEE:
This leads to the following
. o
QI(0,T;15,hj,n) > (g —py)*

Thus, for all s € Ly, according to (3), we have

PF > H (g5 —pi)*
; 4q;
7j=1

sS85 —
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It remains to write down the value of the constant c¢;:

q_m1HqIL_lL

j=1 44y

This completes the proof of Lemma 1. O

Let a binary HPIV be controlled by the automaton A. We suppose that we
obtain the unit gain with probability ¢ in reply to the action u. Also, let T'(A, q)
be the average operating time of the action wu.

Definition 2. The quantity
(@) = lim [T(A§”’,Wj(a))

n—oo

r/n

is called the reduced gain of the sequence of automata {A(n)} under the control u.

The function \;(@) characterizes both the process and the controlling automa-
ton. However, it also increases monotonically with W;(@). The restrictions on
automata stated above can be written as follows

Aj(u) <1 forallu and j=1,...v
The reduced gains exist for all automata from the class K. They are equal to
() = (1 —Wi(a)™* for {Dyn},
N(@) = Wi(@)(1 - Wi(@) ™! for {Len},
(@) = (1+Wi(a)(1 — Wi(a))™" for {Kyn}.
Here is the first application.

Lemma 2. There exist constants ¢, ¢’ > 0, not depending on n and s, such that

14
C H ti=n < pf;”; < [)\i(ﬂl)]l'j_n
=1
where li,...,l, are the depths of the automata Ai,..., A, corresponding to the
state s.

Proof. Without restricting attention to identical automata we first obtain the upper
estimate. To achieve this, we change the transition functions of all automata: if the
output signal is equal to zero, the states having the “unit” depth pass into themself.
We denote the Markov chain corresponding to such a new game and its restrictions
to the sets S (@) and s; U s UT; by M and M .a» I, respectively. Obviously,
pln = pg’; Since F,; is the restriction of the chain M} ; we have

p n _p F* 7'['Fn (8) B 'n'Mn.'zi(S) (9)
W TP S TR T e (sy)

T n

We estimate the limiting distribution of the chain M -. Its components s(t) change
independently since this chain is formed by v non- mteractmg chains each of which
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E") (1) be the limiting probability of the state

with depth (1 < I < n) for the automaton Agn) in such chains. Therefore

characterizes one automaton. Let 7

As applied to the automata Ly, such chains represent a random walk over the
points 1,2,...,n with the reflecting screens at the point 1 and n. The limiting
probabilities can be calculated as follows

n—1
n 1—pi/a i
WU_#(Q .

Y 1= (pi/a)" \ @

For the automata Dy, ,, we have

n—1;
2 1; 2§l§ 9
CRIOER el !
7, l=1.

The upper estimate can be obtained by substituting these expressions in (9).

We turn now to the lower estimate containing the constant ¢’ which depends on
the construction of the automata. If the collection of automata consists of Dy, ,, the
required inequality will follow from the fact that in the chain M the probabilities
of the s; — s transitions for n — max/[; periods are equal to H;’Zl qu?_lj. If the
automata Ly, are playing, we obtain a different constant (the general case is not
considered). By Lemma 1, pf;l' > ¢q, since this probability is the sum of probabilities
of trajectories which begin at s, end in s;, and do not pass through the other states
of the chain F,,. We reverse all such trajectories in time. These and only these
reversed trajectories form the transitions from s; to s in the chain Fj,. This defines
a one-to-one mapping s; «— s between the direct and inverse transition. For the
reversed trajectory the “gain” (i.e. x = 1) corresponds to the “loss“ (i.e. x = 0) for
the direct one. For the direct trajectory the total number of gains of each automaton
is greater than that of losses by n — [; but for the reversed chain the situation is
opposite. Hence the probability of the transition along any trajectory from s to s;
is H;‘:1 (qj/pj)n_lj times that along the reversed trajectory from s; to s. Summing
over all trajectories we obtain the final estimate

v n—1; v
phn=pt ] (q—j> s s
j=1 pj j=1 =
We now prove one of the central results of automata game theory.
Theorem 1. There exist constants cs, cs > 0 such that
com™n (51) < m(diy,n) < eam™n(s1)

foralll=1,....5c and all n > 1.
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Proof. We fix | and show that for all n
m(ug,n) > M (s1), «a>0. (10)
Another form of this inequality is
mMn(s)
> T (1) sa
seS() (@)

This reduces the proof to obtaining the upper estimate of 7 (s)/m""(s;) for all
s € S (@). According to the inequality m(sy) > 7(s4)pgg + 7(5h)Phg We have

m(sh) < 1 — pgg

m(sg) T Dhyg

Hence

7'('M"(S) ,n—Fn (S) - pfl‘ng + ZS«;EF[ pfl‘ng7

TMn(s)  whn(s)) pf;l

(11)

The upper estimate from Lemma 2 for s; € Iy leads to the inequality pg’;i <
cb™~1. Substituting it into (11), together with the upper estimates from Lemmas 1
and 2, we obtain (10). It is easy to see that 7"~ (s;) < w(u;,n). Summing the
inequalities (10) we obtain >~ 7 (s;) > Ca, where Co = (¢”)~!. Putting C3 =

max ¢; and using (2) we finally obtain the required result. O

Thus, it is possible to obtain good estimates of limiting control probabilities
m(u,n) (as n — oo) by studying the relatively simple Markov chains M/ with s
states. However, this requires the transitional probabilities of these chains to be
known. We need a new notion.

Definition 3. A control (party) u; = (ul(l),...,ul(y)) is called an (hq,...,h,)-

neighbour of a control U, = (ug), e ,u%)) if:
(o) for i = hq,...,h, either ﬂl(i) #+ 115,? (for the automata from the classes Ko, Ks,

K4) or ﬂl(i) —aly) = 1(mod k;) (for the automata from the class KCy);
(B) ﬂl(z) = ) for the other values of i.

When applied to the classes Ko, K3, K4 this definition is simplified: the control

4 is an (hy, ..., h,)-neighbour of @, if the collections @, and @, differ only by
the components with the numbers hq,...,h,,. In this case this relation becomes
symmetric.

Lemma 3. There exist constants cq, cs > 0 such that

1. for all n, 1l and m (#1)

Py < caminfX; (w)] " (12)
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2. if the control u; is an (hq,...,h,)-neighbour of U, then for all n
Ponit 2 5 [ [P, (@) (13)
i=1

Proof. We first prove (12). To pass from the deep state s; (which corresponds to
the control 4;) into the deep state s,,, the chain M,, definitely must visit the set of
boundary states I';. For this reason we have
iy < pEn
sely
Using the estimate of probabilities on the right-hand side from Lemma 2 we obtain
the inequality

M - 1 _ \1—n
P <6 ) =1 (A ()]
j=1"7

which implies (12).

Let us turn to the inequality (13) and assume for the sake of simplicity that u;
is neighbour with @,, in the hth component. Let s; € S (@,,) be the one-depth
state of A;Ln) and so € S (7;) have depth n in the other automata. Then

M7, P, F, .F
Dinl 2 Dsits1Dsy'syPoas, -

From the estimates of Lemmas 1 and 2 it follows that

cr <plre, cln(am)] " < pin

S2877 S181°

It remains to estimate the probability of the s; — so transition. If .Agn) belongs to
one of the classes K1, Ko, K4 then the one-step probability of this transition in the
chain M,, will not be less than pp /g H#h g;. But if .Agn) € K3 and ul(h) — ug,}f) =
d (mod ky,) then under d losses of the automaton AEL") and the gains of the others the
transition s; — so occurs for d steps without visiting both I';,, and the set of the
deep states. The probability of this event is equal to pz Hj Zh q}i. This leads to
the desired estimate. O

The results obtained allow answering the principal questions of automata games.
In addition, they provide a possibility to calculate the limiting probabilities of the
typical parties and to clear up the asymptotic properties (as n — co0) of automata.
We note the non-identical “quality” of the estimates of the limiting probabilities:
in Lemma 2 it has been obtained with an accuracy up to some constant but in
Lemma 3 the upper and lower estimates differ from each other with accuracy up to
the order. However we shall see later that Theorem 1 allows finding the “limiting
parties” for a wide class of games.

Definition 4. A sequence of automata A;Ln) is called critical under the control @
if A, (@) = min; A\;(@). The quantity A(@) = A (@) is called the critical gain of the
control u.
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For any control it may happen that there exist several critical sequences of
automata. All automata from such sequences will be called critical as well.

Definition 5. A control (party) ,, is called mazimin (in the automaton sense) if
its critical gain is maximum, i.e. A\(@,) = max, A(u).

A game of automata can have several maximin controls (parties). The introduced
notion of the maximin party differs from the one stated above (Sec. 2). They are
formulated in different terms: the previous one — by means of pay functions, the
new one — in terms of critical gains. The situations when these notions coincide
will be discussed later on.

An oriented graph Vp with s vertices can be associated with an automata game
I': an edge will lead from the vertex ¢ to the vertex j if the control (party) @; is an
h-neighbour (at some i = 1,...,v) with @; and the sequence of automata A;ln) is
critical under the control ;.

Lemma 4. If a vertex j of the graph Vi is attainable from a vertex i and A\(u;) >
A@;) then

m(wi, n) <e [/)\\((Z;ﬂn’ e > 0.

Proof. Let us introduce the sequence of Markov chains M/ with the same state
spaces as M/ and transition probabilities
g
Dji s e .
—E—, it # o,
Piijs =\ 1= Pjija
Oa if jl = j2~
The limiting state probabilities of the chains M/ and M/, are related by
mn(si) _ T (i) (- pjy") (14)
mMn(s) (s;)(1— pff;’)

By Lemma 3
cAT(@) < 1—pit < e AT(@), s 1 >0 (15)

for all t and n. If the graph Vr has an edge from 41 to is then by (14) and (15) p; ?;l >
cs/cr = c. Hence mn (s5,) > en™n(s;, ). By assumption there exists a sequence of
edges of lengths greater than s which lead from i to j. Hence 7n (s;) > ¢*mn (s;).

The desired assertion follows from this by substituting inequality (15) in (14). O

M!
i

Corollary 1. If the vertex j of the graph Vr is attainable from the vertex i and
A@y) > A(@;) then lim,, o m(T;,n) = 0.

Let Uy be the set of all maximin controls (parties) and Bjs be the set of the
graph vertices. The main result on automata games from the classes considered is
the next theorem.
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Theorem 2. If the set Uy is attainable from any vertex of the graph Vr, then

lim m(u,n)=1.
A g e
Proof. We choose an arbitrary non-maximin control %,. By assumption there exists
a maximin control u#; such that the jth vertex of the graph is attainable from the
ith one. According to the corollary from Lemma 4 lim,, o m(u;,n) = 0, i.e. the
limiting probabilities of all non-maximin parties tend to zero. O

We shall now formulate another criterion for the party to be maximin.

Theorem 3. If for each party u; & Uys there exists an (hy, . .., h.)-neighbour party
u; (which is not necessarily maximin) such that \(a;) > H;Zl An, (u), then

nh—>r20 Z m(a,n) = 1.

ueUn

Proof. In the inequality

we substitute the estimate (15) and
, T
Pyt > H A, (1)
g=1

from Lemma 2. After simple transformations we arrive at a conclusion that
limy, o0 70 (s;) = 0. In view of Theorem 1 we obtain that lim,, . 7(@;,n) = 0.
From this the required assertion follows. O

A natural question arises whether in the automata games the choice of the
maximin controls is preferable. It turns out that the answer is negative. There
exist games (for example, the games of two automata Dy ,,) in which probability of
non-maximin parties increases together with n.

We now discuss attainable aims for games of identical automata. Instead of the
gains \; () we now use the average gains W; (). Let us denote by U, the set of all
controls (parties) for which the value

max mlin Wi (u)
u

is achieved. Let V' be an oriented graph with ¢ vertices such that an edge will
lead from vertex h to vertex g provided the control #, is B-neighbour with %, and
Wps(ap) = min; Wi(ap). The set of vertices of the graph which correspond to the
controls from U,, is denoted by B,,.
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Theorem 4. If the set B,, is attainable from any vertex of the graph V then

nlirréo Z m(a,n) = 1.
ueUpns

The proof follows immediately from Theorem 2.

According to the stated result the collection of identical automata from the
classes considered above provides the greatest possible average gain for the least
“lucky” one among them. We emphasize once more that Theorems 2-4 assert only
that the total probability of the parties from the set Uy, converges to one (with
exponential rate). Until now we have not discussed how the probabilities of the
parties 7w(u,n), u € U,, are distributed on U,, and whether they converge. Having
the results on the asymptotic behavior (as n — oo) of the limiting probabilities of
the parties in the game of automata with the memory depth n it becomes possible
to describe the average gains.

Definition 6. The quantity
w = ZW a)m

is called the average gain of the automaton .Al(.n) with memory depth n.

The above results do not imply, in general, the convergence of the average gams
as n — oo. If the set B,, contains a single element, i.e. the maximin party Uy, is
unique then

lim W™ = Wi(uy).

n—oo

If in the assumptions of Theorem 2 each of the limiting probabilities has the limit
at u € Uy, 1.e. limy, o 7(0,n) = Too (@), then

lim W = N Wia)re (w).
ucUn
We now consider in detail the case when W;(#) = W (a),Vi. This is the case if all
components of the controlled process have identical distributions. In addition, let
the automata taking part in the game be identical. We call such games the common
pay-box games. The next theorem gives the attainable aim.

Theorem 5. For the games with common pay-box the automata from the considered
class correspond to the solution-party in the limit, i.e.
lim W) = maXW( ).
n—oo
Proof. Tt turns out that all automata on the graph are critical in each party since all
reduced gains of all automata are the same. Hence, from any vertex j the edges lead
to all vertices corresponding to the controls which differ from u; by the output signal
of one automaton. Such graphs are connected, and by Theorem 2 the probability of
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the set of maximin parties tends to one with increasing the memory depth n. The
function W (u) achieves its maximum on this set. m|

Consider Gur’s game as an example. Its participants have only two moves w1
and us. From v participants of the game, let m choose the action u;. Then the
gains of all participants are equal to W(m/v). In this game the set of solutions
includes all parties in which mg = 6yv participants have chosen the first action.
Here 6y = argmin W (#) (this means that W (6y) = maxy W (0)).

Thus, in the games with common pay-box the automata A(™ from the consid-
ered classes obtain an average income which is close to the maximum one for large n.

It remains to compare the equilibrium situation (in the Nash sense) with the
maximin parties. As noted above it is rather difficult to do this in the general
case due to different characteristics of such parties. For such a comparison to be
successful we should restrict attention to games of identical automata. But even
then we find, in general, that the notions of an equilibrium situation and a maximin
party cannot be enclosed one in another. In some special games these notions can
be connected. We now turn to one such game.

The distribution games are played by v participants having k identical actions
(moves) uq, ..., uk, the gains of which are defined by the “weights” a1, ..., ax sat-
isfying the conditions 1 > a; > --- > ag. If the participants are distributed so
that v; have chosen the action v;(ie. v; > 0,i=1,...,v, Ele v; = v) then each
participant which has chosen the action u; will obtain the gain equal to one with
probability a;/v; and zero gain with complementary probability. In other words,
the result of party is governed by the collection (v1,...,v,). The parties with the
collections {v;} such that the inequalities

o, a
vj Rz 1
hold at any 4, j correspond to the stable situation.

Lemma 5. FEach stable situation in the distribution game is a maximin party.

Proof. Indeed, let @; be a stable situation and one of the participants, may be even
the critical one among them, has changed his action. Then he comes off a loser
since

ﬁ <minWyw), i=1,....k.
In the party @ let v, (@) # v;(w;) at least for one index j. Then there exists jo such
that v, (2) > v, (w;) + 1. Hence

a; aj
min Wi(a) < —2— < Jo < min Wj(u;).
P = @ = v =
This means that
mlin Wi (@) = max min Wj(@).

i.e. the party @ is minimax. O
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There exist distribution games for which the opposite assertion does not hold, i.e.
they have maximin parties which are not the equilibrium situations. The following
fact is interesting enough.

Theorem 6. If the identical automata from the classes Ko, K3 and Ky take part
in the distribution game then

lim w(u,n) = 1.

PR
Proof. By Theorem 2 it is sufficient to verify that on the graph associated with
the distribution game the set of vertices B,, corresponding to the set of parties U,
is attainable from any vertex not belonging to B,,. We choose an arbitrary party
u; & Uy, and the maximin one ,,. Let the automata choosing the action 4 be the
critical one for @;. According to the definition of the party ,, either it does not
contain the action u#, or the automata using this move gains more than the one
choosing it in the party u;, i.e.

g
Vg (t;)

In both cases v4(ta) < v4(@;), and since

= mlinVVl(ﬂi) < mlinW(ﬂM) < CE

k k
Z vj(t) = Z vj(ta)
Jj=1 Jj=1
there exists an h such that vy, (@) > vg(a;).

First assume that the automaton A; has chosen the action u, in the party u; and
define a new party u; by replacing the action uy by uy, in the party ;. By definition
of the game graph the edge leads from the vertex ¢ to the vertex j. If @ € U,, the
attainability of U,, from the vertex j is proved. Otherwise, the arguments for @; are
repeated for @; and so on. This produces a sequence of vertices ¢, j, ... connected
by edges. Beginning from the first step the equality

k k
D lwi(@g) = wiun)| = Iwiag) = vl — 2
=1 =1

holds. By reason of this each vertex in this sequence appears no more than once.
Hence, we enter the set U,, for a finite number of steps. O

Note that for the automata from the class Ky these arguments fail.



CHAPTER 5

CONTROLLED FINITE HOMOGENEOUS
MARKOV CHAINS

We study a number of optimization problems of adaptive control of Markov chains
with rewards. First, we consider finding the unconditional extremum of the average
reward, next, the problems with constraints (conditional extremum), and finally,
the minimax problems.

5.1. Preliminary Remarks
Definition 1. An object
C={X,0.P".p,¢}

is called a controlled Markov chain. Here X = {z1,...,zp} and U = {uq, ..., ug}
are the sets of states and controls respectively, P(*) = (pgl)) is a stochastic matrix

of transition probabilities pl(.;t) =P{z; 52} =Pl{a(t) = z|z(t—1) = zj,u(t—1) =
u} provided the control u € U was used, p = (p1,...,Dm) is the initial distribution,
and ¢ = {(z,u,w) € R" h > 1 is the random vector of rewards (if h = 1 it will be

called just a reward).

The reward ((z, u,w) appears in the state x provided the control u was applied.
The average reward r¥ = E((z, u;w) is assumed to be finite. Sometimes one assumes
that every state of the chain is related with some subset U;(C U) of controls which
may be used when the chain enters the state x;. This condition is prompted by
many applications but for the sake of simplicity we shall assume that U; = U.

The chain will be called homogeneous if the matrix P does not depend on
time. Otherwise it is nonhomogeneous. Until now only homogeneous chains were
considered in adaptive theory.

In classical theory of controlling Markov chains one usually restricts attention to
stationary deterministic Markovian strategies (the simplest case). They are defined
by a collection of functions f : X — U. If u = f(x) then the control u is applied
every time the chain enters the state . Let > ¢\, = {f} denote the collection of
such rules. It contains k" different elements. The stationary randomized Markov
strategies from the set Ygry generated by the distributions p(-|z) on the set U and
depending on the current state of the process are used as well. The stationary non-
degenerate Markov strategies such that p(u|x) > 0 at all (x,u) play an important
role below. They form the set X;. The stationary non-degenerated strategies are

123
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defined by a control choice law ~. This law is represented by some stochastic m x
k-matrix with positive elements

I'(v) = (p(z|u).

We consider control problems only on the infinite time interval [0, o). To state
these the objective functions should be introduced: the discounted reward (gain)

W@(O’J)) = ZﬁnEa,pgn; 0<pB<1,

n=0
and the limiting average reward (gain) per “one step”

T
W(o,p) = lim T7') B, ,G.

T—00 =0
Weak aims regarded as a type of unconditional extremum can be written as follows:
find the optimal strategies o5 or o° such that
Wps(op,p) = maxWp(o,p),  W(o",p) =maxW(o,p),

or, in the more weak form, find the e-optimal strategies og . or a°) (¢ > 0
and is fized) such that

Ws(0p.0,p) > maxWs(o,p) —e, W(o2,p) > maxW(o,p) —e.

In the minimization problems the quantities ¢ should be interpreted, of course,
as losses not gains.

The strong aim regarded as a type of unconditional extremum is formulated for
the limiting average (one-step) reward as follows:

find an optimal strateqy o© which secures the fulfilment a.s. of the following
equality

T
lim 71 Z ¢n = max W(o, p).
T—00 =0 g
The e-optimal version of this aim is of interest as well. The same aims can be
set for the discount reward.
Optimization problems with constraints have the following form:

find a conditional-optimal strategy & such that for the h-dimensional reward

vector ( = (C(l),(@), . ,C(h)) the following conditions

T
lim 773" ¢V = max W (0, p) = W (5, p),

T—00 t—0
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lim 7~ 1ZCU)>9 j=2,...,h, as.

T—00

hold, where (9:) are given numbers and W (o,p) = lim, T~ " E?:o
mgct is the limiting average reward of the i-th component of the reward
vector (.

We now describe minimax problems for Markov chains. There are two players
A and B. The set of controls is U = U’ x U" = {(uj,uj) € U" x U"}. The first
component of the pair is specified by player A and the second by player B. Players A
and B use the sets of strategies ¥’ and X respectively. Choosing the moves, player
A obtains some reward (;;, which depends on the state x and the move of the rival
made. The quantity of reward of player B is equal to —(;;, i.e. we deal with a
two-person zero-sum game. This game is complicated by the fact that under the
control u = (u}, u /), the Markov chain passes from the current state x to a new one
Z in such a way that the dependence of the reward ¢ on the participants’ moves
differs from the previous. The aim of player A consists of maximizing his gain and
of player B it consists of minimizing his loss. This means that the players have to
form the strategies o1 € ¥’ and o2 € X" respectively so that the limiting average
reward W (o1, 02, p) possesses the property:

max min W (o1, 02;p) = minmax W (o1, 09;p).
o1 o2 g2 o1

5.2. Structure of Finite Homogeneous Controlled Markov Chains

We are interested in structure and properties of controlled Markov chains. For this
reason we study the strategies regulating their behaviour. Let us first write down the
transition probability matrices under the stationary deterministic strategies (from
Yspm) generated by the functions f(x), i.e. ¢ = o(f). To each function corresponds
a control choice law which can be written in vector form @(z) = (u,, Uiy, - - -, us,,)
the 7th component corresponds to the chain state x;. The transition probability
matrix P(u(x)) = (pij(u(x)) associated with this law has the elements
(@) _ (o = )

p;; _pij(u(xl)) bij "~ -
Let us consider a strategy from Xgry. The control choice law generating this
strategy can also be represented by the vector p(x) = (p1(x),...,pr(z)) where
v =pi(z) = P{u = w|z} is the conditional probability of using the control ;. For
short, such a strategy is written as ¢ = o(p). The transition probability matrices
P(p) contain the elements

ng Zp( l)Pl mz
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The non-stationary strategies with time-varing laws 7; generate the matrices P(~;).
This means that the associated (usual) Markov chain is non-homogeneous in con-
trast to the previous cases.

Definition 1. A controlled Markov chain is called regular if for every strategy
() € Xgpm the matrix P(u) is regular, i.e. for some [ > 1 all elements of the
matrix P'(u) are positive.

This definition means that the chain has a single ergodic class without any cyclic
subclasses. If a controlled Markov chain is regular then all matrices P(v) are also
regular.

Definition 2. A controlled Markov chain is called ergodic if for every strategy
o(@) € Xgpum the matrix P(u) is ergodic, i.e. it is indecomposable.

In this case the chain has one class of communicating states with several cyclic
subclasses. All matrices P(7) are also ergodic.

Definition 3. A controlled Markov chain is called connected if for every ordered
pair of states (z4,2p) there exists at least one deterministic Markov law @y, such

that pgfl) (ugn) > 0 for some n.

The least value of n from this definition satisfies n < m — 1. The realization
of the inverse transition from zj, into x, may require using another law 4. The
regular and ergodic chains are connected.

Theorem 1. A controlled Markov chain is connected if and only if there exists a
randomized Markov law ~y such that the matriz P(v) is indecomposable.

Proof. 1. First, we assume that the controlled Markov chain is connected. By def-
inition, there exist some intermediate states x;,,z;,,..., ;. , such that under the
appropriate controls we have

Poir (Ugjn) >0, pjja(Wjnso) >0, -~y pjun(uj,n) >0
for any x4, xp. In the states x4, 2;,,...,2; we assign some positive probabilities
to the controls ugj, , uj, jo,- -, Uj,n. We repeat this procedure for all pairs of states

in such a manner that the sum of their probabilities is equal to one in each state.
This construction defines some randomized Markov law v, and hence some strategy
o(y) € Lgrm. We also form the matrix P(7). It is clear that in the chain (X, P(v))
all states communicate. Therefore the matrix P(v) is indecomposable.

2. Let there exist a strategy o(v) € Xgrm such that P(v) is indecomposable. Hence,
for any x4, x5, there exists a sequence of states x;,,...,z;, such that one can pass
from every state xz;; into the successive state xj1 under the action of the proper
control, i.e. gy — j,,...,x;, — xp. If there are repetitions in these transitions we
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cross them out. We assign some of the controls to the states x;,,...,x;,. This pro-
duces a deterministic Markov law to transfer =, into x;. This law can be extended
to the other states in an arbitrary manner. O

This theorem will hold for non-stationary strategies if the control choice proba-
bilities converge (as t — o0) to positive limits. It follows from the proof that instead
of Ysrm one can consider the set of non-degenerate strategies ¥. The controlled
Markov chains can essentially differ when choosing different strategies. Even the
deterministic laws sometimes generate rather different chains. We give one such
result which will be important later on.

Theorem 2. Let some decomposition of a connected controlled chain into the
ergodic classes E,...,Ey and class of the inessential states N correspond to a
strategy o(u'). Then for any j = 1,...,M there exists a deterministic strategy
o(u") € Xspm dividing the set of states of this chain into an ergodic class E; and
a class of the inessential states X\ Ej.

Proof. Let us construct the law @” defining the required strategy. On the states
of the chosen ergodic class £; we define the same controls as those defined by the
law @’. We consider the states from X\E;. Among them there exists a subset of
states £(1) which enter E; for one period under the proper controls. These controls
are associated with the states of E(1). Next, we choose the subset E(®) consisting
of points which enter the set E(M) at some point in time. We assign again the
appropriate controls to the states of this subset. Next, we determine the subset
E®) and so on. As a result of this the set X\E; will be exhausted in a finite
number of steps. Otherwise, one could find at least one state from which it would
be impossible to pass into the set E; under any law. This would contradict the
connectedness of the chain. O

Let us now turn to properties of controlled Markov chains when the non-
degenerate strategies from the class ¥, are applied. First, note that for all non-
degenerate laws v, the location of zeros in the matrices P(7) is the same. Hence, use
of these laws leaves the structure of the chains (X, P(y)) unchanged: the number of
ergodic classes and their structure are the same, in each ergodic class the amount
d > 1 and structure of cyclic subclasses does not change together with v and the
sets of the inessential states coincide.

Let o(y) € ¥4. We say that the state x; is followed by the state x; if the
(n)
]
are called communicating if x; is followed by x; and x; is followed by z;. The set

transition probability x; — x; for n steps p;.” > 0 at some n > 1. The states x;, x;
of all communicating states of a controlled Markov chain is called the connective
component. Its structure and composition does not depend on the prescribed law ~.
The strategies not belonging to ¥ can decompose the connective component into
ergodic classes and the set of inessential states in an arbitrary way. We give an
example of a connective component with six states x1,...,zs and three controls
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u1, Ug, uz. The transition matrices are given as follows:

+ + 0 0 0 O + 0 0 0 0 O
+ + 0 0 0 O 0O + 0 + 0 O
plu) _ 0O 0+ 4+ 0 O Ppluz) _ 0 0 + 0 + +
00 + + 0 0 0 + 0 4+ 0 0|’
+ 4+ 0 0 + + 0O 0 + 0 + O
0 0 + + + + 00 + 0 0 +
+ 0 0 4+ 0 +
0O + 0 0 4+ O
plus) — + 0 + 0 0 +
0O + 0 + 0 +
+ 0 0 4+ + O
0O + 0 + 0 +
where the symbol “4” means some positive number (the numerical values are
not important to us.) The deterministic law (uy,u1,...,u1) generates two ergodic
classes (w1, 22) and (z3,24) and the class of the inessential states (zs5,zg). The
law (ug,us, ..., us) generates again two ergodic classes (x1,x4), (v3, 75, 26) and the
inessential state (z1). The law (ug,us,...,us) leads to one ergodic class and the

inessential state x3.

Fix a non-degenerate law v and consider the Markov chain (X, P(y)). Assume
that the state z; has the following property: there exists at least one state x; such
that px-) (v) > 0 for some [ > 1 but pg-?) = 0 for all h. In the theory of Markov chains
such a state is usually called inessential. The set N of all inessential states is called
the inessential set. It is characterized by the fact that for strategies from > the
chain leaves it in a finite number of steps with probability equal to one. However,
for some degenerate strategies, in particular, for deterministic ones, the set N turns
out either to be ergodic or to contain some ergodic subset. Here is an example of
such a possibility for the chain with the sets of states X = {z1, x2, 3, 24,25} and
controls u = {u1, uz} :

1 0 0 0 0 10 0 0 0
01 0 0 0 01 0 0 0
PU=14+ 0 + 4+ 4|, P =100 + 0 +
0 + 0 + + 00 0 + +
+ 0 + 0 + 00 4+ + 0

The degenerate strategies of the form (P, P2, us,us, u2) where Py, P are two-

dimentional probability vectors corresponding to u; and us in the states x; and xo

make the set of states {x3, x4, x5} ergodic and even regular. Application of the con-

trol u; in these states makes the probability to pass into the absorbing states x

and xo positive. It is easy to find the transition matrices when the set IV contains

a proper subset which represents an ergodic class under some degenerate strategy.
The main result on controlled Markov chains is the following theorem.
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Theorem 3. The set of states of each finite homogeneous controlled Markov chain
can be represented in the form

X=81)+52) 4 +S(IL)+N

where S(i) are the connective components and N denotes the inessential set. The
corresponding transition probability matrix for the strategy o(y) € X4 has the fol-
lowing canonical form

Pi(v)
P(v)
P(y) =
Pr(v)
Ri(y) Ra(y) ... Ru(y) Ro(v)
where the square matrices Pi(7), ..., P.(y) are indecomposable, the matrices
Ri(y), ... ,R.(7), Ro(y) are non-negative and not all matrices Ry(7y), ..., R.(7)

are zero. The chains (S(i), Pi(vy)),i = 1, ..., L are ergodic with d; (> 1) cyclic
subclasses.

Once the definitions of connective components and the inessential set are given,
the proof of this theorem does not contain any new ideas in comparison with similar
results for the usual Markov chains (without control). This does not change the fact
that Theorem 3 is of fundamental importance.

We now turn to the optimization problems for the objective functions Wz (o, p)
and W (o, p) (see Sec. 1) defined on a finite Markov chain with rewards. The appro-
priate optimal strategies exist, do not depend on the initial state (or distribution)
and are simple (stationary deterministic Markov strategies), i.e. they belong to the
set Yspm- They can be obtained by known calculation methods which have been
discussed in Sec. 2, Chap. 1 in application to the objective function W (o, p). The
mentioned methods consist of using either linear programming (with the help of
the simplex method) or the iterative method which is, in fact, the dual of the linear
programming problem. The latter method will be useful to us, hence we outline it.

Let us fix a Markov law @(z) = (w,, ui,, - . ., uy,, ), a transition probability matrix
P®  and a rewards vector 7(@) = (r1,...,7m,) corresponding to this law. We can
now write down the dual problem to the linear programming problem for ergodic
chains (see Sec. 2, Chap. 1)

W-H)iZmaX<n+Zpij(ﬂ(x))vj>, i=1,...,m. (1)

j=1

We are looking for the limiting average reward W(u) and “weights” vy, ..., V.
Because the number of unknown variables is greater by one than the order of the
system, one of them may be taken arbitrarily but it is common practice to put
vm = 0. Then the system (1) becomes solvable. Its solution is the first step of every
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iterative cycle. The second step consists of improving this solution, i.e. in seeking
a control @(x) such that the quantity

m
m—|—2pij(u)vj, t=1,...,m,
i=1

with the weights found in the previous step, becomes maximum for any state of
the chain. The collection @(z) = (uj,, ..., u;,,) serves as the next Markov law. This
completes the iterative cycle. In the next cycle we solve system (1) again, where
now W = W (&) means the limiting average reward under the stationary strategy
generated by the law «. In the second step one improves the obtained Markov law
and so on. After a finite number of cycles the iterative procedure stops and leads
to the optimal law gp supplying the maximum to the limiting average reward
W (o (tiops)) = sup, W (o) equal to the value W.

Let us express the function W (o, p) in explicit form at a strategy o(v) € XsrMm-.
First, we compute the mathematical expectation of the reward at the moment ¢,

E, G =P (9)r(v), (2)
where p = (p1,...,pm) is a row-vector of the initial state probabilities, P*~1(¥)
is the transition matrix for t—1 steps under a randomized law v and r(y) =
(7“57),7“57), . ,rm)) is the column-vector of the one-step rewards under the law

~ in the states xz;, i.e.

k
r =3 rhp(wlr), vl = EC(ai,w).
=1

Quite often one uses the more complex form of reward ((x;,z;;u;). Then the
one-step reward under the control w; is defined by rl = >t rﬁjpﬁj. From (2)
it follows that

T
W(o(y),p) = lim 7> pP" ' (y)r(y).

T—00
t=1

Since for any stochastic matrix P there exists the Cesaro limit

T
lim 771 " P =Q,

T—00
t=1

we obtain the desired representation of the objective function

W(a(v),p) = pQ(Y)r(7)- (3)
If the transition matrix has the form
Pi(v)
P(v) 0
P(y) = 0
P(7)

Ri(y) Ra2(v) - Ru(v) Ro(v)
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where Py (7),..., P.(v) are indecomposable matrices associated with ergodic classes
but the matrices Ri(7), ..., R.(7), Ro(Y) are associated with the inessential states,
then the limiting matrix Q(v) has the following form

Q1(7)
Q2(7) o
QM) = 0]
QL('Y)
Ni(y) Nao(y) -+ No(v) No(v)

As explained above, for the degenerate strategy o(y) the matrix No(y) can be
non-trivial and may contain an indecomposable submatrix.

For chains of a special form the expression for the objective function (3) is
simpler. Let the chain be regular. Then, as known, there exists limr_ ., P*(y) =
Q(7) representing a matrix with identical rows

m

ﬁ-(’}/) = (771(7)) B 77Tm(7))7 7T7,(7) > Oa Zﬂl(')/) =1
i=1
where m;(y), i = 1,...,m are the limiting state probabilities. This leads to the
objective function

W(o(1),p) = (7(1),7(1) = 3 m5(1)75(7) (4)

that does not depend on the initial distribution p. Clearly, the extremum of the func-
tion W does not depend on p for connected chains. If sup W (o, 2’) > sup W (o, 2")
then we replace the strategy o() by a non-stationary strategy which chooses a
non-degenerate law o and uses it thereafter up to a random moment 7 (finite a.s.)
until the chain passes into the state /. This state must belong to one of the ergodic
classes into which the strategy o(y) decomposes the connected chain. If o () is the
optimal strategy, then by Theorem 2 one can pass from any state of the chain into
the class pointed out by using only the deterministic laws. Therefore, formula (4)
holds though among the limiting probabilities {m;(7y)} there may be zeros under
the appropriate laws ~.

For the chains of a general form which can be decomposed into the ergodic
classes F1,...,FE, by the optimal strategy, the objective function has the form:

L
W(o(y),p) = Z W(o(y),p;) =aWi(y) + -+ . We(v)

where p; corresponds to the states from Ej, ¢; = >, g, Pi 1s the hitting probability
of the chain into the class F;, W;(v) is the limiting average reward with respect
to the class E;. Below we need some types of strong laws of large numbers for
controlled Markov chains with rewards. First, we introduce a useful notion.
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Definition 4. A strategy o = (v1,72,73,...) is called asymptotically stationary
if the sequence of laws 7, = P{u, = ul|z”,2" ', u""1} converges a.s. to the
conditional probability p(u|z) for all  and w.

Theorem 4. Let (X, U, PW p, ¢) be a connected controlled Markov chain, o be an
asymptotically-stationary strategy with the limiting Markov law Yo, such that the
chain (X, P(vx)) is ergodic. Then

T
lim 771 (G- BoG) =0, as,

t=1

Proof. By assumption, the matrix P(7s) is indecomposable. Hence all matrices
P(+t), beginning from some ¢, are indecomposable as well, and all chains (X, P(v))
have the same structure (moreover, their transition probabilities are close to each
other.) First, we assume that these chains are regular, i.e. without cyclic subclasses.
Then with probability one we have

T m
Jim T G = mi(700)i (e0)-
t=1 i=1

If the chain has d > 2 cyclic subclasses we write the matrix P(7) in the following
form (maybe after renumbering its states in an appropriate way)

0 P O 0
0 0 Py 0
P(og) = | cvoeeeree
0 0 0 Pa-1
Ps O 0 0

By using standard arguments we arrive at a conclusion that the states of the
chain considered at the moment j (mod d) form ergodic classes. Therefore for
any j = 0,1,...,d — 1 the strong law of large numbers can be applied to the
sequence 7! Zthl Cta+j » 1.e. there exist limy_ oo 771 23:1 Ctd+; and these lim-
its can easily be expressed in terms of numerical characteristics of the jth cyclic
subclass. This implies immediately the existence of the limit of the sequence (as
T — )

I
-

1 aT 1 d T—1
T2 G=5> T Gan
t=1 j t=0

I
=

which can be expressed in terms of the matrix P(v.,) and mathematical expecta-
tions of the rewards. O
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Let us estimate the convergence rate of the average rewards under the strategy
o(y). We consider the regular chain (X, P()). For the elements of the matrix

Pt(y) = (pgj)( )) we have the following decompositions

h
PP =) + 3 anli, gy t) N ()
n=2
where ), are the eigenvalues of the matrix P(y) and Ay = 1 > |[X\] >

[As| > -+ > |A\,|, the coefficients a,(...;t) being polynomials in ¢. The mathe-
matical expectations of the rewards E, ¢ = >0 EC(xu)psz,,)( ) have the limits

tli>Holo E, p¢ = Z E¢(zy)m (7) = B,
v=1

the convergence rate being exponential and being defined by the second eigenvalue
A2 of the matrix P(v). Similar result holds for the convergence rate of the variables
Ny =T71 Z:{Zl (. For the latter, we state a result on the convergence rate in the
a.s. sense.” Namely, the asymptotic equality

1ZCt EC+Ot6 1/2)

takes place, where E¢ = Y. | m;E((z;) is the limiting mathematical expectation
of the random variable {(x) defined on the regular Markov chain, § > 0 being
arbitrary.

We again remind of the possibility to treat the controlled Markov chains with
rewards as a stochastic automaton. This interpretation is often convenient and
useful.

5.3. Unconditional Optimal Adaptive Control for Finite
Markov Chains

Throughout the remainder of this chapter the sets X and U are assumed to be
known, the states z; and rewards (; observed at each moment. The matrices pw
and characteristics ¥ of the rewards ((z, u;w) are unknown.

The problem of finding extrema of objective functions Wg(o,p) and W(o,p)
may be considered as an optimization aim of control of a Markov chains both in
adaptive theory and in the classical one. In this case for the class K of controlled
Markov chains we have to find a strategy o, such that

sup Wﬁ(07 p) = Wg(a,c,p) or SupW(J7 p) = W(JKap)

for all chains C' € K. However, it is impossible to obtain the fulfilment of the first
equality (approximately with an accuracy up to € > 0) under lack of information

2As known, this type of convergence does not generate a metric in the space of random variables.
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about the controlled chain by using only the observations of its evolution. Indeed,
from the form of the discounted average reward

Wﬁ (07 p) = Z 5tEo',pCt
t=0

it follows that starting from the initial moment we should use the optimal laws.
Here we cannot expect this. For this reason we exclude the function Ws(o, p) from
the set of objective functions and in what follows restrict attention to the case of
the limiting average (one-step) reward W (o, p).

Both aims stated above and other optimization aims contain the value W(p) =
sup, W(o,p). We are concerned with the cases when it does not depend on the
initial distribution.

Definition 1. A controlled Markov chain with rewards is called equiprofitable if
sup, W(o,p) = W.

The chains which are regular and connected are equiprofitable.

We denote a family of all finite homogeneous controlled Markov chains with
rewards which have X (| X| = m) as the state set and U (|U| = k) as the set of con-
trols by M (X,U) = M (m, k). For this family we use the Euclidian metric. Hence, we
interpret any chain from M (m, k) as some point of the km? + km-dimensional space
generated by k stochastic matrices P(*) (of order m) and mk mathematical expec-
tations of the rewards r! = E((z;,u;). We now consider the set of equiprofitable
chains RM (X,U) C M(X,U). This set is neither closed nor open in the Euclidean
space Rbm*+km First, we construct an example of a sequence of equiprofitable
chains whose limit is not equiprofitable. Let X = (21,292, 23), U = (u1,us2) and the
rewards in the states x1, o are r; but in the state x3 it is ro. Let vy > ro. The
transposition probability matrices are defined as follows

1/2 1/2 0 00 1
P =1/2 1/2 0 , P =10 0 1
p p 1=2p 0 0 1

where 0 < p < 1/2. For any p this chain is equiprofitable. When p — 0 we obtain
the equiprofitable chain with two ergodic classes E1 = {z1,22}, B2 = {z3}. The
rewards are equal to r; and 7o for the classes F; and FEs respectively. We note that
the optimal strategy for the original chains with p > 0 consists of repeating the
control u; unlimitedly.

Second, it is easy to verify that in the complement of the set RM(X,U)
there exist converging sequences of non-equiprofitable chains whose limits are
equiprofitable.
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The notion of equiprofitable chain plays an important role in adaptive control
problems. We consider the following two aims of adaptive control:

asymptotic optimality means constructing a strategy o ensuring the fulfil-
ment of the equality

T
lim 7! Z ¢t =supW(o,p) a.s. (1)

T—00 Py o.p

for any chain from the class K C M (X,U).

The strategy o will be called asymptotic-optimal,;

g-optimality means constructing a family of strategies o. ensuring the
fulfilment of the equality

T
- -1 . _ .
Tlgr;oT tz_;g} > s;TIE)W(U,p) £ as. (2)

for any chain from the class K C M (X,U).

These strategies ¢¥ will be called e-optimal.

The following proposition shows the importance of equiprofitable chains in clas-
sical control theory.

Proposition. If an asymptotic-optimal strategy (or a family of e-optimal stra-
tegies) exists then the chain is equiprofitable.

Obviously, such a result also holds in the adaptive version of control theory.
The reverse assertion about the sufficiency of the equiprofitability condition of the
Markov chain for an optimal adaptive strategy to exist is more substantial.

Theorem 1. For a compact class K C RM(X,U) there exist e-optimal families
of strategies. In other words, for any e > 0 there exist strategies which secure
achievement of the aim (2) for all chains from K.

Theorem 2. For the class RM (X, M) there exist asymptotic-optimal strategies
which secure the achievement of aim (1) for all equiprofitable Markov chains from K.

Compactness of the set of Markov chains is understood in the sense of the
natural topology of the Euclidean space RFm* +km Hence, the class K is bounded
and closed in this space. By Theorem 1 the family of e-optimal strategies can be
constructed under stronger assumptions than in the case of asymptotic-optimal
strategies.

The proofs of Theorems 1 and 2 we give in the subsequent three sections are
constructive (i.e. appropriate strategies are designed). These strategies will be based
on different principles. It is possible to construct other types of optimal strategies
but this would lead us far away. It remains to describe properties of optimal adaptive
strategies when non-equiprofitable chains are under control.
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Theorem 3. If xg is an arbitrary initial state of a non-equiprofitable chain (it may
belong to any connective component or to an inessential set) then the inequality

T
lim 7! ZQ > minmax W(o,p), a.s.
P o

T— 00
t=1

(or its e-version) is satisfied.

If the maximum gain is attained (under a proper initial condition!) in the ergodic
class belonging to an inessential set then no adaptive strategy allows reaching it.
We recall that under the non-degenerate strategies the inessential set is left with
probability one in finite time. For this reason for a finite time the chain passes
into one of the connective components which can be reached from the inessential
set. Hence adaptive control can lead to losses which are never present in classical
control.

As noted above (in Sec. 1) for a number of applied problems we are forced to
restrict the collections of the controls used depending on the current state of the
chain x4, i.e. to assume that in that state the controls from the subset U,, C U are
only used. Such restrictions could be introduced into the adaptive concept without
difficulty. However for the sake of exposition we have not taken them into account.
We leave it to the interested readers.

5.4. The First Control Algorithm for a Class of Markov Chains
(identificational)

The schemes of constructing the control algorithms here and in the subsequent
sections are the same: first, we design some e-optimal strategy for a fixed ¢ > 0,
and after that, by the proper passing to the limit, we obtain the asymptotic-optimal
strategy.

Here we are concerned with the strategies (or algorithms) of controlling the
Markov chains which are based on statistical estimates of their unknown charac-
teristics computed by observing the rewards and the changes of states. We need to
estimate the elements p%‘
the rewards ¥ = E{(z, u). We use two types of non-degenerate randomized Markov
laws v = (p1, - - ., pm): the uniform one v9 = (1/k, ..., 1/k) and k laws of the follow-
ing form v, = (%,...,%,1—5,%,,...,%), 0€(0,1/2),1=1,...,k where
1 — 6 corresponds to the [th coordinate. While using such laws the connected chain

) of the matrix P() and the mathematical expectations of

proves to be ergodic, and visits all states infinitely often (using all controls in every
state!).
The estimates pl(.;t) (t) of the transition probabilities pg;»‘) can be obtained in the

usual way:

Oy = Nt p N > 1
pzj (t) - Nil (t) or il (t) =
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where Njj;;(t) means the number of transitions on the interval [0, ¢] from z; into z;
under the control u; and Ny (t) = >, Nyji(t). If Ny (t) = 0, then we put pg) (t) =0.
Under the condition Ny(t) — oo this estimate is consistent, i.e.

tlir(r)lopl(é) (t) = pg;”) a.s.
for all ¢, j, l. The estimates 7 of the mathematical expectations of the rewards
are defined as the arithmetic means of the observed rewards ¢ = ((x¢,u:). For
connected chains under the laws 7y and~y; these estimates are consistent.

We denote by Z the rule which at the moment 7,, selects the “quasi-optimal”
law. The selection can be done either at each moment or in every hn, h > 1, with
the probability ¢. At the moment 7,, the optimal (deterministic and Markovian) law
@ is calculated by using the available empirical data (the collection of the matrices
(péj(t)) and (7(t))). For this purpose we use the linear programming method or the
iterative one. Let the law @ assign the control u; to the state z;. Then we associate
the distribution ~;(z;) of type § with this state.

On the initial interval of control (up to 7,) the law vy is applied. This com-
pletely defines the identificational algorithm of control which is denoted by Als.
The limiting average gain corresponding to it is denoted by W ls.

Lemma 1. For any connected chain from M (X,U) the algorithms Als form an
e-optimal family, i.e. for any € > 0 and each connected chain there ezists a 6. such
that the inequality

T
lim 7! Z G =WIs>supW(o) —e as.

holds for all § < d..

Proof. By consistency of the estimates pﬁj (t), 7;(t) and finiteness of the set of deter-
ministic Markov laws, the law u(x) coincides with the true optimal one from some
moment 7 on and after that moment it will remain unchangeable. Let o5 be a strat-
egy based on infinite iteration of the randomized law which is constructed by using
the 0-type distributions «; in the way described above from the moment 7 on. The
obtained Markov chain is ergodic and the limiting average reward W (os) = Wl;
does not depend on the initial distribution and is continuous in §. Hence there exists
the number J. declared in the lemma. In view of the ergodicity of the chain the
strong law of large numbers holds. O

From this lemma one interesting result follows.

Theorem 1. The algorithms Als form an e-optimal family with respect to any
compact class K C RM(X,U).

Proof. The non-degenerate laws used make the chain pass into one of the connective
components (if it has not been there from the very beginning), and the maximum
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limiting average reward is the same in all components. We fix ¢ > 0. To every
chain C' € K we put in correspondence a number 6.(C') such that for 6 < §.(C)
the algorithm Als ensures the attainability of the aim for the chosen chain C. We
denote by U, the neighborhood of the chain C” consisting of the chains C' such
that |0:(C) — 0:(C")| < ad-(C") where 0 < a < 1/2. The set of these neighborhoods
forms an open cover of the compact set I, and hence one can find a finite cover
Uei.ars- -+ Uecp.a, of this set. For all C' € U, 4, we have §.(C) > (1 — a;)d:(C;).
Therefore for each C' € K we have

5.(C) = min(1 — a)5.(C;) > %miinée(C’i) — 5.(K).

This means that if we choose § < d.(K) the desired inequality will hold for all
C € K and for any strategy Als. O

The arguments above show why e-optimal strategies are constructed only for
compact classes of chains from RM (X, U). Indeed, for every ¢, it is not difficult to
construct a sequence of chains C1,...,C,, ... from RM(X,U) such that 6.(C,) —
oo as n — oo. Therefore it is impossible to obtain e-optimality for the whole class
RM(X,U). To Theorem 1 we add one result about the convergence rate of the
class of regular chains.

As noted at the end of Sec. 2 the convergence on the regular class E, ,¢¢ — Ex(
has an exponential rate defined by the absolute value of the second eigenvalue A,
of the matrix P(y). We shall now extend this result to I, i.e. the compact class of
regular chains. Namely, the following estimate holds:

[Ear, ¢ — Wis| < O(N(K)), 0<\K) <1

Indeed, let A(C) be the second largest modulus of the eigenvalues the transition
matrix under the strategy o5 (their total number is equal to k™). If A\(C") = pore™®
for the chain C” then the set of chains Uc , satisfying the condition

IMC) = MC)| < a(l—per), 0<a<l

is called a neighborhood of this chain. The set of such neighborhoods forms a cover
of K from which we choose a finite subcover Ug, 4., -..,Uc, a4, For C € U, o, We
have [A(C)| < a; + (1 — a;)pc,, and hence

IAC)] < mlax[ai + (1 —ai)pe,] =AK) <1

for any regular chain C' € K. Therefore, the required estimate of the convergence
rate holds for any C' € K and for any strategy from Aly.

It remains to consider the asymptotic-optimal identificational strategy. With
this purpose in view we modify the algorithm Als by allowing the parameter § to
change, and denote it by d,. At the current moment 7,, given by the law Z the
former value 6, is replaced by J,. It is assumed that §,, < d,_1, lim, o 6, =0
and Y7, 6, = oo. According to what has been said, the laws v of type § are
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changeable as well. The described strategy that is denoted by Al can be naturally
interpreted as the limit (as § — 0) of the strategies Als.

Theorem 2. The algorithm Al is asymptotic-optimal with respect to the whole
class of the equiprofitable Markov chains RM (X, U).

Proof. In finite time the chain enters one of the connective components. In this
component the estimates pl(.;.‘) (t), 7 are consistent and from some non-Markov
moment on, the quasi-optimal law @(z) coincides with the optimal one topt () and
remains unchangeable for ever. According to the construction of the randomized
laws 7, they converge to @opt(z). This means that the strategy Al is asymptotic-
stationary, i.e. we can apply Theorem 4 from Sec. 2. If the chain (X, P(uopt)} has
only one ergodic class the assertion will be proved. Otherwise, the maxima of the

limiting average rewards are identical. O

Thus, the identificational control algorithms are some of the possible adaptive
strategies whose existence was asserted in Sec. 3.

5.5. The Second Control Algorithm for a Class of
Markov Chains (automata)

To control Markov chains with rewards we use modifications of finite automata
designed in Sec. 2, Chap. 2 to control HPIV. The efficiency of such automata is based
on the following principle: the more the average reward corresponds to the controls
(or the actions), the longer is the time period during which these controls are used.
To the chains we should substitute the choice of actions by the choice of Markov laws
and use those which bring the greater reward. We are going to discuss one concrete
class of automata. For convenience and simplicity we choose the automata Dy, ,,.

We assume that the rewards ((x,u) are bounded and belong to the interval
[0,1]. The automata MDym ,, can be depicted by the graphs of the automata Dy, ,,.
Each of them has £™ branches and the law @; corresponds to the jth one (we
suppose that these branches are numbered). Any branch has n states. The input
state has depth n and the output has depth one. The input signals of the automaton
are represented by the pairs (z, (;) consisting of the current state and reward. The
control @;(z) is produced in accordance with the current state x;, and it assigns
to this state the Markov law associated with the given branch. The value of the
reward obtained, (;, is used to calculate the empirical reward on the branch, i.e.
the value 1, = ¢! 22:1 ¢ (here t means fictitious time since it is counted from
the moment when the chain has entered into this branch). With the sequence of
variables 11,79, . .. associate the sequence of independent r.v. p1, pa, ... defined as
follows:

_ |1, with probability 7,
pe= {O, with probability 1 — ;.
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If p, = 1 (“encouragement”) the automaton will pass from the ith state into the
nth one and will not leave it till the value p = 0 (“penalty”) appears. Then the
automaton passes into the state n — 1. Generally speaking, on the appearence of
a penalty the automaton passes from the ith state into to the ¢ — 1-st one. If
the penalty has appeared in the first state the automaton leaves the branch and
passes into another branch that is chosen either equiprobably among k™ branches
or cyclically, i.e. from the jth branch into the j 4+ 1-st one and from the £™th into
the first one. This completes the description of the automaton M R(X,U).

Now we study the properties of these automata.

The method is the same as in the previous section: first, we show that the
automata MDjym , form an e-optimal family for each equiprofitable chain, and
then this fact is to be extended to the compact class K C RM (X, M). We also
consider some modifications of the automata to give them asymptotic optimality.

Lemma 1. The automata MDym ,, are an e-optimal family for each equiprofitable
chain.

Proof. Without restricting generality we assume that the initial state of the chain
belongs to a connective component C. Let some Markov law @(z) correspond-
ing to the branch of an automaton decompose the chain C' into ergodic classes
Ei, ..., Eyq) and a set of inessential states Ep. If initially the branch is in control
the chain in the class Fy then after some finite time this chain will pass into one
of ergodic classes. So, we can assume the chain is ergodic with the limiting average
reward W (a).
The probabilities of encouragement and penalty have the form

@ =Plpp=1}=En, p=P{p=0}=1—-En,

respectively. In the ergodic chain lim¢_. 7 = W, a.s., and apart from this
limy_, o En; = W;. Hence for any A > 0 and all sufficiently large ¢ (> ta depending
on the chain) we have

W(a) — A < En, < W(a) + A.

This enables us to estimate the average sojourn time Tén) of the automaton in
the branch by using the explicit expression for the average time of the automaton
Dy, obtained in Sec. 2, Chap. 2. Note that the automaton MDjm ,, changes its
state under the action of a sequence of independent binary r.v. with nonconstant
encouragement probability. These arguments lead to the estimates

QA-W@+A)"<T™<1-W@-—e) ™"

which hold for ¢ > ta for an arbitrary small number A. Similar arguments as in case
of the HPIV enable us to conclude that the automata MDjym ,, form an e-optimal
family (in the weak sense), i.e.

lim E¢; >supW (o) —&,, &, —0, n— o0,
t—o0 o
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since the greatest limiting average reward among all values W (@) corresponds to the
optimal law @epy, i.e. this law is applied on the average no less than (1—W (a)—e)™"
times in succession. In view of the ergodicity of the chain we obtain e-optimality in
the strong sense. O

We give one similar construction of automaton for controlling Markov chains.

The automata MDym 5, 5 do not deal with deterministic laws @(z) but with
non-degenerate randomized ones: the law @(x) = (u;,,...,u;,, ) is replaced by the
stochastic matrix Bg s = (br;) having the rth row of the following form

ip—1
Such laws have been used in the previous section. The remaining automata
MDym 5 coincide completely with MDgm .

Lemma 2. The automata MDym ,, 5 form an e-optimal family with respect to the
pair of parameters (n,d) for each equiprofitable chain.

Proof. We restrict attention to connected chains which are ergodic under the laws
By,s. Then all arguments from Lemma 1 remain in force with the following sup-
plement: the limiting average reward based on the law Bg ;s is equal to W(a) —
g(n,d). By increasing n (— oo) and decreasing § (— 0), we obtain the desired
g-optimality. O

We can consider the automata MDjm ,, as families of e-optimal adaptive algo-
rithms for the classes of equiprofitable chains.

Theorem 1. The automata MDjym ,, form an e-optimal family for any compact
class K C RM(X,U).

Proof. By Lemma 1, the automata MDjm ,, serve as an e-optimal family for every
equiprofitable chain, i.e. for any € > 0 there exists an n. such that W(MDgm ,) >
sup, W (o) —¢ for all n > n., where we choose a sequence of positive ¢’s converging
to zero. It remains to show that in the compact class K the value n. can be chosen
the same for all chains from this class. We define a system of neighborhoods in IC
as follows: fix ¢ > 0 and denote by n.(C) an integer such that W (MDgm ,,) >
sup, W(o) —e for C € K at n > n.(C).
Let the set Ucr , consist of all chains from K such that the condition

1
[n(C) —n(C")| < an(C'), 0<a< 5

holds for the fixed C”. It is clear that the system of neighborhoods Ucr , forms an
open cover of IC. We can choose a finite subsystem Uc, q,,-..,Uc, . qa, covering K
as well. For all chains C' from Ug, 4, we have n.(C) < (1 + a;)n.(C;), and hence
the inequality n.(C') < 3/2max; n.(C;) holds for all chains from K. O
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It is not difficult to make sure that the automata MDym ,, 5 possess similar
properties.

We now turn to techniques of construction of asymptotic-optimal automaton
algorithms. For the automata MDjym ,, one of them consists in increasing the mem-
ory n (as in Sec. 3, Chap. 2). Namely, we organize a cyclic change of branches,
and after every complete cycle the depth of all branches increases by one with the
appropriate reconstruction of the graph (in the case of encouragement we pass from
any state into the deepest one). These modified automata are denoted by MDjgm.

Theorem 2. The automata MDym are asymptotic-optimal with respect to the class
RM(X,U).

The proof of this theorem is almost obvious and hence omitted.
It is not difficult to use other known constructions of finite automata to synthe-
size optimal control strategies for Markov chains with rewards.

5.6. The Third Control Algorithm for a Class of Markov Chains
(stochastic approximation)

In this section we study the asymptotic-optimal algorithm of controlling Markov
chains. It is based on the stochastic approximation method considered and used
in Sec. 4, Chap. 3 and Sec. 3, Chap. 4. This method consists of constructing a
recurrent procedure which produces the randomized Markov laws B; such that the
objective function W (o, p) takes its extreme value in the limit (as t — oco). Without
loss of generality we discuss below the minimization of this function. This means
that the r.v. are interpreted as losses.

We begin with the simplest case when the regular chains forming the class
p(X,U) are under the control. In this situation the objective function W (o) does
not depend on the initial distribution and has the following explicit form

m k
= Z Zrﬁblm

i=1[=1

where ; () > 0 is the limiting probability of the state x;, v = (bl) is the randomized
law of the stationary strategy o(v) used.

The weak form of the control aim being considered consists of minimizing the
limiting average losses W (o). As we shall see later on the realization of this aim
implies the fulfilment of the strong form of the control aim, i.e.

T
Jim Ty 6= inf W (o).
t=1

It is convenient to seek the optimal strategy in the new variables

2z = bimi(7)



The Third Control Algorithm for a Class of Markov Chains (stochastic approzimation) 143

which satisfy the following evident restrictions

k m,k k m,k
l E I _ E I _ E I _ E Il
=1 J,l=1 =1 i,0=1

j=1....om;l=1,...,k (1)
and have been met before (under the notation xé) in the linear programming prob-
lem for the regular chains in Sec. 2, Chap. 1. In these new variables the represen-
tation of the objective function is simplified

W(o(v)) =Y riz. (2)

From the variables z! we can easily return to the former ones b

l
pl— A

Z Zﬁzl 2
For the class p(X, U) of regular Markov chains the solution of the adaptive problem
consists of giving a minimization procedure of W (o(v)) with the restrictions (1),
i.e. in solving the linear programming problem (1)-(2). We choose the gradient
projective procedure of the form

on (%)}
z = 2t —alt)—=———— ¢,
t+1 '/Tt{ t ( ) 87
where

2 = (24(1)), B :< ! )’

a(t) > 0 is some numerical sequence, and 7 is the appropriate projector. Only the

variables observed up to the moment ¢ can enter into description of this procedure:
namely, the states of the chain x(¢) and reward (¢). Therefore this procedure should
be rewritten in terms of the observations as it has been done in Chaps. 3, 4, i.e. it
is necessary that the elements of the matrix 9W/dv be represented as the math-
ematical expectations of some expressions containing only x(¢) and {(¢), and that
the estimates of the transition probabilities péj unknown beforehand and entering
into restrictions (1) be obtained.
We begin by estimating the transition probabilities. The appropriate estimates
are defined as follows (see Sec. 4)
Nigi(t)
NZ '
The elements of the gradient (that the matrix is compiled of) can be represented
in the form
OW(z) _ 1 _ E{ Gex(@(t) = mi, u(t) = w) }
0z ' bimi()
U0 =0 =)

Al o
pi; =

]
2
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where y(A) is the indicator-function of the event A, i.e. it is equal either to one
(“yes”) or to zero (“no”) depending on the fact whether this event occurred. Thus,
the following r.v.

Cex(a(t) = @i, u(t) = w)

7
2

HOES

serves as the statistical analog of the element of the matrix 9W/dv at the moment ¢.
Taking the above into account we can write this procedure in the form convenient
in applications

zi41 = mi{z — a(t)Ae, . } (3)

where 74 is the projector on the simplex

m,k
zm,k(etn+1>—{||zl| 2 thz > 2Pl (g — 1),

il=1

Here the integers t,,, n > 0, characterizing the given simplex are the moments

I are calculated by using information obtained on the time interval

that the values z;
[tn—1,tn]. These values characterize the laws forming the optimal adaptive strategy.

The projector 7 is defined by the condition:

lme(q) —qll = o Hp qll

for any vector ¢. It remains to clarify the sense of the matrix A, . It is the statistical
estimate of the matrix 91W/9dz. Namely,?

tny1—

Atn+1 _ Z (:te xt t;.

The elements of this matrix are computed according to the following recurrent
formula

A (t41) = A (t) — — (A,w(t) Gx(E(t) =z, ult) = uy))

t—t, +1

bRecall that
m
(z) = Zeix(x =), == (21,...,2m)

and the vector e(u) differs from the vector e(z) by the total number of summands. In the first
case it is equal to k but in the second it is equal to m.



The Third Control Algorithm for a Class of Markov Chains (stochastic approzimation) 145

It remains to note that the initial values z(1), ﬁéj(l) are supposed to be positive.
This completes the description of the adaptive procedure for the Markov chains
from the class p(X,U).

To state the useful properties of procedure (3) it is necessary to impose some
constraints on the numerical sequences entering into its description.

Condition D.

t
0<e —0, a(t)>0, 7;“ — 0, Atptpy1—t, — 00, ast— 00, n— 00
n
2
tni1 —tn . tn —tn,17 i a(n)At, N At, <0,
a(t+1) a(t) =il entn tn
1

m ——
t—oo a(t)

At,, : o
tn + |Et+1 €t| + Atn (;é:gAtg) ‘| =0

where At,, =ty 11 — ty.
The main result is stated below.

Theorem 1. Procedure (3) is asymptotically-optimal (under condition D), i.e. it
minimizes the limit of the average losses:

T
. 1 . .
TILIEOT E G = 12f W(o), a.s.

t=1

for all chains from the class p(X,U).

Proof. First, we observe that by regularity of the chain the estimates ﬁéj are con-
sistent, i.e.

Al _ T
P{ tlggopij(t) = Dij» VZ,J,Z} =1

Due to this, the restrictions characterizing the set X, x(e;) transform into the
correlations to the limiting probabilities when passing to the limit. Let z € X,, x(¢)
and Z(t) be the projection of z on X, x(¢¢). Making use of the properties of the
operator ; we have

lz(n+1) = Z(n + 1)||?
= Z (n+1) — 2l (n+1))2 < Z — a(n) A (tnsr) — Z(n+1))?
1

() = H(r+D)P—2a(n () 3 (4 0) =20+ 1) Au(ts)+a2 () | Altosa |
7,1

< [l2(n)=2(n)|*~2a(n) Y (zl(n)=Z(n+1)) Au(tarr)+a® (0) | altnra]|?
1
+ Ki||Z(n)—zZ(n+1)|(14+a(n) || A(tns1)ll, n=1,2,....
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Here and subsequently the quantities K7, Ks,...,Cq,C5,... mean some positive
constants (if they depend on some arguments, this will be shown in the notation
of these constants). Multiplying these inequalities by At,,/2a(n) and summing over
n, we obtain

n+1_1

ZAtg > (= i(9)) Air(tg41)
g=1 il

23(% —Hg)ll - lz(g + 1) — Z(g + D))

= alg)

1 — At(g)
Tt - 1) 2= alo)
+ Kil|3(g) — Z(g + 1)1 + alg)] Ay, .. )] (4)

n+1_1

[a*(9)[lAr, . 1?

Substituting the representation of the matrix A;, on the left-hand side of this
inequality, after transformations we obtain

tg+1—1

Cux(x(h) = x4, u(h) = up)
nﬂ—l;; D 2 i zetu)
tny1—1 tpt1—1
L Y BWF) o) )
tnt1 htl h=1

where the o-algebra Fj,_; is generated by the past history o(zp; (s, zs, us, s =
1,...,h—1), and the r.v. ¥y, is defined as follows

Chx(@(h) = @i, u(h) = w)
e’ (x(h))zge(u(h))

U =Y (2i(t(h) — ZH(t(h))

Here the integer t(h) = {k : tx < h < tg+1} denotes the number of intervals
gathering data covered to the moment h. The last equality in (5) holds true a.s.
due to the assumptions of Theorem 1, the equality Zle 2t = m; and a type of a
strong law of large numbers.® According to the mentioned theorem, we first prove

¢Theorem. For n > 0, let a sequence of r.v. {vp} be measurable with respect to the flow of
o-algebras Fr. If E(vn|Fn—1) < oo, n=1,2,..., and

oo
Za;QE{(Vt — E(l/t|]:t_1))2|]:t_1} <00, a.s.
t=1

where the positive numbers an T co as n — oo then

) t 1
tlingo |:at 7;11/" . nZlE(l/n]:nl):| =0 a.s.

This follows from the Kronecker theorem (see Sec. 3, Chap. 4) and the Martingale lemma.
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the convergence of the appropriate series. Indeed

- 2 xZ T = T;, U T = U;
> S B[(ale(r) - ey U 2t ) Z )]
T=1 il

[e%) k -1 0
<Ky [Z At 2 (t<r>>] <)Y 7%,
T=1 il Jj=1 T=1
0o trpi—1 t7+171
Z S 67_(5 < 02( )Z / Jj_Q dl‘
t=1 s=t, T=1 i,
- 1 1
-1 -
w);@ [tT—l tr+1—1] < 0.

The last inequality follows from Condition D since
(o]
Z n)At,e,, 1t e oo

and At,11a(n) — oo.
To obtain the desired result it remains to compute

k -1
E(U,|F 1) 2 ) (2(t(r) = 2(H())) <Z Zf(t(Z))> x(x(7) = z4)
s=1

il
X E(Gr | Firys ulr) = w)
where
Fiery = 0{x4(r); Cos Tsy sy s = 1, 1(T) — 1}
or, finally, according to the properties of HPIV understood in the extended sense,
& -1
E(V,|F,1) 2 Y () - 2t(r)) (Z Zf(t(Z))> rix(a(r) = 2,).
il s=1

Hence we obtain

n

1 1o
EZE(‘PLF@—QZEZ , TﬁX(ﬂf(T)zxi)bi(t(S)— , Tﬁézl'—rz'*,n a.8.

where
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The inequality (4) is equivalent to

tngp1—1
1 -
LS S ale) = wofe(s) - o rt

thrl o s=1 4, 0

< 7T, +rot, + 73, +0(1).

On the right-hand side the following notation has been used:

*

T1t, = Tip |n:t”+171;

1 " At P 3 )
roy, = ———————— z(s)—zZ(s)||” — ||lz(s+1) —2(s+ 1 ;
2(tn+1—1)§::1 ()[H () = 2)I* = l2(s +1) = 2(s + D]
Tt = +1—1 Z calPa?(s) + K|l 2(s) — (s + 1)]

x (1 + a(S)IIAtSHII)]

We show later on that these three sequences converge to 0 as n — oo. Having this
in mind, we can complete the proof without difficulties. Indeed,

|

lim ——— 1 Z ZT'X <Zr1 Zis

nee tn+1 s=1 4,
The left-hand side of this inequality defines the sequence

Vi=t IZE (ClFen) =t 1227’)( s) = a;)bi(t(s))

s=1 4,l

with respect to which we prove that it is equivalent to the current average losses at
time ¢

t
Vi = t_l ZCS’
s=1

i.e. the equality
Vi =Vi+o(t), as.

holds. To do this, we use a type of strong law of large numbers besides the assump-
tions of theorem, i.e. we make sure that Y .-, s ?E(¢?|Fs_1) < 0o a.s. We have

k
S B F) < Oyl Zﬂz t(s) 3 (t(s) !
s=1 j=1

o0

-2
< Cy(w Z%) < Csw Z B tg+1 < o0.

Now, for any ¢ and an appropriate n, namely t, = t/ (n), we obtain

t
_ ty — 1 ! !
Ve= Ve + 2 D D rix(a(s) = m)bi(tn),

s=tn 1,
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and by assumption

_ _ t
Vi — Vi, | <

n t t—oo
The inequalities obtained above lead to the following
. T 11 ~
TV T < b= e
1y

From this and the arbitrariness of z the required assertion follows.
It remains to show that the quantities r;;,, 7 = 1,2, 3, tend to 0 a.s. as n — oo.
We begin by proving the equality

P{ lim 71y, = o} =1

. . . . o "
To achieve this, we write ry4, in the form i, =}, + Y, where

T, = Zn‘lrﬁ — Z)x(2(s) = z; (Zz ) ;
rh = Zn Lplz Z[ x(s) = x;) (Z zf(t(s))) - 1].

s=1

The convergence of the estimates of transition probabilities and &, — 0 imply
that zl(n) — ZL. Since for regular chains the limiting probabilities are positive, the
Cesaro averages converge to zero under these conditions and it follows that r},, — 0.
We now consider the second summand r4,,. We have

tny1—1 k -1
——7 > xal) =) (Z zf’(t(s»)

s=1
111
- th tpor — 1 Z (Z Zi ) P x(z(s) = ;)
n 111
=y (Z 2 (t(s))> 3 Pla(h) =zl Fo} +o(1). (6)
s=1 \g=1 h=t,

Here we have used again a type of strong law of large numbers because for any

)

we have the following inequalities

00 k “Lrtna—1 2
ZQQE{<Z«Z§(%)> lz (X(ff(g)in)—P{x(Q)Zmﬁftn})]

n=1 g=tn

< Cs(g) Y, 2(Aty)? < o0, as.
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From (6) it follows that the quantities r, can be written in the form

rlz

n k _1ts+17
rgnzz "i% 12[(24@) Z P(x(s) = ;| Fs) — At | +o(1).

7,1 +1 s=1

As known from the theory of Markov chains, the vector of the state probabilities p;
converges to the vector of the limiting probabilities (as t — oo) with exponential
rate. In our case

k

[E{x(z(r) = @)l F,} = Y 2| < Lexp{-A(T —ta)}, L, A>0

for all Markov laws and 7 € [ty, tn,+1 — 1]. Our assumptions lead to the following

estimate
n tsy1—1
" e AT—ts) nCio(w) a.s.
rl”_t+1—1z Z +0()_7tn+1_1+0(1)n—>_>000.

Hence P{ry,, — 0} = 1.
Next, from the form of the sequence rs,, we see that it is sufficient to verify that
as n goes to infinity, the sums below remain bounded:

n
2
> (Hzt — 2|1 = |lze1 — 5t+1||2) = [lz1 = Z1l* = 2041 = Znga |-
t=1

This is obvious. Our assumptions and an elementary lemma about the limit? imply
the fulfilment of the required condition P{rs, — 0} = 1.

Finally, it remains to consider the limiting behavior of r3,,. For this purpose, we
note that procedure (3) implies

12 = Zeiall < Ko (lee = vl + [1P(ta) = Pltusall)

where P(t) is the matrix composed of the estimates of the probabilities péj for all 7,
4, 1. By this and the elementary inequalities: 2ab < a?+b2, (>, ¢j)?<m >t ,

dLemma. (on the limit) For sequences {vn},{gn} such that 0 < yp41 < Yn, n > 1 and G =
sup,, | Y121 gi] < oo the following estimate

Cl <26yt n>0

holds. Moreover, if the numbers hy, > 0 and limp— oo hnyn = 0o then

lim h,, 127 g; = 0.

n— o0
i=1
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m=1,2,..., we arrive at the following estimate
k4 " Ats k4
n< —— A Ze) — Z(s ) P
rs th_l;a(s)( Al + 120 = Zrnl?) <

N I ¢ At L
X Z a(s) Z [eT(—g + C(W)a—(|€s—55+1| +112¢s) = Zs+1)ll)
g=ts s

=1 zg)2g€(ug)]

tsp1—1 n
‘I)/ ) o 7
n+1—1 Z n+1—1; . (7)
where
@, = a(t(r)GLe" (e zre(un)] 2,
t : :
P = [ler = eral +11P(tr) — Ptr41)]]-
a(T)
‘We now have
S B0 < Cul) S e,
=1
I tey1—1 t —t
<Ciy alkle Y 7' < 0132 o T <
k=1 7=tk

Therefore, in (7) the first summand converges to zero a.s. due to the assumptions
and the Kronecker theorem (see Sec. 3, Chap. 3). The second one tends to zero by
the Toeplitz theorem and condition D. Hence r3,, — 0 as n — oo. O

From all possible ways in which the parameters of procedure (3) may be chosen
the following is the simplest:

alt)=at™™, e =ct " t,=n"]. (8)
According to condition D
l<f<a<l—a, v>1.

To obtain the rate of convergence of current losses to the minimal loss, more research
should be done. But we restrict attention only to these results.

Theorem 2. For regular chains the best convergence rate of procedure (3) has the
order o(n=1/5%9) § >0, i.e.

Vi = sup W(s) + o(n~'/°*?)
where § > 0 may be arbitrarily small. This rate is reached at

a=1/2, B=1/4, v=5/4
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Note that in the adaptive version the convergence rate of the current losses con-
trol is slower than that in the classical one (there its order was equal to o(n~1/2+9)).
This may be interpreted as a pay for the actions undertaken under lack of a priori
information.

We notice that Theorem 1 does not deal with convergence of the laws z! or bl
that may not take place, but only with the convergence rate of the current losses
to the minimum. However in adaptive control the attainability of the control aim
serves as the decisive factor.

We now describe a situation when non-regular chains are controlled with the
help of procedure (3). We start with connected chains. The assertion of Theorem 1
remains in force but we are forced to change the conditions imposed on the param-
eters of procedure (3).

Condition E.

0<en—0, alt)>0, nt;'—0, 4™ /AAL — oo,

At,
lim —

—1
o+ ZEZAt =0, Abns1 > Abn ., asn — oo,
n—oo  Q, a(tn+1) a(tn)

e ()] <~

s=1

Choosing the parameters in accordance with (8) we assume that the following
requirements

0<28<a<l—2a, 1+p(1+4"'m?) <v

are satisfied.
One can show that in the equality

V, =supW(a) +o(n°>), §>0

the order of convergence is at most equal to A = 4/(32 + m?), where m is the
number of chain states. This order is reached at

a=1/2, B=1/6, v=4/3+m?/24.

It is desirable to replace the two upper estimates obtained for regular and con-
nected chains by exact ones. Such estimates being unknown as yet, we discuss here
the available ones. The losses caused because of a priori uncertainty in the regular
case have already been discussed above. In addition, we remark that in the case of
connected chains the number of states m drastically influences the value of \. For
instance, for m =2 A = 1/9 but if m = 10, then A\ = 1/33.

It remains to consider the stochastic approximation procedure (3) in the gen-
eral case, i.e. to study its efficiency with respect to the class of all Markov chains
M(X,U).

The first (and main) step consists of proving that the chain leaves the inessential
set N in finite time with probability one under the control algorithm (3). In that
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case the chain passes into one of the connective components (provided it was not
there at the beginning). The assertion stated in Sec. 3, remains in force:
under adaptive control of chains from the class M (X,U) the aim

T
. 1 > i
TIEI;OT tgl G > mz}n max W(o,p)

is attainable.

Theorem 3. Let condition E hold and

n

lim_ <Z Atse;n> Inn = 0. (9)
s=1

Then the chain leaves the inessential set N in finite time with probability one if it

was there at the initial moment.

Proof. On choosing an arbitrary non-degenerate law v we consider the transition
matrix P(7). In this matrix we distinguish mg rows corresponding to the states
from N and obtain a square non-stochastic matrix Ro() describing the transitions
into N. At least one row of the matrix P(y) is such that the sum of its elements is
less then one for all non-degenerate laws 7, and not all matrices Ry(7),..., R.(7)
are trivial. Let us assume the convergence of the series

i P{z,, € N} (10)

under condition (9). Then, by the Borel-Cantelli Lemma the current state of the
chain remains in N for finite (a.s.) time.

To verify (10) we consider the transitions in the chain only at the ends of the time
intervals [t,,,t,+1] which are defined by the probabilities P{xz(tn41) = xj|z(t,) =
xj,7}, i.e. by the elements of the matrix RS (), Aty = tpy1 — t,,. We show that
these probabilities decrease as n — oo. For the sake of simplicity we assume that
Z1,...,Tm, form the set of the inessential states N and introduce the notation
rn = At,/mg. For any i = 1,...,mgy we have

mo
ZP{x(th) = zj|z(tn) = @i, 7}
=1

mog Mo m

= Z Z e Z [Rg"bl) (7)] ij o [Rgm (7)} try 1 Jrn [Rgm (7)] Uy J

j=ln=1 jr,=

< QLRSI D[R O], 2[R0,

mo Tn
< R™o -
< (e St

j=1
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where
k
k() = {bﬁ:bﬁ >e ) b= 1}.
=1

From the linearity of the elements of the matrix R(v) with respect to b and from
the form of the simplex X,,x(¢) it follows that

mo
max R™o o <1l—ce™, C>0
76277Lk(5n,) jz::ll: (’Y)] K

for any 7 and sufficiently small € > 0. Hence
mo
> P{altns1) = wjla(ta) = 2:,7} < (1= c™).
j=1

This implies

P{z(tus1) € N} = E|) Pla(tns = 25| %, }

j=1
=E> x(@(tn) =) Y Pla(tarr = zjla(tn) = 2, F, }
i=1 j=1

< (1= ceroy»P{x(t,) € N}.
This and (9) imply the convergence of the series (10). m|

If the parameters of the procedure are chosen in the form (8), then condition (9)
will be fulfilled, and hence it is not an additional restriction. For connected chains
the estimate obtained of the highest order of convergence of the current losses to
the limit remains in force along with the most profitable values of parameters of
procedure (3).

5.7. Adaptive Optimization with Constraints on Markov Chains

The problems of adaptive control studied above can be regarded as unconditional
optimization aims when an extremum of the objective function was found without
any additional conditions. Apparently, this does not satisfy practical demands. Even
in an elementary course of mathematical analysis one considers “Optimization with
constraints” or “Problems on conditional extremum”. Similar problems also arise in
advanced studies of analysis. One can give some examples of real situations when
conditional optimization of Markov chains is required. Below, we consider these
problems both in classical and in adaptive versions.

Let the r.v. ((z,u), m (z,u),...,n.(x,u) with finite mathematical expectations
ri, g¥(1), ..., g¥(L) respectively be given on X x U. We determine the appro-
priate objective functions. Having in mind the applications of adaptive theory, we
restrict attention to the limiting average (per step) rewards W (o, p) and W;(o, p),
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j =1,...,L. Assuming that the characteristics of the chain are known, and the
values g; are given, we put forward the following aim:
to find the conditional-optimal strategy o* such that

W(c*,p) —» max; W;(o*,p)>g;, j=1,...,L (1)

for all initial distributions p.

For the optimization problem with constraints to be solvable, it is necessary that
there exist at least one strategy such that the inequalities W; (o, p) > g; are satisfied.
We show that the stated condition (its necessity is obvious) is also sufficient. For
the sake of simplicity we assume that L = 1.

Theorem 1. If for a finite controlled Markov chain there exists a conditional-
optimal strategy then this strategy will belong to the set Ysrm-

To justify this assertion we can use the same approach as in the case of proving
the optimality (without constraints) of the strategies from Ygrn. We now consider
the techniques of calculating the conditional-optimal strategy. The control choice
law will be sought by using linear programming. To achieve this we have to add
some new constraints. We consider first the case of regular chains. The reduction of
the optimization problem to linear programming has been done in Sec. 2, Chap. 1
but here the constraint (2b) is added:

Z izl — max, (2a)
il
> gz > g, (2b)
i

Zzg_zpijzﬁ = Oa ]: 17"'7m» (20)
l il

da=1 z>0 i=1..m I=1,..k (2d)
0

In the state x; we use the ;) that the nonzero values of zf correspond to. Let us
analyze this problem. In (2c) one of the equations represent the linear combination
of the rest and can be omitted. Let it be the mth equation. Then the basic solution
contains no more than m + 1 nonzero elements. But the number of such elements
is exactly equal to m in the linear programming problem for optimization without
constraints. From this it follows that exactly one control u;;y = u(x;) is assigned
to every one of the m — 1 states, say z1,...,T,m—1, but in the last “special” state
T two controls u' and u” are used with the probabilities o (> 1/2) and 1 — «
respectively. The stationary randomized Markov strategy with such a law serves as
the required conditional-optimal strategy o*.

We notice that if the number of constraints is rather large (L > 2) then the law
becomes more combersome.
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If the discounted reward W3 (o, p) is used as the objective function then the pre-
vious arguments will remain in force except for the form of the linear programming
problem (2a)—(2d).

Hence the existence of the conditional-optimal strategy is guaranteed by the
constraint (2b). The regular Markov chain corresponds to such a strategy, and by
the strong law of large numbers we have with probability one

T
lim =13 "¢ = W(o*) = max W (o),
t=1

T—o00

(3)

T
: -1 _ *
Jim T ;m = Wi(o*) > g.
These arguments obviously hold for ergodic chains since the number d > 2 and
the structure of the cyclic subclasses does not depend on the non-degenerate law
~ used.

Let the controlled chain be connected. Any strategy from X, has only one
ergodic class, and hence there is a unique stationary distribution, and if Wi (o, p) > 0
at some p then this inequality will hold for all p. For the degenerate strategies this
inequality may fail as the chain is decomposed into ergodic classes Fi, ..., Ej(4)
and a class of the inessential states Ey. For some of them the constraints may fail.

The system (2a)—(2d) holds for the laws v = T'(7) with positive elements, i.e.
with the constraints z! > 0, Vi, [ instead of z! > 0. In the open polyhedron defined by
these strict inequalities and by the conditions (2b)—(2d) the linear function (2a) does
not reach its maximum. We examine in detail the behavior of the objective function
on the boundary of this polyhedron. Let W) (s), i = 1,...,h, be the limiting
average rewards associated with the ergodic classes E;, i = 1,..., h (and there may
exist a class of inessential states). Then the equality W(o,p) = ggW M (0) +--- +
AR (o) where g; > 0 takes place. For a strategy o* let the inequalities

WD (") > W (e*) > ... > W (g*)

hold (maybe we need to reindex the classes). Moreover, we assume that the con-
straints for the limiting rewards Wl(j )(U*) associated with the r.v. n are satisfied
only for a part of the classes, for example, at j < jo < h. Then the Markov law
generating the strategy o* can be “reconstructed” according to Theorem 2, Sec. 2,
i.e. it can be replaced by a law that is deterministic on the set X\ FE;, and the
controlled chain contains only one ergodic class Fy with the maximum value of the
limiting average reward, and the constraint is satisfied. The rest of the states prove
inessential. If several classes turn out as the best we can retain either all or some of
them. We have described the conditional-optimal strategy o* € Xgrym and for this
strategy the structure of the chain has been found.

We have made sure again that keeping the constraints is sufficient for the con-
ditional extremum problem to be solved.
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In the general case when the controlled Markov chain has connective compo-
nents and an inessential set N the common linear programming problem may be
considered.

The law ~* which generates the conditional-optimal strategy ¢* can be found
by solving the corresponding general problem of linear programming that, in turn,
can be applied to chains with any structure. It has the following form:

1l 1l
E r;Z; — Max, E 9i%i 2 9, (4a)
i,l il

il
l il
2oyt >0, i=1,....m, I=1,...,k (4d)

The numbers p? are an initial distribution of the chain (it is convenient to let
p? = 1/m). The basic solution defines the desired conditional-optimal law +*, the
variables z!, y! refer to the states of the ergodic class and to the inessential states
respectively. It is convenient to seek the conditional-optimal strategy separately
for every connective component. Next, we need to check whether there are ergodic
classes in the set N (under the degenerate or just deterministic strategies) and
whether some of them are optimal. Under the proper initial condition the chain
does not leave this class for ever. We now turn to the adaptive version of the
problem.

We first consider a class of regular controlled chains p(X,U) with m = |X|
states and k = |U| controls. We study the conditional extremum problem from the
view-point of the so-called identification approach.

At the beginning of the process of control the randomized law is assumed to be
equiprobable, i.e. bt = 1/k for all i, j. Let Nilj (t) denote the number of transitions
from i to j at time ¢ under the control I. If N}(t) = Z;nzl Nilj (t) > 0 then the
frequencies

Nj;(t
pij(t) = Nzl((t))

serve, as usual, as the estimates of the transition probabilities. The estimates of the
mathematical expectations of the rewards have the standard form

1 Ni(t)
l
T, = Nll(t) ; Cs(xsaus)a
Ni(t)
At = —— S e, us)
= NIy 2

@
I
—



158 Controlled Finite Homogeneous Markov Chains

where ((-) and 7n(-) are the observed values of the r.v. ¢ and 7 at the time of
transition from the state x; under the control u;. By using the empirical informa-
tion obtained we can write down the linear programming problem. At the moment
defined by the law Z (at every time, in the fixed intervals, after an increase of all
Nilj (t) not smaller than ng > 1) it has the following form

Zrizf — max, Zgizf >qg—ct 7, (5a)
il il
YA p =0, j=1,....m, (5b)
1 il

225:17 >0, i=1,....m, 1=1,... k. (5¢)
il

Here ¢ is the current time, v € (0,1/2). The regularizing term is added on the
right-hand side of (5a) in order that in such exceptional cases when the hyperplane
35 gzl = g serves as one of the faces of the polyhedron (2b)—(2c) or passes through
its vertex, the solution of the linear programming problem may be found.

It tourns out that the following randomized law ()

v(t) = {wi) = u(w;),i=1,...,m —1: in the special state x,, the controls
v’ and u”" appear with the probabilities o’ and 1 — o respectively}
can be used as the conditional-optimal one v*. Using this we construct the non-

degenerate d-type law ~s. This law is represented by the matrix whose ith row
(i <m —1) has the form

1(i)—1

where ¢ is small and fixed. In the last mth row the numbers o/ —¢/2 and 1 —a/—4/2
serve as the I’th coordinate and the I”th one respectively, and each of the remaining
coordinates is equal to §/(k — 2).

We now consider the properties of the constructed strategy. The regularity of
the chain implies

P{tlir&ij(t) = oo,w,j,z} =1

which implies that the estimates of the transition probabilities and the rewards of
both types are consistent. Hence the problem (5) converges to the true problem (2),
and its solution, in turn, to the solution of (2a)—(2d). In view of the solution struc-
ture we draw the conclusion that after the non-Markov moment 7 (being finite a.s.)
the required controls w1y, ..., um—1) Will be assigned to the states x1,...,Zm—1
with probability one, and the controls u’ and u” correspond to the special state z,,
but with the inaccurately computed probabilities @’ and 1 —«”. From this moment
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on the randomized laws 75 will ensure the e-optimality® and, generally speaking,
keeping the constraints.
Now, we slightly modify the procedure of constructing the control laws. Namely,

the parameter § is allowed to change, i.e. we put § = §,, under the following
constraints
o0
6n 10, ) 0y =00
n=1

The appropriate laws and the strategy to be made of them will be denoted by v;; and
o* = {~{,73,...} respectively. By the Borel-Cantelli Lemma we can ensure that
limy_, o Nilj
and for the time 7 the conditional-optimal law will be found (with accuracy up to

(t) = oo a.s., the estimates of the chain characteristics will be consistent,

some probability « whose precision of calculating increases in time).

Theorem 2. The strategy o* is conditional-optimal, i.e. it ensures the attainability
of the control aim with respect to the class p(X.U).

Proof. For a regular chain we have

NL(t
lim %() = 7l

Jm 5 Vil as.

where 7! is the limiting probability of the event that in the state z; the control u;
is used. By the strong law of large numbers (Theorem 4., Sec. 2)

T nb(T)
T_lzC _ZNil(T) 1 Z R i’z 10,0 — s W (o)
te T NNT) : T T = AgR e
t=1 il i s=1 i

since, according to the control choice laws, in the last sum only the probabilities 7T7l;(i)
are positive where [(i) are the numbers of controls which take part in forming the
conditional-optimal law. Similar arguments can be applied to the average values 7.

Thus, the objective inequalities (3) hold. O

The stated results can be extended to the case of ergodic chains without dif-
ficulties. We verify that they hold for connected chains as well. For this purpose,
we use non-degenerate randomized d-type laws for which the connected chains are
ergodic. Then Nilj (t) — oo a.s. and the estimates considered above are consistent.
The choice laws of controls are sought by using the general form of the linear pro-
gramming problem (4) with the regularizing correction. The solution of the last
problem is transformed into the randomized law 75. Further arguments coincide
with the ones considered above.

¢The value of the error € depends on the choice of §. The dependence £ = () has no critical
nature inside a compact class of regular chains with rewards (see Sec. 4).
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We now turn to controlled Markov chains of the general form: Cy +---+C, + N
where Cj, j =1,...,L, are the connected components, IV is the set of inessential
states. The aim of control is determined as follows

T T
. —1 _ * : —1 3
Th_)n;OT ZQ =W, ThjgoT Zr]t >g, as. (6)
t=1 t=1
where W* = sup,, sup, W (o, p).
In connection with this aim we introduce the following definition.

Definition 1. We call a controlled chain conditional-equiprofitable if Wi (o,p) > g
for all p and the identity sup, W (o, p) = W holds.

It is clear that the connected chains are conditional-equiprofitable if the con-
straint Wy > g is satisfied.

Theorem 3. The aim (6) is attainable with respect to a class of Markov chains if
and only if this class is represented by the conditional-equiprofitable chains.

The necessity is obvious. The sufficiency can be proved in a constructive way.
The appropriate identificational type strategy has in fact been described above. The
correlations (6) hold since the maximum of the limiting average (per step) reward
is the same for all connective components (and for the optimal ergodic class of the
set N provided it exists). Therefore, it does not matter to which component the
chain passes to.

It remains to consider the class M (X, U) of all Markov chains.

Theorem 4. With respect to the chain subclass of M (X, U) for which the constraint
W(o,p) > g is satisfied, the conditional-optimal strategy o* secures the fulfilment
a.s. of the following inequalities

T T
. —1 > . : —1 > q.
TILH;OT tE_l G > min max W (o, p), TlergoT tE_l n>g

Proof. The chain enters into one of the connective components and limy_, Ele Gt
is equal to the maximum of the objective function in this component. This maximum
cannot be less than min, max, W (o, p). However this inequality can’t be improved
for the following reasons: (a) the initial state need not belong to the most profitable
connective component, (b) if the optimal ergodic class 1 belongs to the inessential
set N then under the strategy o* the chain will leave (a.s.) this class in finite time
for ever. O

It is a class of states giving the maximum value of the objective function while keeping the
constraint.
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5.8. Minimax Adaptive Problems on Finite Markov Chains

In the optimization theory besides searching the unconditional or conditional
extrema, the optimization problems with several variables have received a wide
interest. For an objective function the variables are divided into two groups. The
maximum of this function is sought in the variables of the first group while its mini-
mum is sought in the variables belonging to the second group. The problems of this
kind arise, for instance, in game theory where they are referred to as the minimax
ones. Here we consider some problems of minimax control for finite Markov chains
both in the classical statement and in the adaptive one. The dissimilarity of the
previous discussion from the present one consists in forming the control which now
contains two components, i.e. v = (uv’',u”) € U’ x U”. The components « and u”
are assumed to be placed at the disposal of player A and of player B respectively.
In many problems it is reasonable to assume that in every state s of the chain each
of the players has its own set of actions: the players A and B dispose of k' and
k" actions where k' # k" respectively. For the sake of simplicity we assume that
the sets U’ and U” do not vary in time. The states of the controlled chain belong
to the set S = {s1,...,8m}. In every state the rewards ((s,u’,u”) depend on the
actions of both players. The admissible strategies have the form o = (¢/,0”), i.e.
there are two-components independent from each other. The latter means that the
players do not join a coalition. The set of admissible strategies of the players is the
product of the corresponding sets, i.e. ¥ = X’ x X”. We agree upon the following
course of the game. If at the moment ¢ the chain is in the state s(t) = s; and both
players choose the controls (or actions or moves) u/(t) and u”(t) then they will
obtain the gains ((s(t), u'(t),u” (t)) and —((s(t),u’(t),u” (t)) respectively. In other
words, the game is antagonistic, i.e. it has Zero-sum. Al‘g the next moment t + 1 the
chain passes into the state s; with probability pg‘ ®)u (t)), in accordance with the
adopted strategies, the players make the moves u/(t+ 1), «”(t 4+ 1) and obtain their
gains. This procedure is repeated sequentially.

The statements of the aims can be various. We consider here the so-called opti-
mization aim:

player A wants to mazximize the objective function while player B wants to
minimize 1it.

The objective function has one of two forms. It represent either the discounted
reward

Wﬁ(o/a UH;p) = Z ﬂnch’,a”;ana 0< ﬂ <1
n=1

or the limiting average (per step) reward

t
W(U/a O'H;p) = lim tt Z Ea’,a”;an.
t—o0 ne1
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The Markov chain games defined above are called non-terminating stochastic games
(for short NSG). They differ from common games by a random alternation, accord-
ing to the Markov law, of the pay functions and the sets of rewards.

Games on Markov chains have the simplest form if every state of the chain has
its own pay k' x k”-matrix M = (mil?) where k' = |U'|, k" = |U"|. If players
A and B have chosen the controls uj,, uj, and the chain was in a state s; then
they receive the gains ml(,il),, and —ml(,il),, respectively. The evolution of the chain
with time implies the alternation of the pay matrices. If the pay matrix is fixed the
optimal strategy of the player will be stationary. In this case it consists of using the
randomized laws ' and ~” which are expressed in terms of the pay matrix. In a
“dynamic” game the pay matrices alternate with each other according to a Markov
law. We can expect the optimal strategy will be stationary. This is the case only
for ergodic chains. We shall now consider this question in detail.

We assume that in the state s; the reward is the r.v. ((s;;u},u},) with
E((si;up,up) = " < oo, provided the players have used the actions up, U
We assume that the transition probability matrices P4") are irreducible for all
stationary strategies from Y. This means that we restrict attention to the ergodic
chains. First, we study the structure of optimal strategies of the players. We have
in mind that one player wants to maximize his own gain, but the other player wants
to minimize his losses. In control theory of Markov chains optimal strategies are
usually constructed in the following way: first, one finds them for the objective func-
tion Wpg, i.e. for the discounted reward, and after that, one obtains the form of the
optimal strategy for the limiting average (per step) reward by passing to the limit.

We deal with strategies from Ygry generated by the laws v/ = (b!') and ~” =
(c!"). Then

_ N
Eo/ orrpC = p(p(v Y )) 7
where the vector of the average rewards has the following components

’ " ’ "
ri(u',u") = ZEC(si,ul ul )bl cl

I 7l//

which represent some bi-linear functions of the arguments ', ”. It is clear that
Wpg is continuous in these arguments.

Theorem 1. For the NSG on an ergodic Markov chain with discounted reward
there exist randomized laws 7, v{ such that

Ws(v',7) < Wa(9:7%0) < Ws(v,7"),
i.e. the game has a saddle point on XgrM-

The proof of this assertion is beyond the scope of adaptive theory, and is for
this reason omitted.
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Theorem 2. For the NSG on an ergodic Markov chain with limiting average
reward there exist randomized laws v, v such that

W(',7%) < W0,70) < W67, (1)

i.e. the game has a saddle point, and the optimal strategies of the players are
stationary.

Proof. It is not difficult to verify that the function Ws(o’(v'), 0”(v")) is continuous
in v/, v”. In the following equality8

lim (1= B)Ws (o' (¢, 0" (7)) = W(o' (7', 0" (")

the convergence is uniform with respect to the arguments v/, v in the whole
domain. Hence the function W(y',~”) is continuous. The inequalities from
Theorem 1 lead to the ones (1). From this the required assertion follows. O

The stated results mean that under the assumptions of Theorem 2 the price g
of the NSG is defined by the equality
g = maxmin W(o’,0") = min max W (o', 0").
(e ag (e (e
We show by examples that the ergodicity condition is essential for Theorem 2 to
be true. We first consider a connected controlled chain with three states, with the
sets of controls U" = {u),ub}, U” = {uh,ul} and the transition matrices

0 1/2 1/2
P(u1 uf) p("zvuf) — E7 P(ulu“/z/) — p(u/zvulzl) — 1/2 0 1/2
1/2 1/2 0

The rewards given on the states of chain are represented by the matrices

10 10 0 0
weoo) (o) me o)

where R; = (rﬁllﬁ). The stationary strategies of players A and B are specified by
the laws 7' = (b)) = (p(uj|s;)) and 7" = (c!), respectively. We choose two laws for
player B (the row corresponds to the number i of the state)

1 0 q 1—gq
wW=|10], w=[1 0 |,
1 0 1 0

2This equality written in conventional form

oo
Il:nﬁ(l—x)Zanx = lgnooNZan

is well-known from mathematical analysis in connection with the summation methods of numerical
series.
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while player A uses the strategy with the law
10

v=11 0

10

According to the formula W (o, p) = pQ(0)7 (o) we compute the value of the limiting
average reward under the stationary strategies o = (o(7'), o(v%)) generated by the
laws 71, 77. To do this, we need to calculate the transition probability matrices

¢ 27'(1-q") 27'(1-q")
(p(’v/ﬁ{’))t =E, (p(v’ryé/))t —lo 1 0
0 0 1

Then Q(v',7}) = E, and elementary computations lead to the following

0 1/2 1/2
QM) =(0 1 0
0 0 1

It remains to specify the initial distribution p = (1/3,1/3,1/3), and we can find
the required values of the limiting average reward

W ,7.p) =2/3, W, 44:p)=1/2, Vqe(0,1).

We see from the above that the pay function has a discontinuity at the point (v, 7).
The conclusion of Theorem 2 does not hold, the uniform convergence of the function
(1 — B)Wps does not take place. For this reason the optimal stationary strategies
may not exist.

In the following example the controlled chain is not connected. Its sets U’ and
U" are the same as in the previous example but the transition matrices are given
as follows

0 1 0 0 0 1
piul) — pluwl) — (g 1 o), plw) =0 1 0
0 0 1 0 0 1

The rewards are defined by the matrices

10 11 00
weov) () me (o)

The peculiarity of this chain is that in the second and third states the transitions
do not depend on the controls. Hence the strategies of the players are only defined
by the control choice probabilities in the first state. We let

b%:p7 b%zl—p7 c%:q7 c%:l—q.
Then it is natural to write W(e¢’,¢"”) in the form W (p, ¢q). We have

P(p,1) = P'(p,1) = Q(p,1) = E,
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at ¢ =1 and
g p(l—q) (1-p)(1—-gq)
0 0 1
¢ p(1-q¢") (1-p)(1-4q")
P'(p,q)=1| 0 1
0 0 1
at ¢ < 1. Hence
0O p 1-p
Qp,g)=10 1 0
0 O 1

Finally, from the explicit representation of W(p, ¢) it follows that

p, ifg=1,
lV@ﬂ)_{l—p if g < 1.
We notice that the upper price of the game and the lower price are equal to one
and 1/2 respectively. The convergence of the function (1 — 3)Wjp is non-uniform
again. In this game there are no stationary optimal strategies.

These examples show that beyond the class of ergodic controlled chains the
stationary optimal strategies almost never exist. The word “almost” refers to the
controlled chains with a fixed structure. These chains have several ergodic classes,
their number and structure being the same for all possible stationary strategies of
the players. Then the above-mentioned limiting reward is uniform with respect to
(+',+"), and the function W (y',~", P) is continuous in (7/,~”) but the conclusion
of Theorem 2 holds.

We now turn to the problem of calculating the stationary optimal strategies
by using the linear programming method. Denoting 2! = bﬁm, rl = 25:1 rﬁscf,
péj = 25:1 pﬁjcf, where 7; is the limiting probability of the state i we write down
once more (see Sec. 2, Chap. 1) the appropriate problem.

k. m
E E rixi — max;
=1 i=1
k. m
11 .
E g riz; = 1; ()
I=1 i=1
k k. m
l 1,1 . .
g zj—g g rizipi; =0, J=1,...,m;
I=1 I=1 i=1
>0, i=1,...,m;1=1,... k.

3

The law 7/ = (bl) of player A serves as the required one against some arbitrary fixed
strategy of the player B. Let W (+") be the reward of player A provided player B
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uses the law 7”/. We treat the laws generating the stationary strategies o(7”) = (c})
as the points of an appropriate space R™" The set of these laws is compact in
R™" n view of the continuous dependence of rﬁl, pﬁ; and céu on the strategies, we
conclude that the function W (+") is continuous, and hence it attains its minimum
at least at one point of this compact set. We denote this point by . It gives the
optimal law of player B. Then by using (*) on the previous page we can find the
optimal law 7(, of player A. The above can be interpreted as the description of
the numerical algorithm of solving the game (i.e. the computation of its price and
the optimal laws). Of course, such an algorithm is inefficient because it searches
in the space of a large dimension defined as the m-multiple product of simplexes
Mg X -+ X 2. For this reason we are interested in more constructive methods
of solving the NSG. Great progress is possible here, but we make only one step
sufficient for our purposes.

Let FE”I'“U’”) denote a k' x k”-matrix game with the pay matrix A = (a;)
where g = ri't" + >t pﬁljl”vj. We denote the price (or the value) of this game
by Val I‘E”lmv’"). Both for the price and for the optimal laws of the players explicit
representations in terms of the elements of the matrix A are known (Shapley—Snow
formula). The meaning for the notations introduced is to allow representing by
them the price g and the optimal laws ~{, and ~{. Indeed, let (¢*,v},...,¢%,) be a
solution of the problem dual to (5.8).

Theorem 3. The following equations
g+ =ValF§vI"‘U:"’), i=1,...,m (2)

take place. If two collections (g*,vy,...,v%) and (g,v1,...,vy) satisfy (2) then
g =g, v —v; =c, Vi.

We leave the proof of this simple assertion to the reader.

We notice that under the traditional condition v,, = 0 the system (2) has
a unique solution. This solution of the dual linear programming problem defines
uniquely the solution of the direct problem (5.8), and hence besides the price of
the game it gives the optimal laws. The proposed algorithm can be improved. For
example, it can be represented by a recurrent procedure which produces the price
of the game and the optimal laws in the limit.

Thus, for non-terminating stochastic games on ergodic chains there are con-
structive solutions.

We turn now to the NSG in the adaptive version. Let a class &, i/ 1 of ergodic
controlled chains with m states and with &’ and k" actions of the players be given.
The players produce the laws of implementing the actions, based on information
about their own moves and the obtained rewards. The aims of the players are the
same as in the case of the NSG described above.

For the class &, 1/, the principle of designing the adaptive strategy consists
of the construction of the identification. This is realized in the form of a strategy
similar to A5 (Sec. 4). In the initial stage the players use the uniform laws and
estimate the unknown numerical characteristics of the chain, i.e. the probabilities
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péljl” and the average rewards rﬁ/l”. Afterwards, some numerical method of solving
the NSG comes into action. If it leads to non-degenerate laws then we shall use them.
Otherwise, we introduce, as shown above, an auxiliary parameter . Thus, each
control is used an infinite number of times, and the chain enters all the states. Hence
the estimates of the probabilities and average rewards are consistent. Next, we begin
to decrease the values of the parameter §, and the appropriate quasi-optimal laws
begin to approach to the optimal one. The described strategy is denoted by GT'.

Theorem 4. The strateqgy GI' is asymptotic-optimal with respect to the class of
chains Em 1 v under the minimax aim of control.

In view of the results of Sec. 4 the proof of this assertion is obvious. We also
notice that the stated theorem can immediately be extended to the class gm7k/7k/,
of controlled chains with fixed structure (with a fixed number of ergodic classes).
But this is not the case for the wider class of Markov chains as even for connected
ones optimal stationary strategies may not exist.

5.9. Controlled Graphs with Rewards

We have considered arbitrary controlled Markov chains with rewards and have
obtained complete (or almost complete) results on their adaptive control. It is useful
to discuss the particular case when the chains have simple transition probability
matrices, i.e. matrices whose rows contain only one non-zero element (of course
equal to one). It is reasonable to represent such chains in the form of automata
with deterministic transition functions. We call them the controlled graphs with
rewards and write

D= {X,.I,U;2°%¢}

where X = (z1,...,2m), U = (u1,...,ux) are the sets of vertices and controls
respectively, I'®) is the set of edges which indicate the possible transitions from

Yis an initial state, ((z,u,w) is the reward in the

one vertex onto another one, x
state = under the control u. We assume that E|((z,u)| < oo for all x,u. These
objects are of independent interest and we shall meet them in the next chapter.

The optimization aim of control is to maximize the limiting average reward
T
W(o)= lim T7'Y E,¢.
( ) oo t:Zl olt
As usual, two strong aims are considered: the e-optimality

T
lim 771! Z ¢ >supW(o)—¢e, >0, as.

T—00
t=1

and the asymptotic optimality.
We first discuss the methods of their realization under complete information.
According to the general theory we need to find the optimal Markov law wu(z).
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The graph is supposed to be strongly connected (i.e. from each vertex one can
pass into any another). The optimal control of the graph consists of moving along
a closed path on the graph. This means that from an initial vertex z°
pass into some vertex of the closed path, and afterwards this path will not be left
for ever. If a path C is formed by the vertices x; ,xj,,...,2;, and the controls
Uy, Uiy, - - -, U, the value

one should

1 n
_: : xjuul

will be called the reward on the path C. Its mathematical expectation, i.e. the
average reward on the path C'

3

1 n
= — E(x;,,uy,
n Zz:; C(m]z ) ulz)

should be maximum. This represents the condition for the optimal path.

Definition 1. A closed path on the graph is called a cycle if it has no self-
intersections, i.e. going rounds this path once no vertex is met twice.

It is easy to verify that in the optimization problem we can consider only cycles
among all closed paths. The cycles’ lengths are no greater than the number of
vertices of the graph. Thus, for a strong connected graph the calculation of the
optimal control consists of remaking the choice of the cycles C; item-by-item in
order to find a cycle C for which the average cyclic-reward w(C) is maximal.

We turn now to the adaptive formulation of the graph control problem. The
system of transitions (F(“),u € U) and the average values of rewards are assumed
to be unknown. The sets X and U are known. The vertices of the graph and the
rewards serve as the observable quantities. We deal with the class I'(X, U) of strong
connected graphs with rewards and with fixed sets X and U.

Let us describe a version (the identification one) of adaptive control of graphs
from the class I'(X, U).

In the first stage of control whose duration is greater than mk times, we recon-
struct all edges. To do this, for any vertex we choose the control u; at the moment
of getting to this vertex for the jth time (j < k) and keep track of the path spec-
ified by this control. Thereafter the structure of the graph, i.e. the system (%),
becomes known but the average rewards E((z,u) are still unknown. In the sec-
ond stage we seek the optimal cycle. We number all cycles Cq,...,Cy and all
paths p;; leading from the cycle C; to the cycle C; (i # j). We form two vectors
N(t) = (Ni(t),..., Ny(t)) and V(t) = (Vi(t),..., Vi (t)) where Ny () means the
number of full rounds of the hth cycle up to the moment ¢, V},(t) being the average
reward obtained as a result of these rounds (more exactly, the mean of the cyclic
rewards £(C)). These quantities are re-computed in an obvious way. The change of
cycles is regulated by the vector p(t) = (p1(t),...,p..) whose ith component means
the probability the cycle C, is chosen with. On going the rounds of the cycle C, the
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transition law from Cy to the cycle Cj, (the path Cyy,) is produced, a law of going the
rounds of the cycle C}, being determinate. If the round of some cycle is made twice
in secession then the path of the type Cy, will not be used. The vector p(t) is trans-
formed in a similar manner as in the automaton of type G (in controlling the HPIV,
see Sec. 3, Chap. 2), i.e. at the instants of time being specified by the law Z, we
choose the maximum reward Vj, (t) among the empirical rewards V;(¢) and the com-
ponent pj, (t) of the vector p(t) is taken equal to 1—4, (0 < § < 1/2), the other com-
ponents being equal to §(M —1)~1. Moreover, we form the leading group. It consists
of such components of the vector V(¢) which differ from the “leader” V;, no more
than by the number £ > 0 fixed in advance. At the next transformation moment
the leader and the leading group are formed again. If the new value of Vj; proves
to get to the new leading group the vector p(¢) will remain the same. Otherwise,
the probability 1 — ¢ is assigned to the component corresponding to the new leader.
This completes the description of the optimal strategy which we denote by GT.

We introduce the class T'(X,U; p) C T'(X,U) of rewards which satisfy the con-
dition |E¢| < p. This class is compact in the topology we have used earlier.

Theorem 1. The strateqgy GL's forms an e-optimal family with respect to the class
[(X,U;p), i.e. for any € > 0 there is a 6. > 0 such that the strategies GT's with
0 < 6. ensure the fulfilment of the following inequality

T
lim 7! ZQ >supW(o)—e, a.s.

T—00
t=1

for all processes from the class under consideration.

Proof. We verify that beginning from some non-Markov moment 75 such that
P{7s < oo} = 1 the choice probability of the optimal cycles becomes equal to
1 — 9. Indeed,

P{tlim Nh(t):oo,hzl,...,M}zl

since all choice probabilities of the cycles are bounded from below by some pos-
itive constant. Hence lim; .o V4 (t) = w(C}) a.s. and there exists a moment the
values V4, (t) will be arranged in decreasing order and in the same order as w(C})
afterwards. In view of the transformation method of the vector p(t) the choice prob-
ability of the optimal cycle Cj, will be equal to 1 —J and from the moment 75 on,
this probability will remain the same. The corresponding distribution p; is limiting
on the set of cycles. Then the limiting average reward is equal to

_ 1) P
W(ps) = (1= )W (Copt) + 77— Cgc: w(c'ce"),

where Cypy is the optimal cycle, W(C'CC") is the total mathematical expectation
of the rewards on the paths C’CC” from the optimal cycle Copt to the other cycles
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C' and back. The inequality |W(C)| < p implies the existence of J. such that
W (ps) > W(Copt) — € for all § < §. and for all processes from I'(X, U; p). O

We now verify that for the strategies GT's there exists lim; o, 71 Zle Ct-
But this is obvious since on the vertex set X the probabilities of the transitions
induced by the distribution ps generate a regular Markov chain due to the strong
connectedness of the graph.

We modify now the strategy GI's by the method used often before. For this
purpose, we choose a sequence d, > 0 decreasing monotonically to zero and such
that >0 | §,, = co. At the transformation moments of the vector p(t) defined by
the law Z we replace 6,, by 0,41 and agree to denote this strategy by GT'.

Theorem 2. The strateqgy GT'g is asymptotic-optimal with respect to the class
T(X,U), i.e. it ensures the fulfilment of the equality

T
lim 7! Z ¢t =sup W (o).

T—00
t=1
for all process of the class in question.

The proof can be done by the arguments used above. Therefore it is omitted.

The method of constructing adaptive strategies that was developed above
can be extended to another class of controlled processes. They are described by
automata with deterministic transition functions and with the output function
w(-|ug—1,...,us—r). We call them the generalized processes with independent val-
ues in the narrow sense (NGPIV).

We denote the class of scalar NGPIV with finite mathematical expectation by
Ok,r. We write them in the form of automata

é-:(UaSaX;Aa/J’)

where U(ug,...,u,) and X = R are an output alphabet and an input one respec-
tively. S = {s} = U" is a set of states (i.e. the collection wuj, uj, - - -u;,), the deter-
ministic transition function A such that A : X xS — S is specified by the following
equality A(w, uj uj, -+ uj_,uj.) = UjUj, - -uj,w and, finally, 4 = P{:|s} is an
output probabilistic function whose arguments are the collection of r preceding
controls. These automata are strongly connected, i.e. from any state one can pass
into any another in no more than r steps. The control methods described in this
section can be applied to them.

In the situation under consideration the dependence of the optimal strategy on
the current states implies the equality

Uy = Q(Utfl, cee 7ut7r)a

i.e. the optimal strategy is of the program type.
Adding here the necessity to go round the states of the automaton cyclically, we
conclude that for any process from the class Oy, the optimal strategy consists of
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repeating the controls topy = i, Ui, - - - 44, an infinite number of times. The closed
path corresponding to it can be chosen without self-intersections and its maximum
length does not exceed the number of states |S| = k". The cyclic reward

Xt (aL) =L [Ct(u% T uizuil) + Ct+1(ui7~+1 T uiz)
 Cerp—r (Wig Wiy Wip yy) F G (Wi Wiy o Uip )
o G (Ui, gy )]

is assigned to each collection %, . Its mathematical expectation w(@) is called the
average cyclic reward. It consists of the quantities

w(u® .y = / cu(delu® - u®)

which form the r-dimentional matrix A(k,r) = (w(u™ ---u(")) of the average
values. The element w(u() ---u()) is placed in the “intersection” of the rows
i1, ..., 4. For this matrix the notion of “cycle” is similar to that on the set of states
of the automaton, i.e. it is a sequence of average rewards on the chain of states
which pass one into the other under the action of the input signals. Associating the
cycle on the matrix A(k,r) with the corresponding average cyclic reward we can
find the “optimal cycle” by remaking the choice of the cycles item-by-item (their
lengths do not exceed k). The maximum average cyclic reward corresponds to the
optimal cycle found. The unlimited repetition of this cycle represents the optimal
control in the classical version of the problem in question.

We turn to the adaptive variant of this problem for the class Oy, of the NGPIV,
i.e. the distribution u is unknown. The adaptive strategy GOs produces collections of
controls which generate, in turn, the cycles on the set of states: the one-component
ones (ui,...,u,), the two-component ones (ujuz, usus, ..., ur_1ux) and so on; up
to the collections having the maximum length £". The cycle %; having length [ is
reapeted h times where h satisfies the condition (h — 1)l > r. The cyclic reward
is defined by using [ last values of the process. It is placed into the corresponding
components V; of the vector V(¢) but the component N; of the vector N (t) increases
by one. If the component V;, proves to be the greatest, then the ipth component
pi, of the vector p(t) will be equal to 1 — § but the others will be identical. The
subsequent description of the strategy GOs coincides with that of GI's. The strategy
COy is defined by analogy with that GT'.

Let O, be a class of NGPIV. This class represents the subset of the class
Oy, satistying the additional condition E|{| < p.

Theorem 3. The strategies GOs form an e-optimal family with respect to the class
Ok, r,p- The strategy GOy is asymptotic-optimal with respect to the class O,.

The proof of the stated theorem is similar to that of Theorems 1 and 2 and is
therefore omitted.
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CHAPTER 6

CONTROL OF PARTIALLY OBSERVABLE MARKOV CHAINS
AND REGENERATIVE PROCESSES

To some extent the present chapter is a continuation of Chap. 5. It deals with
homogeneous finite Markov chains with partially observable states. This allows to
narrow the set of the admissible strategies.

First, we study “conditional Markov chains” for which besides the rewards the
“pseudostates” are observed. Next, control problems of Markov chains under a lack
of information about their states are discussed, i.e. only the rewards are observed.
We construct optimal strategies for the more general class of regenerative processes.
For controlled graphs the optimal strategy takes a simpler form.

6.1. Preliminary Remarks

To describe most physical, chemical and many other phenomena of the surrounding
world, Markov processes with discrete or continuous time are often used. Phenom-
ena characterized by differential or difference equations can be regarded as such.
But the practical use of such models has some difficulties: dynamics of the states
are not accessible to the observer. This is the case when the available devices record
the states of the object only partially. Then the accessible information on the phe-
nomena is presented in the form of a functional given on the states and controls
of the unobserved Markov process. Thus, the Markov process underlying the phe-
nomenon is “hidden” but the investigator (or user) knows only the functional (scalar
or vector) on this process.

Let us consider a class M = M (X, U) of finite homogeneous controlled Markov
chains with the functionals (rewards) ((z,u) that are the r.v. given on X x U and
submitted to the condition [E{(-)| < cc.

Definition 1. A Markov chain is called partially observable if the control choice
rules which form the admissible strategy ¢ = {11} do not depend on the current
and previous states.

The above-mentioned strategies form the “set ¥ of the admissible strategies”.
The rewards ¢ = ((z:,u;) generated by the partially observable chains and by
the strategies from ¥ are, generally speaking, non-Markov random processes. This
produces serious difficulties.

173
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We now consider three types of partially observable Markov chains.

(a) The set Z = {z1,...,zm} of observations (pseudostates) is given. If at the
moment t the state x(t) = x; is possible then with probability ¢;; the pseu-
dostate z; appears. This can be interpreted as the observation of the true state
x € X under the influence of noises. The numbers g;; form the stochastic n x m-
matrix @ = (¢;;). In addition, it is assumed that the rewards ¢; are observed;

(b) The rewards are only observed and there are no pseudostates;

(¢) The state of the chain x(t) has two components, i.e. z = (6,n) and only one
of them, say, 1 is observed. The evolution of the process 7; together with the
control u; produced are accessible to direct observation. The component 0, is
unobserved and it is not used in the course of control.

In the case (a) the rules have the form Fy(-|z%, ¢t u'~!) but in the cases (b)
and (c) they have the form Fy(-|¢t,u*™1), and Fi(-|n*,u’~t) respectively. These
rules characterize the partial-observability of the Markov chain. It is natural that
narrowing of the class of admissible strategies and the lack of information about the
states of the chain result in the decrease of the maximum of the objective function.

For the partially observable Markov chains an aim of control has the same form
as in the case of total observability but the sets of the admissible strategies are
different. In the course of investigation of the adaptive strategies for such chains
we shall see that appropriate methods can be extended to a wider class of con-
trolled processes called the regenerative processes and having great importance in
applications, in particular, in queueing problems.

For the partially observable chains the optimal control problems were stated in
the classical variants but only on a finite time interval. Its proper solution has not
been found yet.

Apparently, this problem was not studied for an infinite time interval as well.

In the next section we discuss control of conditional Markov chains. Through-
out the remainder of this chapter control algorithms of chains and regeneration
processes with unobservable states will be studied.

6.2. Control of Conditional Markov Chains

We study finite homogeneous controlled Markov chains with rewards C =
{X, PW U p: ¢ }. Their states x are assumed to be unobservable but we can observe
their “pseudostates” z from some set Z where |Z| = | X| = m. These states appear
according to following the rule: if at the moment ¢ the chain C' is in the state z;
then the pseudostate z; will appear at the same moment with probability g;; which
does not depend on the past history. The numbers ¢;; form a quadratic stochastic
matrix @ = (gij)-

Definition 1. The object

CC={X,2,P",Q,U.p; ¢}

is called a controlled conditional Markov chain.
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We denote the set of admissible stationary strategies for controlled conditional
Markov chains by 2(*). The same set but for the original chain C' is denoted by
» () We introduce two subsets of (%)

ng) consists of non-singular strategies generated by the randomized non-
degenerate rules B = (bl) where b = P{u(t) = w;|2(t) = 2} > 0;

E&z) consists of deterministic strategies with k™ rules of the form @(z) =
(u(z1),...,u(zm)) where u(z;) e U,i=1,...,m.

These strategies act on the Markov chain C' and induce, in turn, the strategies
that are naturally denoted by X(*). It is clear that the non-degenerate strategies
for CC' are such as for C.

The stationary strategies o generate a homogeneous Markov chain in the usual
sense with the transition probability matrix p(c) = (p;;(0)) where

k. m
pij(o) = Z Zpéjqz‘hbﬁr
I=1 h=1

The triplet (¢, z¢,ur) € X x Z x U, where the pair (z;,u) is observable, is the
result of applying the strategy o to C'C. There are two possible interpretations of
the rewards:

(1) Gt = C(xtflvxtvutfl;w);
(2) G = ((2t, ugs w).

Assuming, as usual, that mathematical expectations rﬁ = E((z;,u;) are finite,
we shall use the second interpretation. An objective function is defined in the stan-
dard way, i.e. it is the limiting average reward (per step)

T
W(va) = lim T ZEU,pCt~
T—o0 =1
We can seek its maximum in various classes of strategies (but we restrict attention
to the stationary ones)

Wy = sup W(o,p), Wgq= max W(o,p).

(=)
aEEf) oex,

In contrast with ordinary Markov chains we have W, > Wy, the inequality being
strict in typical situations. We put forward the next optimization aim of the control
to achieve the equality

T
i 7! ;g =Wy, as. (1)
with respect to some classes of controlled conditional Markov chains.

In the adaptive version we assume that at each moment t the quantities z;,
(¢ are observed and the sets Z, U and the matrix ) are known. First, we briefly
consider the classical version when the matrices P(*) and average rewards r! are
known as well. Here we give the method of attaining the aim (1). For this purpose,
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we introduce the notation
al; = mi(0)qi;bl (2)

where m; (o) is the limiting probability of the i¢th state of the original chain C' when
the strategy o is used. We assume that the inverse matrix A = Q! def (Aij) is well
defined and the chain C' is connected.

Theorem 1. The strategy o is optimal (with respect to the aim (1)) if and only if
the quantities xéj represent the following linear programming problem

m m k
Z Z Z rﬁxij — max, (3)
i=1 j=11=1
m m k
ZZZ[&M —pén]xlﬂj =0, n=1,...,m, (4)
i=1j=1 =1
m m k
Z Z inj =1 (5)
i=1j=1 1=1
m m k
SN N Nwal; 20, n=1,..m, (6)
i=1j=1 I1=1

Proof. We introduce the matrix X = (xij) and the mapping
p: 2 - (X}
of the non-degenerate strategies into the set of matrices X with elements of the

form (2). Next, let

m

k
VX =D.D D nay

i=1 j=1 I=1

and 9 be the family of matrices (xﬁj) satisfying (4)—(7). Using these notations

we can write the equalities (2) in the form X = (o), o € Ef) and the linear
programming problem (3)—(7) can be reformulated as follows:
to find a matriz Xy such that

sup U(X) = ¥(Xo).
Xem

In this interpretation we should prove the following equalities

W(o) = ¥(p(0)), oexf; =) =m. 8)
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The first of them follows from the equalities

W(o) =Y mi(0)Ee(Gila(t) = ;)

m m k

= Zm(a) Z ZrﬁPa{u(t) =wlz(t) = 2z, x(t) = ;}
i=1 j=11=1
x P{z(t) = zj|z(t) = x;}
m m m m k

=SS o)t = 303 S el = w(X)
i=1 j=11=1 i=1 j=11=1

To verify the second equality in (8) we define the inverse mapping ¢! which assigns

to the matrix X ~! the stochastic matrix B = (bé) with the elements

m

b= — E Y
Tm

k h’
=1 2 h=1 Lij
h

where the external sum is taken over i such that Z:Zl z;; > 0. The equality
0 (o)) = o together with the stochasticity of B imply ¢~ 1(9) € 2 e
M C @(ng)). It remains to verify the opposite inclusion. We choose o € Ef). Let
X = ¢(0). The relations (4), (5), (7) are obvious. We prove relation (6)

m m ok

m m k m m k
D2 Aty =33 D mil0)abihin = 3 mil(0) Y qidin DY,
i=1 j=1 =1

i=1j=1 I=1 i=1j=1 I=1
= Zm(o)&m =m,(0) >0,
i=1
the equality holds for the strategies from E((f). O

So, we have shown a calculation technique of the optimal rules which maxi-
mize (3). They generate the optimal strategy u*(= u*(z)). We focus attention on
the class C'C' for which we construct the optimal adaptive strategy. We denote this
class by CK(X,U; @) and assume that:

1. The original Markov chain C' is connected;
2. For any strategy o € ng) the Markov chain C' is regular.
3. det @ # 0, matrix @ is known and the same for the whole class.

The construction of the adaptive strategy is based on the identificational
approach: first, we estimate the elements of the matrices P(*); next, making use
the linear programming problems (3)—(7) and the current observations z;, (;, we
find the quasi-optimal rules of control which will approach the optimal rules in the
class of strategies Z((;).
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We start with the construction of estimates of the transition probabilities of the
chain. Let N!,(t) denote the number of transitions for time ¢ from the pseudostate
zr into zs under the control u;. The frequency of this event is equal to s (t) =
t=IN! (t). The number N! = Y""" N (t) will characterize the number of visits in
the state z, for time ¢ provided that the control u; is only used in this state. We put

p/(ijl)— er 1)‘ /\ N () _ er 1)\11/\9J ()
e Ersg 1)‘ )‘ N () Ersg 1Am)\93 ()
If the denominator is equal to zero we shall put p}(-) = 0. Here \;; are the elements

of the matrix @~ !. In the special case when the chain is observable,i.e. Q = A = E
this expression takes the ordinary form

pi (iv j» Z) -
Theorem 2. Leto(z) € ng). For any CC from the class CK(X,U; Q) the equality
holds.
Proof. We consider the original controlled Markov chain C' under the strategy o ()
induced by the primary non-degenerate strategy o(z). According to the strategy

o(x), the probability to choose u; in the unobservable state z; is equal to P{u(t) =
wlz(t) =x;} = >, qinb!,. We define the following function on the chain

Xt(ivjv l) = 62*1 l(s 6ut 1,0

Recalling that the non-degenerate strategy o(z) turns the connected chain C' into
a regular chain, we use the strong law of large numbers:

llm%( —hmtlzxnz], —hmtlec,an], = 13’ a.s.

t—oo t—oo

It remains to prove that

er 1 )‘77/\9]%
p.. =
“ Er ,8,7=1 A”)‘QJ%

From this equality and the form of p,(i,j,1) the assertion of the theorem follows.
We have

Eo2)Xt(i,5,1) = Poy{z(t — 1) = 2, 2(t) = zj,u(t — 1) = w}

=Y Pow{z(t) = 2|2t — 1) = 2, 2(t) = wg,ult — 1) = w}

 Pato{alt) = 20,5 — ) = z0u(t = 1) = w)

_Z(Ig] o@{a(t) =xg,2(t = 1) = zi,u(t — 1) = w}.
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Thus, in view of the following equalities

Pooy{z(t) =xg,2(t = 1) = z;,u(t — 1) = w}

I
Ms

@1z(t) =g, 2(t = 1) = z,u(t = 1) = w|z(t —1) = x5}

h=1
X Popy{z(t —1) = 21}
m

= Z gth(m){x(t —1) =23} Poy{2(t — 1) = zj,u(t — 1) = wilo(t — 1) = x5}
h=1
m

= Z thzbéPU(m){x(t - 1) = xh}a
h=1

we obtain

Eo(w)Xt(ivj7l) = Z qyiq}Ljpi]hbi;PU(I){x(t - 1) = Jig}.

g,h=1
From this it follows that
T
Ea(w)%fj (t) =7 Z Ea(w)Xt (Zv Js l)

t=1

m T

= Y dgitnPlbl | T Pow{alt —1) =x4}| . (9)
g,h=1 t=1

In view of the regularity of the chain C' we conclude that

mo(o(x)) = lim T~ 1ZPC,@>{$( 1)=12,} >0, as.

T—00
t=1
for all g =1,...,m. From this and (9) it follows that

l 1 ;
%” - tlir{.lo” ;1 qglthpghb my(o(2)) = ;1 dgiGhjVgn A
9 g,h=

for all 4, j where 'yéh = péhbéﬂg (o(x)). Hence

m
1
Voh = Y Agitng
i,j=1
Taking into consideration that wgbé =3, ’yéh, after obvious transformations, we
obtain the required expression for transition probabilities of the chain C. O

In the assertion stated above the strategy was supposed to be stationary. This
assumption is rather restrictive for our purposes. We are forced to use the quasi-
optimal strategies satisfying the following conditions:

(o) There exists an increasing sequence of Markov moments 7,, n > 0 (19 = 0)
such that limg_ oo (k41 — 7) = 0 a.s.
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(8) There exists a sequence of non-degenerate Markov rules 7,,, n > 1 (with respect
to the pseudostates z) such that for 7,1 <t < 7, the rule 7, is used.

Theorem 3. Let 0 = {v1,72,...} be the quasi-stationary strategies. Then
tlirgopg(i,j,l) = pﬁj a.s.
for all i, j,1.

The simple proof of this assertion is omitted.

We now study the optimal adaptive strategy Z for the class of conditional
Markov chains CIC(X,U; Q).

The strategy Z is non-stationary since at random moments 71, 72, . . . the control
choice rules vary. These moments are defined as follows. Let v, = min, ;, Nilj (t)
where Nilj (t) is the number of transitions {z(t) = z;} — {2(t + 1) = z;} for time ¢
under the control u;. The rules are changed at the moments when

Ve, =mn, n=12...,

i.e. when all transitions z; —& z; have occurred at least once.

The calculation rules , of the quasi-optimal controls are specified by solving
the linear programming problem (3)—(7) were the quantities r! and pﬁj, unknown in
advance, are estimated in the course of control in the following way: the estimates
of the average rewards rﬁ are the arithmetic means of the current rewards ¢(; but
the transition probabilities péj are the limits of the quantities p}(¢, j,!). The matrix
B = (b}) of choice probabilities of the controls is defined as follows. For t € [r,,, Tp—1)

s 1—e(n), 1=ut), "

i(t) l:(—n)l’ L% ui(t) (10)
where u;(t) means the ith component of the vector u(t) and e(n) is the numerical
sequence (e(n) |0, 0 < e(n) < 1). On the interval [rp,71) the control is chosen
equiprobably.

Theorem 4. The strategy T ensures the attainability of the aim (1) for any process
from CK(X,U; Q).

Proof. The cousistency of the estimates of the parameters of CIC(X, U; Q) implies
that the solutions u*(n) of the linear programming problem (3)—(7) associated with
these estimates converge to the solution u* of the true linear programming problem
(i.e. the problem associated with the true values of these parameters). This implies,
in turn, that there is some non-Markov moment 7 finite a.s. such that for all ¢ > 7
the equality u*(n) = u* takes place. So, from (10) it follows that

tli>Holo Pi{u(t) = wlz(t) =z, 2" 25w = tlirgo};qmb%(t)

_ e _ [ 1) = ug,
' 0, (i) # uj,
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a.s. for all 4, [. This means that Z is asymptotic stationary. Therefore, we can apply
the strong law of large numbers to the original chain C'

T T
i TG = i 7Y B = ;
t=1 t=1
If @ is the unit matrix this result will coincide with Theorem 2 from Sec. 4,
Chap. 5.

6.3. Optimal Adaptive Control of Partially Observable
Markov Chains and Graphs

In this section we deal with the class Ky of connected homogeneous controlled
Markov chains C' = {X, U, p(), p; ¢}. The set of controls U, |U| = k, is the same for
all elements from K. The admissible strategies depend on the observed rewards
¢(x,u) but not on the unobserved states of the chain. As concerns ((z,u) we sup-
pose that the rewards take the values from the interval [0, 1] with the probabilities
p(:-|z, u) for all  and u. The characteristics of the rewards, the matrices P(*), the
distributions p and the number of the states |X| are unknown. It is necessary to
maximize the limiting average (per step) reward W (o, p) under these conditions.
We start with the definition of the basic set of rules. Let D; be the set of all
deterministic rules with memory depth [, i.e. the mappings h : X! x U! — U. By
using the finite past history C;—;41,...,C;%e—1,...,ur—1 this rule produces some
control at the moment ¢, i.e. uy = H(¢{_; ;. ui:ll) the argument ¢; being essential.
The set D; contains a finite number of elements because it consists of functions
taking a finite number of values and their arguments run over a finite set. Let us

D={JD
l

which will serve as the basic set of rules which form the adaptive strategy con-
structed. We reindex the elements of this set in order of increasing depths: first,

introduce the set

the rules with memory depth equal to zero, then the ones with the memory depth
equal to one and so on. Thus, we can write D in the form D = (hy, ha, ..., hy,...).

Let [,, be the memory depth of the rule h,, € D. This rule can be used for control
from the moment t > [,, + 1, up to ¢ we can define it in an arbitrary way. Then
the corresponding strategy o(hy,) is stationary (from the moment /,, + 1 on) and
deterministic. The set D specifies the set of all stationary deterministic strategies.

We can now describe an optimal adaptive strategy o(Ky ) for the class Ky Let
B = (B(h)) denote the probability distribution on D such that S(h) > 0 for all
h € D and all its moments are finite. The control process of the chain has the form
of an unlimited sequence of stages. At the nth stage, which begins at the moment
Tn(71 = 0) the rule h;,, having depth [,,, is chosen (on every stage independently of
the previous choices) in accordance with the distribution 3. This stage ends at the
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moment 7,41 — 1 and during the time interval [7,, 7,11 — 1] the rule h;,, is used.
The duration of the nth stage is equal to

Tn+1_Tn:n+9n

n—1 -n
- [fge) ]
=0

i.e. the more we have obtained the reward in the earlier part of the stage, information
stage of control, the longer the rule h;,, is used. In the later part of the stage (the
“work stage”) of length 6,, the observation and measure of rewards are not required.
This completes the description of the strategy. Notice that this strategy belongs,
according to the classification from Sec. 3, Chap. 1, to the searching strategies since
it comnsists of walking over the set of rules D. The desired effect is reached through
the more frequent use of optimal rules and those close to them.

where

The procedure described above represents the desired optimal adaptive
strategy o(Ky).

Theorem 1. If the strategy o(Ky) is used, then for any chain from KCy the equality

T
lim Tflzg = sup W(o) a.s.

T—00 v} cESs

holds with respect to the measure generated by the strategy o(Ky), o being the set
of admissible strategies for the class of partially observable chains.

In general, we have the strict inequality

sup W(o) < sup W (o),

oYy cEY
where 3 is the set of all strategies for the Markov chains. In special cases equality
may take place, for example, if the rewards do not depend on the states. Therefore,
it is of interest to find the subclasses of Ky on which the local extremum (on )
coincides with the global one. One such non-trivial subclass is the set of connected
graphs with rewards (see Sec. 9, Chap. 5).

We denote by KI the class of all connected graphs with rewards I' =
{X, T U, 20;¢}, where m = | X| is the number of verticies. The admissible strate-
gies Xy are again formed by the rules which depend only on the previous rewards
and controls but not on the vertices being run. It is required again to maximize the
limiting average reward.

As the optimal adaptive strategy we can use o(Ky) but we will consider its
modification that will be a searching strategy again. For this purpose, we consider
the set of all finite collections of controls g = w;, wi, ... u;, with lengths [ =1,2,....
Let G = {g1,92,...} be a countable set which consist of these collections arranged
in order of increasing lengths. We define a distribution v = {v(g9) > 0,Vg} on G
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with finite mathematical expectation. Now the construction of the desired optimal
adaptive strategy is as above: at the moment 7,(= 1,2,...;77 = 0} the nth stage
begins with choosing the collection from G according to the distribution ~. This
collection is used during n + 6,, steps to make the nth stage.

Theorem 2. If the strategy o(KY,) is used, then for any chain from KL the equality

T
lim 7! ZQ =sup W(o), a.s. (1)

holds.

Proofs of both theorems are given below in Sec. 6.

We can explain equality (1) rather simply. During the random walk on the
set GG both the optimal collection and the ones close to it are chosen for most of the
time. From Theorem 1 and its proof it follows that this share of time approaches
one. We know the form of optimal strategies for graphs with rewards. They can
be regarded as a type of program acting by an unlimited cyclic repetition of some
optimal collection.

Let us discuss the problem of realizing the strategies o(Ky) and o(K};) in prac-
tice. The undoubted simplicity of description of these strategies hides the principal
difficulties: it is necessary to know the real numeration of the elements of the set
D = |, D;. This means that, having the number of the rule h, we should find some
technique allowing us to write it down in the form of either some table or in some
other form suitable for computating the controls at any collection of arguments
(&1,...,&;5,u1,...,u;). Hence an algorithm of control must include some device
which finds the function by using its number. Taking into consideration the fast
increase of the number of such rules as the memory depth [ increases, this problem
is rather difficult. As an example we consider functions of logic algebra (Boolean
functions) f(aa,...,a,). The values of these function and their arguments belong
to the set {0,1}. It is known that the number of such functions is equal to 22".
They may by represented by using the disjunctive (or conjunctive) forms. But we
do not know how to reindex all such functions.

The adaptive control problems solved above are of two different types: for the
first the realization of adaptive strategies does not meet with serious difficulties but
for the second the processes described have only mathematical but not practical
meaning. The problems of control of partially-observed Markov chains are of the
second type. This situation is not a “privilege” of the adaptive concept. The same is
true within the classical framework where, as already noted, the problem of control
of a finite unobservable chain may be reduced to that of a specially constructed
continuous observable Markov process. From the standpoint of physical realization
such a reduction does not give a reason for optimism. In the next section the class
CRP containing the partially observable chains will be considered. It will enable us
to obtain results which include Theorems 1 and 2 as special cases.
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6.4. Control of Regenerative Processes

We consider controlled random processes (CRP) with finite sets of states X = {z}
and controls U = {uy,...,ur}. Their probabilistic properties are specified by the
system of conditional distributions (u¢,t > 0). Let the states of the CRP be two-
component: s = (z,a) € S = X x A where X C (0,1) is a finite set of observable
components, A = {a} is a parametric set consisting of the unobservable components.
In A the element {0} is distinguished. We put 4 = {a} et A\{0}. Thus, we deal
with the partially observable processes for which the set of admissible strategies
> = {o} is formed by the conditional distribution of the form Fj(u|i;—1) given on
U where i; = (xo,u1,...,2¢—1,us—1, ;) is the observable history of the process.

We shall find the law generating the unobservable component of the CRP at
the fixed initial value of the parameter a. We have

P{xy = zlag = a} = I/(()a) (x),
P{z; = z|ag = a, 2", u'} = I/t(a) (z]2zt=1 ut™h)
where
(a) _ po(,a)
Yy () Zm’eX Lo (7', a)

is the initial distribution. For the next distributions the appropriate formulae are
rather cumbersome but obvious (we leave writing them down to the reader). The
system of conditional distributions v(*) = (V(()a), l/§a), cee Véa), .. ) defines the evo-
lution of the observable component under the given initial value of the parameter.

The CRP possesses the regenerative property if

(g)

P{z; = zla; = a,2a" L u' " = 1 .

(zlzi L ul™h)  as.
for any (z,a) and all s < ¢ (= 1,2,...). The meaning of this property is the following:

the process z; is homogeneous under the invariable initial value of the parameter a.

Definition 1. A moment ¢ is called a regeneration moment if a; € A.

According to this definition all moments ¢ such that a; # 0 are not the regen-
eration ones. The initial moment ¢ = 0 is always assumed to be a regeneration

moment, i.e.

> pla) =1

a€cA
where p(a) = >y po(x,a). We need to know again the set of all deterministic
rules D = |J, D; where l = 0,1,2,... and Dy means the set of rules which consist of
choosing some concrete control u independent of the past history. We assume that
D,, C Dy, for [y < ly. This means that the rules of depth Iy depend essentially on
the nearest past history of depth [y from the set Dy,.

For a fixed ¢ we introduce the collection of rules d = (hy,...,h;) where h; €

Dyy;. Let X(t,d) denote the set of all strategies which use the rules hy,...,h, at
the moments ¢t + 1,...,t + L.
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Definition 2. We call d = (hq1,...,h,), hi € D; the regeneration rules if for every
t and evert strategy o € X(¢,d) the equality P{a;y; € A} =1 holds.

Definition 3. We call d, = (h1,...,hp(a)), hi € Diyy the a-regeneration rules for
the moment ¢ if

sup L(a,t) < L < o0,

a,t

and for every strategy o € 3(t, d,) the relationships

P{at_i_L(a,t) S A} = ].7
Plaiiran = alz', v '} > >0 as.

hold and the constant ¢ does not depend on neither ¢ nor a € A.

The introduced notions mean the following: at any moment the CRP can be
transformed to one of the possible states (i.e. the parameter takes a non-zero value)
with the help of the regeneration rules, the a-regeneration rules allow to take any
predetermined value for the parameter. However, in this case we have to use, gen-
erally speaking, the whole history of the control process.

The demand of existence of the regeneration rules and the a-regeneration rules
is an analog of either the ergodic property or connectedness property for Markov
chains. Using them we can hope to obtain useful asymptotic properties of the CRP,
for example, the strong law of large numbers.

We now formulate the main notion.

Definition 4. A partially observable process having the regenerativeness property
for which there are both the regeneration rules and the a-regeneration rules for all
t and a € A is called a controlled regenerative process.

We give some examples of such processes to clarify both their essense and their
applied meaning.

Example 1. (The connected partially observable controlled Markov chains) Let A
be the state set whose dynamics is specified by the transition probabilities p(ala’, u),
p = {p(a),a € A} being an initial distribution. The rewards z; are observed and
defined by the conditional distributions g(x|a). The process x; is governed by the
sequence of distributions u = (po, g1, - - .) where

po(z, a) = p(a)q(w|a),
pe(z, a) = plalai—1,u—1)q(z]a).

For the process x; the regenerative property is obvious. Each moment ¢
(=0,1,2,...) is a regeneration moment and this means that the parameter does
not ever take the value 0. Each control is a regeneration rule from Dy. It remains
to give the a-regeneration rules. Making use of the connectedness of the chain and
the past history (z!,u*~!) we can find a collection of controls u, . .. ;UL (q) for any ¢
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and a. Applying them from the moment £+ 1 on we transfer the chain to the state a
at the moment ¢ + L(a) with positive probability. This collection of controls serves
as the a-regeneration rule.

Example 2. (Queueing system) There is a set of devices A which are used in some
manufacturing. The devices used are of different types. The number of devices of
different types is supposed to be fixed. At every moment one of them is used in some
manner the total number of which is supposed to be finite. It produces an effect
(a reward) defined by the chosen manner and by the duration of trouble-free work
period of the device. At any moment the device can be replaced by a new one of
different efficiency. The choice of the new device is carried out from the given set A
in a random way independent of the past. The types of the devices are assumed to be
unknown. We put a; = a € A if at the moment ¢ the new device of a-type is chosen
and a; = 0 if the device remains the same. The admissible controls consist of using
the devices form the set of controls U. The control v* means the substitution of the
device. The efficiency of the a-type device is specified by the numbers = € (0,1). It
is represented by a sequence of mappings ft(a) : U — X. The distributions of the
process have the form

pi(x,ala’™t

11y = {pt(a|u), if v = t(f)s(ut), st = maxs<¢(s : as # 0),
0, otherwise.
Here
1, ifa=0, uy #u*,
pe(aluy) = 1
ma

It remains to make sure that this is a controlled regenerative process. The regen-

ifa+#0, u=u*.

erative property is obvious — all moments are the regeneration ones. Finally, the
control u* generates the a-regeneration rule for all ¢ and a.

6.5. Structure of e-optimal Strategies for Controlled
Regenerative Processes

Let R denote the set of controlled regenerative processes which differ only by an
initial distribution p given on the set of parameters A. The limiting average reward
per step W(o,p) serves as the objective function. The maximum reward on R is
defined as follows
W=W(R)= sup W(o,p).

oex,pe{p}
Definition 1. A strategy ¢ from the permissible set of strategies X is called a
uniform e-optimal strategy (with respect to R) if

W(G,p)>W —¢

for any initial distribution p.
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The question is whether uniform e-optimal strategies exist. In the case of a
positive answer we would like to know what is their structure. The purpose of this
section is to prove the following result.

Theorem 1. For any process from R and any € > 0 there exists a uniform
e-optimal strategy. It is stationary and consists of using the same rule with finite
depth from the set D.

The proof of this theorem is based on the next three lemmas which are of interest
in themselves.

Lemma 1. For any process from R and any e > 0 there exists a uniform e-optimal
admissible strategy.

Proof. By the definition of W there exist & and p such that W(&5,p) > W — e.
We put

t
Yt = 1 Z Ty -
n=1
Further arguments are divided into four groups.

A. By the definition of 6 and p there is a t. such that for all ¢ > ¢. we have?®

W —2e <Epp; = Zﬁ(a)Eagpt < maxE,p;.
a€cA
a€A
Then there exists a parameter @ € A and a subsequence 77 C {1,2,...} such
that Egpo > W —2¢, Vt € T7.
We consider the sequences of Markov moments with respect to the flow of
o-algebras F; generated by the past history i; = (zo, uo, ..., Ti—1, Ut—1,T¢).

Definition 2. A monotonically increasing sequence a.s. of Markov moments Z will
be called a supporting sequence if the following conditions hold:

(a) a monotonically increasing sequence a.s. of Markov moments Z, is associated
with each Markov moment 7 € Z, any moment 7/ € Z, is measurable with
respect to Fr;

(b) there exist sets B and H () # B C A, H € F) such that”

>W —5e, ifa€ B,
InEq(pr|Fr) = < W —5e, ifae A\B, (1)
>W =3¢, ifa=a

(c) InT <o0, IyT <ocforallT e, v €Z;; Pa{H} > 0.

2The symbols P, and E, mean that the initial distribution is concentrated at the point a.
b I denotes, as usual, the indicator of the set H.
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Let us show that a supporting sequence 7 exists.
For the function ~,(t, s) = E,(¢¢|Fs) with a fixed s, the Chebyshev inequality
implies
Pd{'y&(t,s) >W—3€}Zl— a{l ')/ats >1—W+35}
1-W+2 €
=v >0.
1-W+3 1-W+3¢

Since {w,v4(t,s) > W — 3¢} € Fs (Fs is a finite collection) there exists a
subsequence To C T7 such that

>1-

Pi{H:} <V (2)

where Hs = {w,va(t,s) > W — 3e,t € Tz} € Fs. Hence, for any s and all w € Hy
there is a set Bs(w) such that:

1. 0 # Bs(w) C A.
2. The set of values t € T for which the inequalities

o(t,s) > W — 5¢, o(t,s) <W —5e,  ~a(t,s) >W —3
aerglr(lmv( s) € aeff{%}fm” s) e, 7alt,s) €

are satisfied forms an infinite sequence.

It is clear that @ € Bs(w). The equality Hy = |Jz(Hs N {Bs(w) = B}) holds
where b runs over all subsets of A, [24| in number. Therefore, from (2) follows the
existence of a non-empty set B(C A) and a sequence S C {1,2,...} for which

b/
P:{Hs,Bs(w) =B} > b= W >0, se&s.
We also introduce the notation
H! ={H,, Bs(w) = B}, —hme

ses

A version of the Fatou lemma® and the probability estimate of Pz{H_} lead to
the estimation (the limit with respect to the subsequence S):

Py {H} = E; I Iy, > Tm P3{H(} > b> 0. (3)

We can now define the sequence Z of Markov moments. Let Z(w) be a sequence of
indices of sets H. (s € S) for which w € H.. Any term 7(w) of Z(w) considered as
a function of w is a Markov moment. These terms form 7.

°If f(xz) > 0 on [a,b] and

b
lim / fa(@)de < oo, lim fa(z) = f(z),

n—oo Ja

b b
lim / fn(x)dxz/ f(x)dx

then f(z) € Li[a,b] and
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If 1 €Z, w € H, then w, according to its definition, belongs to infinitely many
H! (s € S). Hence 7(w) < 0.

We choose an element 7 from Z. Let Z, be the sequence of all possible t € T5
such that v, (t,s) > W —>5¢, if a € B; v,(t,s) < W —5¢, ifa & B; va(t,s) > W —3e.

Each term 7 of this sequence is (as a function of w) a Markov moment measurable
with respect to Fr. If w € H and 7(w) = s € S then w € H., and 7/ < oo (this
is evident from the arguments which follow formula (2)). Hence 7 is a supporting
sequence.

B. We construct a stopping moment 6 by using the supporting sequence Z. Let us
define the sequences {7} and {7’} of Markov moments. We start with

7=min{r:7€Z}, 7 =min{r 7 €I,}

where 7, is the subsequence of F, -measurable Markov moments which correspond
to the element 7 € Z (according to the definition of the supporting sequence). We
define the other members of these sequences in a recurrent way for m = 2,3,...

. / /7 . / / /
Tm=min{r:7€Z,7>7, 1}, 7,=min{r 7€l 7 >71,}

We also put

P(m) = Prm> ]:(m) = fT,,’n-

By the construction of 7,,, these moments belong to the supporting sequence. Hence
I, < o0 and I7), < oo. The inequalities (1) hold for all 7/ € I, , m =2,3,...
if we put 7 = 7,,.

We say that an event G has occurred if (3) holds for 7,,,, 7/ € Z., ,m=1,...,L.
The following relations

HcG, [=12... (4)
and
IGZEa(QDT/ |~7:(l)) >W — be (5)
for all 7/ € Z,,, a € B will be useful to us.
We assume that the numbers k, r, s are integers and €; > 0:
L
£= Emz_:lwm)’ v=min{r:7 €L, , 7> s}

Cl:{Tké}v C2Z{£>W_4E}, G=C1NCy NGy
T={t>s,aP{Gn{v=t}} >P,{GNn{v=t},ac A\B}
C=Gn{veT}.
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We define the required stopping moment:
0 =vic +rlgc (6)

where the indicator I is F;)-measurable since the terms of the sequence Z,, are
such by definition. From this and (5) it follows that

0
Ea<zxt> > E(vpylc) = Ea(veulo|Fuy)

t=1

= Bu(ILEBa(po| Fiy) > (w — 56)Ba(vlc), acB. (7)

Taking into account the form of the set 7" we arrive at the estimates

E.,0 <r+ Ea('UIC); ac A (8)
Ef0<r+) tP{Gn{v=t}}<r+e ) tPa{GNn{v=1t}}
teT teT
=7r+ €1E(l(vfc), ac A\B (9)

C. We now turn to estimating the quantity Ez(vT.) from below. For this purpose,
we introduce a sequence of r.v.

5 = Ba(p(m)| Fam) = @mys 0 €A m=1,2,...

Let .7-}(,5}) be the o-algebra generated by {77§a), . ,nﬁﬁ)}. Then .7-}(,5}) C Fnt1 and

Ba(nS) 1 74:01) = Ba (Balotm) i) = 0| Fii )

=E, (Ea(sp(m)|fm)|f$ll) - Ea(@(m)|fr(r?zl) =0.

The last equality means that the sequence {nﬁ,?)} is a Martingale-difference with
respect to the flow of o-algebras .7-}(,? ). By one of the versions of the strong law of

d

large numbers with respect to the Martingale-difference® we conclude that

N—o0

N
lim N~! Z @ =0, as.
m=1

dLet &, be a sequence of r.v. such that

o0
nT?BE2 < co.

n=1
Then

Jim n!> (& - EGlFi1) =0, as.
i=1

where Fy = o (&1,...,&).
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Therefore, there exists a number N such that

minP,{(Qn}>1—¢ (10)

where Qg n e ‘N’l 22:1 cpg,(f)‘ < E}.
We estimate the following quantities:

= P, "= PG
¢’ = max {G}, g {G}

The first estimate follows from the inclusion G € Q\Q, and (10) at any e = &1 > 0

¢ < max P,(Q\Q,) <e;.

a€A\B

To obtain the estimate of the second quantity we note that by definition of the set
G we have Egz(¢(m)|Fim)) > W =3¢, m = 1,...,N. Hence Cy O Q3 N Gy, and
according to (4) and (10) we arrive at the following

q" > Pa{C1 Nz N Gn} > Pa{Cl U H} — €1
= P(I{H} — P(I{H\(Hﬂ Cl)} —€1.

From I;7, < oo it follows that the sequence of sets Cy = C;(7) possesses the
property lim, ., C1(r) N H = H. Therefore, there exists rg such that

Pa{H\(HNC\(r))} <&
for all 7 > rg. For such r with the help of (3) we find that
q" > b— 2.

The relation of the probabilities ¢’ and ¢” is specified by using the sets T and C
introduced. Indeed

" =) PAGn{v=1t}}+ > Pi{Gn{v=1t}}

teT tgT

<P{GN{veT}}+¢e Zarer%g P.{GNn{v=t}}
tgT
< Pi{G} +e1q".

From this, together with the estimates of ¢’ and ¢” obtained, the required inequality
follows

Eaz(vic) > sPa{C} > s(¢" —e1q") < s(b— 3e1). (11)
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D. We can now complete the proof of the lemma. We define a sequence (") of
Markov moments in a recurrent way

0 =0, 6 =0"Y 4y, +60, n=12....

Here v, is the length of the collection of a-regeneration rules for the moment 6(")
with v, < L. The members of the sequence {6, } constructed in accordance with
(6) are the stopping moments with respect to the part of the path from the moment
(=1 4 4, on.

We can now define the strategy o(¢) whose existence has been declared in the
lemma. At the moments 0~ +1,.... 01 4 v, its rules coincide with the a-
regeneration rules for the moments #("~1. At the next moments 6"~ + v, +

.,0™ they coincide with the initial rules of the strategy &, i.e.

(e) Tnti—1 | Tn4i—2) _ = Tnti—1 | Tp+i—2
'rn+z('|x U ) _J('|xm » Ur,, )
where 7, = 01 4+ u,, i = 1,...,0,. We estimate the reward ¢; under this

strategy provided the initial distribution p belongs to the class R. Let the measure
P be generated by the pair (0(5), p). The moments 7,, are the regeneration ones.
According to the definition of a controlled regenerative process we have

P{|Fn} =Psomi()}, Plaw) = alFpe-n} >q¢>0, as. (12)

where a(,,) = a,,. The stochastic situation on every interval (0= 4 v, +1,00]
has been studied in A and B above. The distribution a,) serves as the initial one.
We put

f(m)
Np = max{n : 9" < t}y, S, = Z Ty,
t=7n
We already know that quantities Es ,(Sy) and Es 4(,,) do not depend on n and
the estimates (7)—(9) hold for them. Then, from the inclusions {n > n} = {n >
n—1} € Fym-1 C Fr,, it follows that

n?

E<z:x>> (;5) Z(isn;n_> i (Swin=0

=1 n=1 =1
=Y > E(Suin=n,am =a)
n=1acA
— Z E;,o(S0)P{n > n;a@,) = a}
n=1acA

> (w—50)Es4(vlc) Y P{n > n;ag, = al.

a€EB n=1
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By analogy with the above we have

n+1 e’}
t>E<Z(vn+9n)> =LE(n+1)+ZE(9n;n2n+1)

n=1 n=1

=LEM+1)+ Y > Esa(0n)P{m >n— 1,00, =a}

n=1a€A
SLE(n+1)+ Y Esal0n)P{m >n—1,a4, = a}
a€B
SLE(m+1)+> > (r+Esq(vIo)P{n > n—1a4,) =a}
n=1a€B
+ > (r+eaBsa(vle) Y P{m >n—1,a4, € A\B}.
acA\B n=1

From the estimates obtained and the fact that a € B it follows that (for the sake
of simplicity, we denote m, = Es o(vIc))

. —1
(o3 < (L+ 1) S+ 1)
P (w—5e)ma >~ P{n > n,a € B}
Daes Ma doney Pl >n—1aw) = a}
(w—5€) Y pep 2onet Pl > n,a € B}
exma y o P{n: > n—1,a(, € A\B}
(w—5e)ma Y~y P{n > n,a¢,) = a}

= rgl) + 7"152) + 7"153).

We now find lim¢_, rgi) for i =1, 2, 3. According to (11) and (12) we have

(L+7)E(m +1) - 2(L+7)

(1) -
"t = w—52)s(b—3e1)qEm — (w —5e)s(b—3e1)q

(1)

. i
as s — oo. Therefore, one can choose s so that lim; o 7; @)

<e Forr,7,1=2,3
the correlations

1 _
lim rt(Q) =———  lim rt(3) < Cey,
t—o0 w — 55 t—o0

where a constant C' does not depend on &7 hold.
It follows that for any initial distribution p and any ¢ > 0 we have the required
inequality

W(o®,p)>w—-e.

This completes the proof. O
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Definition 3. A strategy o is called a periodic strategy with period 7 if all
control choice rules o4 (-|-) forming it satisfy the relations

(|2, u' ™) = oy (lrf g1, ui ) (13)
fort=kT"+s, k=0,1,2,..., s=1,...,T.

Lemma 2. For any controlled regenerative process from R there exists a periodic
uniform e-optimal strategy.

Proof. We consider the uniform e-optimal strategy ¢(¢) constructed by Lemma 1.
For any initial distribution p there exists a sequence 1(p) (r+(p) | 0 ) such that

t
Wi(0 @, p) =71 Bopo) pi = w — /2 = r4(p).

i=1
Consequently,

©) ) — ©) 4> mi (©)
Wt(a ap) ;p(a)Wt(J aa) = gggw(o aa)

> Wi(0'9,a(t)) > w—e/2 — r(a(t))

where a(t) = argmin, W;(c(®), a). This means that there exists a numerical sequence
7(t) not depending on p such that W; (c(®), p) > w—e/2—7r(t) and r(t) = r(a(t)) — 0
as t — oo for any p. Therefore, for any § > 0 there exists an integer N such that

W (o, p) >w— 0. (14)

We can now give the required strategy (7). Its first 7" rules coincide with the first
T’ rules of the strategy o(¥). The next L rules are the regeneration ones. Thereafter,
we have cyclic repetitions of these T = T’ + L rules as in the formula (13). It is
clear that ¢ = kT, k = 0,1,..., are the regeneration moments. Hence, by (14),
for sufficiently large 7" we have constructed the periodic uniformly e-optimal
strategy. |

Lemma 3. For any controlled regenerative process from R there exists a determin-
istic periodic uniform e-optimal strategy.

Proof. Tt is sufficient to verify that for any p there exists some deterministic e-
optimal strategy. In other words, for any p there exists a strategy o(P)(p) =
(h1,ha,...), hy € Dy, suchthat W(o(P), p) > w—e. If we prove this, then using argu-
ments from the proofs of Lemmas 1 and 2, we obtain the periodic uniform e-optimal
strategy where o(P)(p) is chosen as the primary strategy & which is deterministic
like o(P)(p).

So, let p be fixed. We prove the existence of the strategy ¢(”). By Lemma 2,
there exists a periodic uniform e-optimal strategy ¢(=7) representing the cyclic
repetition of the rules o1,...,04; L of them are the regenerations rules which will
be deterministic according to the definition, and inequality (14) holds. We replace,
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step by step, the randomized rules of the strategy o(&7) by the deterministic ones.
Let o1 be the randomized rule. We have

ST’ (0'(67T)7p) = TIwT’ (0'(67T)7p)

T/
=Y plzo=2)E ( > wilro = w,u0 = h) ST/(a(1),p)-
t=1

reX

Here o(1) = (hy, 09, ...) differs from the initial strategy ¢(=7) only by the first rule
h1 that is expressed as follows

T/
hi = argmin, ;s Z p(zo = x)E(Zxﬂxo =x,uy = h)
t=1

zeX
Suppose the strategy
U(l):(hl,...,hl,O'H_l,...), hiEDi,lgT/

has already been constructed. It differs from o(&T) by the first [ rules. For this
strategy we have

St (a(1),p) > Sr:(a'=T), p).

If the next rule 041 is the randomized one we shall replace it with the determin-
istic rule hyy1 € Dyy1 by using the following relations (where P;, E; mean P,
E;()),p respectively)

P

ST’(U(l)ap)
T
= > P@u GJ}E1<Z%| u'” GJ,uz+1—U>
jexttixul
T
= Z Pl{(xla - €J}El<zxt| ut) € jugr = b (J ))
jexttixul

=Sr(o(l+1),p)
where
o(l+1) = (h1,....hi,hi1, 0040, .),  hipr = {hig1(4),5 € X < U}
For j such that P;{(z!,u!~!) = j} > 0 we put

T
hiy1(j) = argmax, ey By <th|(xl, ul ™t = g = u)
t=1
but for the other j we define h;y1(j) in an arbitrary way. So, we obtain T' deter-
ministic rules. Because T', 2T, ... are the regeneration moments we can replace
the rules hyry1,..., Ay in a similar manner and the rewards on the intervals
[T + 1, (k + 1)T] don’t decrease. This completes the proof of the existence of the
required strategy (@ (p). O
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Now we can return to the main theorem declared at the beginning of this section.

Proof of Theorem 1. This is based on the existence of a periodic deterministic
uniform e-optimal strategy o which consists of repeating the collection of rules
hl,...,hT with h; € D; € Drp.

We put

It(k) = {l CUt—k = hcl(i) (xij—cl(,;y u::é:(ljl(i)_i_l)a l = Oa 17 L k}

for k < t—T, where C'(i) means the cyclic permutation of the index-set {1,..., T},
i.e.
. i—1, if1<i<T,
') =1i, CYi)=
T, ifi=1,

CFL) = CY(CF(i), k=1,2,....

These sets are defined on the paths of the random process (x4, ut). Therefore they
are random sets. They point out those rules from the collection hq, ..., h; which
could form the sequence of controls w;_,...,us_1,u; at the moments t — k, ...,
t —1,¢ under the given past history (xﬁ_ . ui:,lf) Obviously, for the strategy ¢ and
sufficiently large & the set I;(k) contains only one element, namely, the number of
the rule h; specified by the strategy o at the moment t. Making use of these sets we
want to define a single rule h with a larger depth, i.e. h € Dy. This can be done as fol-
lows: for ¢ > k+t we put i(f) = min{i : i € I;(k)}, the rule h;;) € Dy, is chosen as h.
Finally, we note that for all ¢t > k 4+ T and all pairs k; < ko the relation

0 # Li(ky) C Li(k2),  [e(k1)| < [Te(k2)|

are implemented. To form the strategy ¢(©) given in the theorem we take preliminar-
ily some sufficiently large integer k. The first k+ 7T — 1 rules of the desired strategy
are formed by cyclic repetition of the rules hq,...,h;. Then, beginning from the
moment ¢t = k + T on, we use the rule h = hi(t)- The required properties of the
strategy o(©) follow from the e-optimality of the initial strategy o. This completes
the proof of Theorem 1. O

6.6. Adaptive Strategies for Controlled Regenerative Processes

In this section we are concerned with optimal adaptive strategies for the class of
controlled regenerative processes satisfying the following conditions:

(i) A set X of observable components of states, a set U of controls and a collection
of regeneration rules of length L are assumed to be known;

(ii) For any stationary strategy o(h) generated by a rule h € D with finite depth
and for any initial value of the parameter a there exists

T
Wh,q = lim 71! Z | Dy o

T— 00
t=1

which depends on the distributions {y:} of the process;
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>E}=0

The next condition imposed on the class of CRP requires existence of the dis-
tribution 3 defined on a countable set D of all finite-depth rules. We suppose
that these rules are indexed in order of increasing memory depth. The distribution
8 = {pB(h),h € D} is non-degenerate, i.e. f(h) > 0 for all h, and its moments are

finite: Y07 n!B(h,) < 00, 1=1,2,...;
t
¢! Zml — Wh,a| > E) < 0.
i=1

(iv)
We discuss below the fulfilment of these conditions for concrete controlled regener-
ative processes, especially, for connected Markov chains.

Let K = K(X,U; L; 8) denote the class of controlled regenerative processes sat-
isfying the conditions mentioned above. As the aim of control we choose asymptotic
optimality in the strong sense, i.e.

(iii) For each stationary strategy o(h)

T
lim Py, 71! E Ty — Wh,a

for every a and € > 0.

> fj fj B(h)Pha (

heD n=1t=n

to find an optimal adaptive strategy oy which ensures the fulfilment of the
equality

T—o0

T
lim 7! E Ty = wWo, P,, —as.
t=1

where wy = wo(§, 00) = sup, We(o) for any process & € K.

We now focus attention on the construction of the adaptive strategy og. We put

70 =0, Tw=Tn1+L+n+6, n=12...

where 0, = [(1 —n 'Y _ @7 4r4-) ", and n='>"_ z, 4,4, means the
empirical reward on the interval [r,1 + L 4+ 1,7,—1 + L + n]. At the moments
Tnt+1 + 1,...,Th, + L the rules of the strategy oy are the regeneration rules, which

are supposed to be known. On the next time-interval of length n, we use the rule
h(") chosen from D according to the distribution 3 independent of the past history.
Finally, on the last time-interval of the random length 6,, we use the rule h(™ with-
out observing the course of the controlled process. This completes the description
of the strategy oy.

We would like to emphasize that while describing the class K(X, U; L; 3) we have
not used the following sets: the family of conditional distributions {u;} (including
the initial distribution of the parameter) and the a-regeneration rules.

The main result about efficiency of the strategy og for the processes from
K(X,U; L; B) is the following.
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Theorem 1. For any process from KK(X,U;L;3) the strategy oo leads to the
equality

T
oo i 145w -1

Proof. We choose some process £ € K and put

Tn—1+L+m
ealm)=m™ > w el =u(n), o = galn+0n)
t=Tp_1+L+1
for m, n=1,2,.... For a fixed € > 0 we introduce the sets

Ag) :{w:@%)zw—le}, [=1,2,

S =S 1WA S, = kz—lIA}(CI)mA}(f) Ay, T3= ;IAS)A,C.

Pt AN Aa®
The average reward up to the moment 7, can be estimated from below as follows
Tn n (2)
Zk—1 Pr Ay, DI
v, = — T > Va2 (W—2) m—————. 1
BT =2 Y™ ( eSS W

We put
QOp = Qr,,_1+L;, Wn = Wh(n) o> P{} = PUO{'}

and F,, _, 4+, denotes the o-algebra generated by the history of the process up to the
moment 7,1 + L. It is important that the moments 7,,_1 + L are the regeneration
ones. Hence

P{|Fr. 14} = Prov o, {}-
Let us estimate the sums 3;, i = 1, 2, 3. We have
1> A, v, =max{k: k <n, go,(:) > w— 5/2,90,22) > w — 2¢}.
We consider now the event
Ap ={vp, <n—Inn} C ﬂ {@,&1)—5/2}0/1,22).
n—Inn<k<n
Denoting Py {-} = P{:|F-,_, }, we have

P {{e) zw—e2uA?}<s 3 Pp{h™=ha,=a}
hiw, <w-—¢e/2

—|—Z Z P(k){h(") :h,anza}Ph,a{ U {¢r(m) <w—e/2}}
m=k

a€A hiw,>w—e/2

<P{lw, <w—¢/2} + Z Z B(h)Ph.o{or(m) < w —e/2}.

heD m=k
By Theorem 1 from the previous section, the first term on the right-hand side of
these relations is less than one. By condition (iv), the second term can be made
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however small by the appropriate choice of k. Hence P{A4,} < ¢"~™"" (¢ < 1) for
all n > ng, and by the Borel-Cantelli Lemma we see that for the set A = lim;_o A,

we have
P{A} = 0. (2)
From this it follows that

Y>A, <Q-w+27le) ™" oo P-as.

n—oo

We now turn to the sum X5. First, we estimate the probability of the event

B, = ALy { inf (M) <w-— 25}.

n<m<n+60,
We have
P{B,} =P{B,,w, <w —3¢/2} + P{B,,w, > w — 3¢/2}
< P{oW > w—e,w, <w—3¢/2}

P{ inf e wy, > w—3 2}
+ n<n}r§1n+9n¢n(m)<w g, wy > w— 3/

> Z [ Z P{h(”) =h,a, = a}Ph,a{nl zn:xi >w — 5}
i=1

a€A Lhwy o<w—3e/2

t
+ Z P{h(") =h,a, = a}Ph}a{t_1 Zml <w—eg,t> n}}

h:wp, o >w—2e/2 i=1

25/2,t2n}.

¢
> Z ﬁ(h)Ph,a{‘t_l Z Tj — Wh,a

heD =1

From condition (iv) it follows that > >, P{B,} < oo and, consequently, for
B = limy_,o, B,, we have

P{B} = 0.

Hence the sum s is bounded a.s. as n increases. The estimate for Y3 is obvious.
Indeed

n
<Y L+k+(A-w+e) M <n@+n)+nl-w+e) ™
k=1
Substituting the estimates obtained in (1), we obtain

o M3
v, > -2 1+ —+——
> (w 6)( +21+21>

C; n(L+n)+nl—-—w+e)™"
>(w—2€)|:1+2—1+ (1—’LU—|—€/2)_"

-1

>w— 3¢
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for all n > ng. Hence

P{ lim \I/n:w}zl. (3)

n— oo

Let us find the estimate of the average reward ¢; = ¢! 22:1 x;. To achieve this
we consider the set

O = {w  lim W, = w} N{Q\A} N {Q\B}.
According to (2)-(3) we have P{Q'} = 1. We introduce the following events
C) = {w:mu1 <t < T+ L+n}ng,
Cfft) ={w:m i+ Ltn<t<m}NnQNAY,
C8) ={w:m1+L+n<t<7,} N NAY.

On the set Cfllt) we estimate the average reward by making use of (3)

Tn—1

— v, >w-—al
Tno1+L+n

Yt >

=0

where lim,,_. oo an
On the set C,(ft) we have
0, <(1—-—w+e)™, wv,>n—Inn, n>ng.

Here the second inequality follows from the definition of A, A,, and CT(LQt) Thus, on

the set C’T(th) we obtain

Tn—1 —a®
n

> Vv, >
(ptiTn—l‘f'L‘f'n -

where lim,, s ag) =0.

By the inclusion Cflgt) C {w :infpcm<nto, Pn(m) > w — 2e} on the set C,(ft) we
have
t

Thn— Tn—1+ L —1
e > 1wn+<1—%>(t—m—L) >ooom

T )
i=Tp—1+L+1

V

v

n— n_1+L
= Ly, + <1—%> (w—2¢) >w— 2 —a?)
-
where a'¥) | 0 as n — oo. Thus, on the union of the sets Cht = Ulg:1 C’,(Ai)t ={w:
Tn—1 <t <7,} NQ we have
Y > w— 2 —an
where a,, | 0 as n — co. Now, from the obvious relationships

o0
Q= U {Tn-1 < tTn}, }H&ICM =0, Vn

n=0

the theorem follows. O
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The application sphere of the above theorem is rather wide and includes, in
particular, partially observable Markov chains and graphs, and queueing systems.
We consider in short their applications to connected chains and graphs, that is to
the results of Sec. 3.

It is obvious that conditions (i)—(iii) hold for IC(X,U; L; 3). However, it may
appear that condition (iv) is not, but it holds since we have the exponential estimate
of the probabilities P{| - | > £}, i.e. more precisely,

t
P{}tl Zmi — Wh.q
i=1

Hence the series in condition (iv) converges.

> s} <Be ', a, B, >0

Thus, Theorem 1 from Sec. 3 is valid but we make one supplement to it. Let a
class of all partially observable Markov chains (but not only the connected ones) be
considered. Again W (o, p) is the average reward and o € ¥ is the set of admissible
strategies (they depend on past controls and rewards). Then sup,cx W(o,p) =
W (p) that depends on the distribution of the states. Like the result on observable
chains stated in Sec. 3, Chap. 5 in the case of partially observable chains the strategy
oo leads to the inequality

T
lim 771 Z x¢ > inf sup W(o,p), a.s.
Tooo P oex
for every (not connected) chain. It cannot be improved.

It is easy to understand that Theorem 2 from Sec. 3 about controlling the class
of connected graphs with rewards follows immediately from the theorem proved
above. The achievement of the global maximum by the objective function W (o)
under the strategy (K is explained by the fact that the set of controls contains

the optimal rules for connected controlled graphs with rewards.
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CHAPTER 7

CONTROL OF MARKOV PROCESSES WITH DISCRETE TIME
AND SEMI-MARKOV PROCESSES

Controlled Markov processes are the main tool in modelling applied problems. In
this chapter we consider the methods of adaptive control for Markov processes with
continuous state space and discrete time and countable semi-Markov processes.
These are both interesting and often used in various applications. We study both
identification and serching strategies for these processes. Some strategies can be
used in applications without difficulty, while others have only a theoretical meaning.

7.1. Preliminary Results

The controlled objects studied in this chapter differ from those considered in
Chaps. 5 and 6 by their phase spaces. Earlier these spaces were finite but now
they are assumed to be continuous. We give below some definitions and results
concerned with Markov processes with discrete time and continuous state space.

Let (X, F) be a topological measurable space which is assumed to be separable
with metric* p. The symbol § denotes the Borel o-algebra, i.e. the least o-algebra
containing all open sets from X. The §-measurable functions are called the Borel
functions. We define a metric on the set of all compact subsets of the space X in
the following way

h(A, B) = max (‘max p(a, B), max p(A,b) )

where the sets A, B are non-empty and compact. This metric is called the Hausdorff
metric. Let C(X) be the Banach space of all bounded, continuous, real-valued
functions with the norm || f|| = sup, |f(z)| which gives the uniform convergence of
a sequence of functions in this space. Sometimes it is useful to consider the wider
Banach space B(X), namely, the space of bounded Borel functions with the norm
1]l = esssup | £(z).

Let Px = {pu} be the family of all probability measures which are given on
the Borelean o- algebra F of X. If in Px the convergence is understood as weak
convergence of measures, i.e. i, j 4 means

AfwM;;Afw

2A metric space X is called separable if it contains a countable dense subset. A metric p(z,y) is a
non-negative function such that: I. p(z,y) = 0 if and only if x = y; IL. p(z,y) = p(y,z), Vz, y € X;
I p(z,y) < pz,2) + p(2,y), Yo,y,2 € X.

203
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for any f € C(X), then Px becomes a topological space and the topology gener-
ated by this convergence is called the “weak topology”. This space inherits many
properties of the initial space X. Compactness and metrizability are the main of
them. This means that the space Px has at least one metric generating the weak

topology. We give two examples of such metrics. The first of them is the Dudley
metric
d(p,v) = sup

0= | f s [ frar

where FF = {f € C(X) : || f]| < 1,|f(x) = f(y)| < p(x,y)}. The second metrics is
the Lévy-Prohorov one

5(,v) = inf{e : ju(A) < v(AL) +2,0(A) < p(AL) + )

where A is any open set from X and A, = {z : p(z, A) < €} is the e-neighborhood
of A.

So, the space Px inherits the following properties of X: compactness, complete-
b

ness and being Borelean.
Let us introduce one more metric (and, in fact, one more topology) in Px as

| s@dn [ s

known as the metric (or distance) in variation. For any p, v we have d(u,v) <

follows

Vip,v)=  sup

FeB(X),lIfll<1

V(u,v). Convergence with respect to this metric in Py is stronger than weak con-
vergence. One concrete result about the convergence of probability measures will be
stated below in connection with limiting properties of Markov processes. We now
define that notion. Let (X, F) be a separable metric space with the Borel o-algebra
F and (2, A4, P) be some probability space. Let z;(w), t = 0,1,2... be a random
process given on ({2, A, P) that takes the values from X. This process can be defined
by a family of conditional distributions {u:, t = 0,1,2,...}, po() = P{zo € -},
per1(r) = P{ayyq € -|2'} where 2 = (zo,21,. .., 24).

Definition 1. A random process z;(w),w € , is called a Markov process with
discrete time if P{zy41 € -|z'} = P{xy41 € |ai}. If the function P{zy41 € -|a}
does not depend on t, i.e. P{xt11 € |ar} = P{x1 € ‘Jao} this is called a homoge-
Neous Process.

In other words, properties of a Markov process at the moment ¢ + 1 depend
solely on its previous value z; but not on its more remote past history.

We consider only homogeneous Markov processes and assume that the condi-
tional measure p(A|zx) def P{z, € A|lzg = z} is a probability measure in 4 € F
for all fixed x € X and a Borel function in z for all fixed A. In this case pu(-|-)

bA topological space is called borelian if it is homeomorphic to a Borel subset of a complete
separable metric space.
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is called a transition function. This function together with the initial distribution
o (+) defines the process x; completely. Indeed, if we define

) () f / WD Cyudylz), 1D () = ull)
X

then, for example,
Plos € Alao = a} = u®(Ala) = /X u(Aly)u(dyl).

Obviously, the unconditional distribution at the moment ¢ is defined as follows
Plave A} = [ (Al

Definition 2. A measure p is called invariant if u® = p for all t > 1, i.e. if we
take p as the initial distribution then the unconditional distributions of the process
x¢ coincide with g

n(A) = [ WOautdy. vAer.

An initial distribution pg and a transition function p allow constructing a prob-
ability measure P on the path space of the given Markov process. The appropriate
formulas have been given in Sec. 2, Chap. 1. Hence we may consider probabilities
of events depending on the paths of the process — for example, P{sup, |z:| > a}.

Any measure p can be decomposed into an absolutely continuous and a singular
component. These notions are defined as follows:

The absolute continuity of u with respect to some basic measure A (on the real
axis it is usually the Lebesgue measure) means that ;1(A) = 0 whenever A(A4) = 0.

The singularity of p with respect to A means that there exists a set M such that
w(M)=1and A(X\M) = 1.

Any measure p which is absolutely continuous with respect to A has a density
p(z), ie.

W) = [ parao), A€z
A
Any non-atomic measure p has a unique representation in the form
p(A) = a [ p)Nde) + (1= a)s(4), 0<a<1
A

where s(A) means the singular component of  with respect to . For the transition
functions this result means that

(Alg) = a/Ap(y, DAdy) + (1 — a)s(Alz), ¥Yze X, AeF

where A(+) is some probability measure.
If u(-|2) has density p(y, ) then the measure u(*)(-|z) has the density

ef _
PO (y,z) < / PV (g, w)p(u, x)du, pD(y,z) = ply, 2).
X
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We define a measurable function ¢(z) on X which will be interpreted as a reward
under the state x. The mathematical expectation Eq(x;) fX q(zx u(t (dz) can be
interpreted as the average reward at the moment t.

We shall try to find the limiting average reward (as t — o), whose existence
depends on ergodic properties of the process x;. We impose a number of sufficient
conditions on the process to guarantee the existence of the limiting average reward.
We state one such condition.

Assume that the absolutely continuous component of the transition function
has a density p(y,z) with respect to a probability measure A. We impose on this
density the following condition.

D*. There exists a set A € F and an integer [ > 1 such that

(1) A(A) > 0;
(2) p(l)(y,m) >c>0, VeeX, ye A

By a version of the ergodic theorem for the compact space X there exists a
unique invariant measure fio, such that

V(W ps) < 2(1 )11

under the condition D*. The assertion means, in particular, that for [ = 1 and any
AeF

1 (Alz) — poo(A)] < 2(1 — )"

For the average rewards on the paths of a Markov process under the condition
D* the limiting average reward exists and does not depend on the initial state. It
is equal to

W= Jim Ba(e) = [ ow)u(da).

If condition D* fails this limit may not exist. Instead, we can use the limit in the
Cesaro average sense which can depend on the initial state. In other words, for any
A € F we have

lim T 1Zu(t) (Alz) = poo(Alz), V.
T—00
t=1
In the case of a unique ergodic class the limiting measure 1o (-|2) does not depend
on .
It is useful to know whether the limit of the average rewards exists. To answer
this question we introduce the following principal condition.

Condition D. (Doeblin) There exists a probability measure A on Fx, an integer
[ > 1 and a number € > 0 such that

pD(Alz) <1—¢, ifMNA)<e
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Under this condition we can define the ergodic classes &, and the set of non-
essential states NV and show that such Markov processes decompose into these
ergodic classes &, and the set N. The ergodic class &, has the limiting distribution
[t that is understood as the limit of the Casaro averages in variation in presence of
the cyclic subclasses. Otherwise, it is interpreted similarly to the ergodic theorem
stated above.

Let the reward ¢(z) be a Borel function satisfying fSa |g(z)|pta (dz) < oo for all .
Then we have

Proposition. Strong law of large numbers: if condition D holds then for any initial
distribution there exists

T
Tlim T_lzq(xt) z/ lg(z)|pa(dz) < oo a.s.
t=1

o

at the initial condition xg € E,.

Now we define the notions used in the theory of controlled Markov processes.

Let (X, F) and (U,G) be separable metric spaces with Borel o-algebras. They
are called the state and control spaces respectively. Let some model {puo(-),
pia (|2t ut), t > 0} be defined on these spaces. We say that this model is Markov
if e (-2t ut) = p(-|ze, ur). The measure p(-|z,u) is called the controlled transi-
tion function. It is assumed to be homogeneous and borelean in (z,u). A Markov
model can be represented in the form

T = Oz, we, w),

and it is convenient to consider it as a solution of the difference equation with a
random disturbance

Tiy1 = F(xt; utagt(w))

where & (w), t > 0, are independent, identically distributed random variables. A
special case of great significance is the linear equation

l't+1 S Axt + But + gt

where A and B are linear operators (the first of them is given on the space X = R",
the second one is a mapping of U = R™ into R™). Chapter 10 will be completely
devoted to the objects of this type.

We assume the admissible controls to be taken from some given set U, C U
for each state x whenever a model path enters this state. In many cases U, = U,
Ve X.

As a set of admissible strategies 3 we take all unanticipated strategies under
which the rewards ¢(zf,u*~!) have finite mathematical expectations E, ,,q. Here
q(+) is a Borel function of appropriate arguments. Instead, we can consider the r.v.
¢; whose distribution is a Borel function depending on the history (zf,u’~1).
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Definition 3. A pair ¢ = [ug, p; 2] consisting of a Markov model (pg, 1) and a set
Y of admissible strategies is called a controlled Markov process.

Under a fixed strategy o € ¥ we have a random process in the usual sense whose
paths belong to (X x U)®.

In what follows we assume that the following condition holds:
D. There exist a probability measure A on Fx, an integer [ > 1 and a number € > 0
such that

pO(Alz,u) <1—e, if A(A) <e.

This condition allows considering ergodic classes of controlled Markov processes.
In connection with the optimization aims of control we use two objective func-
tions. The first of them is called the discounted reward and has the form

o0
Wa(o, o) =Y B "Bopen, 0< <1,

n=0
In Chap. 5 we have explained why in the adaptive statement of the optimal control
problem one should not consider searching of an extremum of this function as the
aim of control. For this reason we exclude this function from consideration. The
second objective function is the limiting average reward per step or average one-
step reward for short. It has the form

T
lim T_l ZEU,Hoqt~

T=o0 t=1

W(Ua /1’0)

In fact, we have used this aim in all optimization problems of adaptive control.
Now we briefly consider such problems within the framework of the classical control
theory always supposing the Markov model (po, i) to be known.

The search of an optimal strategy for a controlled Markov process with the
objective function W (o, po) is usually based on the dynamic programming method
which uses the Bellman “optimality principle”® leading to the Bellman optimality
equation. This equation serves as a sufficient condition for the optimal control to
exist and as a tool for computing the optimal control and the maximum of the
objective function.

In the optimization problem for the average one-step reward the Bellman equa-
tion has the form

W V) = sup {ate) + [ Vil | 1)

ucUy

Note the similarity of this equation to equation (1) in Sec. 2, Chap. 1 for finite
Markov chains. We now consider properties of its solution due to which it serves as
a tool for designing an optimal strategy.

°If 20(t) and u%(t) are the optimal path and optimal control respectively over the time-interval
[0, T] then they will be optimal over any subinterval [to,T], 0 < to < T
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Lemma 1. If there exists a constant W and a bounded Borel function V (x) satis-
fying the Bellman equation then sup,cy, W(o,x) < W for any V(z).

Proof. Let hy = {2, u*~1} be the history of the controlled process. For any strategy
o € ¥ we have

t
Ea{ S Vi) - EG(V(xl)|hl_1)]} —0. (2)
=1
The Bellman equation and Markov property of the process imply the following

Eo{V(x;)|hi— 1}—/V p(dylzi—1, wi—1)

= q(z1—1,u1-1) /V wldylzi—1,ui—1) — q(zi—1, w—1)
< W+ V(wi1) = (-1, wi-1). (3)

Using the relationship (3) and (2) we obtain

Ea@{ Zq(xl_l,ul_l) + Vi) — V(xo)} < tW. (4)
=1

This and the boundedness of V(x) imply the assertion of Lemma 1. O

Theorem 1. If the assumptions of Lemma 1 hold and
W+ V(z) =q(z,d(x /V p(dyl|x, d(x))

for some Borel function q(x) taking the values from U, then the simple strategy
oo = {d>®} is optimal and W (oo, x) = W.

Proof. The required assertion follows immediately from the fact that the inequali-
ties (3), (4) and W (c,x) < W turn, in fact, into equalities. O

Thus, if the Bellman equation has a solution then there exists an optimal simple
strategy, i.e. a stationary, deterministic, Markov strategy. We give some general
conditions for the existence of the solution of the Bellman equation and hence for
the existence of a simple optimal strategy.

Definition 4. We call a Markov model semi-continuous if:

(1) the sets U, are closed?;
(2) if x, — x and u,, € U,,,, then the sequence u,, has a limiting point belonging
to Usz;

dIn a compact space X they are compact.
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(3) the function g(z) = [y f(y)u(dy|z,u) is continuous if f is continuous and
bounded;
(4) the reward g(x,u) is a semi-continuous® function bounded from above.

Definition 5. We call a measure v on F such that 0 < v(X) < 1 a minorant of a
transition function pu(-/z,u) if

v(A) < p(Alz,y), YAeF, zeX, yeU,.
The main result is

Theorem 2. If the transition function of a semi-continuous Markov model has
a minorant then the corresponding Bellman equation has a solution (i.e. a simple
optimal strategy exists).

We note that if a function p has a minorant then the operator

Tf(x) = sup {q<x,u>+ / v<y>u(dy|x,u>}

ueUy
is a contracting operator on B(X). This implies the convergence in variation of the
transition probabilities of the process to the limiting distribution with exponential
rate for any stationary strategy.

It remains to clear up some details concerning the calculation procedure of the
optimal strategy. This is connected with the maximization of the right-hand side of
the Bellman equation: for every x we have to find a u(z) € U, at which that side is
maximum. If the Bellman equation has a unique solution then the unique solution
u(x) will be obtained. Otherwise, we deal with the multi-valued mapping

r — M, {x* €Uz :qz,u™) + /XU(ZJ)M(dM%U*)}

— min {q<x,u> + [ v(y)u(dmx,u)},

uelUy

assigning to each x the set M, C U.

It is rather difficult to use such mappings. One may consider whether it is
possible to select from M, a “convenient” function: either continuous or semi-
continuous or, at least, measurable.

It turns out that one may speak only about measurable functions (they are often
called “selectors”). Assertions about their existence are called “measurable choice
theorems”. Before proceed to considering them we introduce some definitions and
notation. We agree to denote:

(a) the set of real-valued, semi-continuous and bounded from above functions by

L(X);

¢A real-valued function f(z) is called upper semi-continuous if the sets {z : f(z) < ¢} are closed
for any c or if for any sequence x, — 2 we have lim,—oo f(2r) < f(x).

A function f(z) will be upper semi-continuous and bounded from above if there exists a sequence
fn € C(X) such that fn(z) | f(z).
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(b) the set of numerical functions f(z,u) which are the limits of non-increasing
sequences of bounded functions f,,(x, u), measurable in x and « and continuous
in u at any x by L(X x U);

(c) the set of non-empty compacts which belong to the space U by F(U).

Definition 6. A set-valued function g(x) (representing a mapping of X to F(U))
is called quasi-continuous if for every sequence x,, — x the sequence u,, € g(z,)
has a limiting point belonging to the set g(x).

Measurable Choice Theorems

Theorem A. Let X be a measurable space and U be a separable metric space (with
metric p). Then if the following conditions hold:

(1) to any x € X a non-empty compact set M, C U is assigned,
(2) at any u € U the function p(M,,u) is measurable in x, then the mapping
x — M, will admit of a measurable choice.

Theorem B. Let X and U be separable metric spaces and g(x) be a quasi-
continuous mapping from X to F(U). If f € L(U) then:

(1) the function q(z) = sup,e ) f(u) € L(X);
(2) the sets {u € g(x) : f(u) =g(x)}, x € X are non-empty;
(3) the mapping g(x) admits a measurable choice.

Theorem C. IfW € L(X x U) and the mapping ¢ : X — F(U) is measurable
then there exists a measurable mapping h : X — U such that
h(z) € p(z), Wiz, h(z)) = max W(zx,u).
u€p(w)

Theorem B is a corollary of Theorem A.

We note that these theorems assert only that “measurable choices” exist but
say nothing about how to find them. For this reason they are only used to prove
the existence of optimal control but not for practical computation.

7.2. Optimal Automaton Control for Markov Processes with A
Compact State Space and A Finite Control Set

We consider controlled Markov processes x; given on a compact space X with a
finite set of the controls U = {uq,...,ur}. The transition distributions pu(-|x,u)
of such processes are the collections consisting of k transition functions p;(-|x) =
p(-|lz,ug), j=1,...,k, which are F-measurable in z. At any moment the evolution
of the process x; is governed by one of these measures in accordance with the strat-
egy being applied. For the sake of simplicity we assume that the sets of admissible
controls are the same for all states x, i.e. U, = U. The deterministic control laws
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h(zx) are characterized by a measurable decomposition of the space X, i.e. there is
a collection [M] = {Mj, ..., My} of k disjoint measurable sets such that

and
h(z) =w;, YeeM;, i=1,... k.

Let two laws h and i’ defined by the measurable decompositions [M] and [M'],
respectively, be given. These laws coincide on the set M = J,(M; N M/) but not on
the set! N = X\M = J,(M; A M!). We introduce one more decomposition of the
space X into a family of subsets called elementary. Any measurable decomposition
will be approximated by these subsets. For this purpose, fixing some § > 0 we
decompose X into “small” measurable sets with diameters less or equal to §. We
denote by m(d) the number of such “small” sets. For example, in the case of the
real axis the required decomposition of the interval X = [a,b] consists of dividing
this interval into subintervals having the same length ¢ (the last interval can be, of
course, shorter). In n-dimensional Euclidean space the hypercubes with sides not
exceeding § can be taken as the elements of such a decomposition.

Making use of elementary decompositions we can approximate the laws of gen-
eral form h defined by an arbitrary measurable decomposition [M]. This can be done
in the following manner. Let the set M 1(6) be formed by all elements of the elemen-
tary decomposition [M?] which have a non-empty intersection with M;. From the
remaining elements of the decomposition [M°] we choose the elements having com-
mon points with Ms. They form the set Méé) and so on. This procedure is obvious
in the case of an interval X = [a,b] and other Euclidian spaces. If § is fixed the
approximation possibilities of the decomposition [M®] will be rather limited. For
this reason we take a sequence d;, [ = 1,2,..., such that ¢; | 0 and consider the
decompositions [M;] def [M?]. Then Mi(ék) — M; as k — oo for every i and the
appropriate sequence of the laws h;

hi(x) =u;, Vaxe Mfl

converges in the measure sense to the given law h.

For a given diameter § let the decomposition [A°] contain m = m(§) elements.
Then 2™ subsets of X can be formed from them. We denote the number of different
piecewise constant laws of the described kind by s = 3(d) (or (1) if 6 = d;).

We shall return to the controlled transition functions when the simple strategies
based on the law h are used. Two functions

p=ple,h(@),  w=plle, (@),

fHere the symbol A means the symmetrical difference of sets, i.e., A A B = (A\B) U (B\A).
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correspond to p(-|x,u). The first of them is based on the decomposition [M;] and
both coincide on the set Ml € X where Ml U, (M N M(él)) but they differ on
the set Nl =X \Ml. We estimate the distance in variation between these functions

/ F()u(dyl) — / £ ()l dylz)

/ F)(u(dyl) — m(dyla)

Var(u, ) (z) = = s

< sup
feFr

<.

For the distance between the iterations ;® and ul(t) the same inequality holds,
ie. Var(u(t),ul(t)) <.
If there exist 100, /11,00, then, of course,

Var(pioo, fi,00) < 77

Thus, if the sequence of the subdividing partitions admits an approximation of any
measurable decomposition and lim;_,, 7; = 0, then the functions ul(t) will converge
to 1,00 In variation
lim Var( ) (t)) = 0.
t,l—o0

Let us return to our subject. We wish to construct either an optimal or an e-optimal
strategy to maximize the limiting average reward W (c). In the classical version
when a given measurable decomposition and a controlled transition function are
specified we have to solve the Bellman equation. In the adaptive situation we should
use a different approach. The measurable decomposition associated with the optimal
law is unknown. Let us represent the optimal adaptive strategy in the form of an
automaton. One of the constructions discussed Chap. 2 will be used as a basis. For
the sake of simplicity we use automata of type D (Sec. 2, Chap. 2) with modifications
similar to that which have been made for Markov chains in Sec. 5, Chap. 5.

The input signal at the moment ¢ is a pair (x4, ;) where z; is the state of the
process and (; is the reward, which is supposed to be bounded and whose value,
without restricting generality, belongs to the interval [0, 1] for all « and u. If some
known function q(x¢, us—1) serves as the reward then it will be sufficient to know
only the current state at the input. The output signals are the controls u € U. They
are formed in the following way. The automaton denoted by MD,, ,, has s = (1)
branches each of which has n states. The number s is the number of piecewise
constant laws. These laws assign the law h; to the branch with the number j. In
each branch the nth state (deep) serves as the input state but the output state is
the first one (of unit depth). The change of states is realized in the same way as
for ordinary automata Dy, ,, from Chap. 2. The rewards coming into the automaton
are transformed into either “encouragement” or “punishment” and the empirical
rewards on a branch are given by

t
Ui t_l Z Cs-
s=1
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We define a sequence of independent r.v. p1, pa, ... such that

|1, with probability n;,
Pt = 0, with probability 1 — n;.

The value p; = 1 is interpreted as “encouragement”. In this case the automaton
passes from state 7 into state n. If p, = 0, which is interpreted as “punishment,”
the automaton will pass from state i (i # 1) into state i — 1, but if ¢ = 1 it will pass
into the other branches in cyclic or equiprobable manner. In the jth branch the
law h; is used. Therefore, in response to the input signal z; this branch produces
the answer u; = h;(x;) which will define the next value of the controlled Markov
process. This completes the description of the automaton MD,, ,, as the strategy
of control.

It remains to define the class of controlled Markov processes to be studied. The
symbol M, denotes a class of Markov processes with a compact state space X and
a finite set of controls U = {uy,...,u}. Every process is assumed to be ergodic and
have a simple optimal strategy. For all 2 and u the rewards (; € [0, 1]. A sufficient
condition for a Markov process to belong to this class is the existence of a density
of the transition function pu(-|z,u) such that p(y|z,u) > ¢ > 0. There are other
sufficient conditions for the process to belong to Mjy.

We state below the main result about the control of the processes from My
using the automata MD,, .

Theorem 1. The automata M, ), form an e-optimal family for the compact
subclass My. This means that for every € > 0 there exist natural numbers n.
and ly, such that for all n > ne,l > le the automata MD,,, satisfy the inequal-
ity W(MD,.1y,n) > sup, W(o) — ¢ for every process from the compact subclass
considered.

The proof of this theorem is similar to that of Theorem 1, Sec. 4, Chap. 5.
However, the role of the additional parameter d; which defines the size of the ele-
ments of the partition [M%] should be taken into consideration. The reader will not
meet difficulties here. When §; decreases as [ — oo the accuracy of approximating
the sets M; by the sets Mi‘S " increases. Hence, the appropriate maximum limiting
average reward Ws, approaches sup W (d). This can easily be proved.

The ergodicity of the process, the strong law of large numbers and the proper-
ties of the algorithm above show that e-optimality in the weak sense implies the
e-optimality in the strong sense:

T
lim 71 ZQ >supW(o) —¢e, as.
T—00 —1 o

By analogy with results on finite Markov chains, we now discuss attaining accurately
the maximum of the limiting average reward W (o) by automata with increasing
memory (Sec. 4, Chap. 2). The class of Markov processes under consideration is M,
and the aim is to maximize W (o). As the control algorithm we take the automaton
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with increasing memory MD,,. The control laws (or the branches of the automata)
change cyclically. On making the round of all branches the memory increases lin-
early together with [, i.e. finer partitions of the space X into subsets are used. The
joint growth of n and [ leads to increasing the number of branches and the memory
depth. This complicated construction ensures the required optimality with respect
to the whole class My, of ergodic Markov processes.

7.3. Searching Optimal Strategies for Ergodic Markov Processes
with Compact Spaces of States and Controls

We denote by M P the class of controlled Markov processes with compact state
space X and compact control space U (with metrics p and r respectively) which
satisfies the following conditions:

(i) The reward at the moment T is defined by a function g(x¢,u;—1) which is
continuous on U for any x € X and satisfies the Lipschitz condition

lq(x,u) — q(z',u)| < Lyp(x,2');

(ii) For the transition function u(:|z,u), the mapping u — (-2, u) is continuous
in variation and

Var(u(-|z, u), p(-lz",w)) < Lap(z, 2');
(iii) There exist positive numbers Lg < 0o, A € (0,1) and a probability distribution
vy on X such that
Var(l/(t)

z,00

for every simple strategy o, where I/g(fz, denotes the distribution of the process

at the moment ¢ for the initial state x and the strategy o.

Va) S L3)\ta

The constants Ly, Lo, L3, X are the same for all processes from the class M P
but MP(X,U; Ly, Lo, L3, \) is the detailed notation for this class.

We note that the finite sets of controls are, of course, compact.

The aim of control is optimality: for a given value € > 0 it is required to ensure
the fulfilment of the inequality

T

lim 7! Z q(ze,up—1) >supWio) —e, as.

e t=1 7
In the classical version of this problem, when the transition function of the process
from M P is known, this aim can be reached by using a simple strategy. Moreover,
it is enough to use a stationary strategy with Markov piecewise constant rules.
We prove this now by using the next three lemmas which follow from assumptions
(i)—(iii). The simple proofs of the first two lemmas are omitted.
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Lemma 1. There exists a bounded function g(z) (|g(z)] <c=2q(1 =), g0 =
maxg ,, ¢(x,u)) satisfying the Lipschitz condition with the constant L = L + cLo
such that

W+ (o) = max {atcw) + [ g(eIutazlon |

where W* = sup, W (o).
We put

() = aw) + [ g(@)utdele. .

Lemma 2. If
H(x,he(x)) > max H(z,u) —¢

for every x, then the stationary Markov strategy o. = {h2°} which consists of using
the law he has the following property

W(o.) > W* —e.

Let the sets My, ..., My with the maximum diameter § = &(3(L1 +cLs)) ! be a
decomposition of the compact space X. We introduce the collection H of functions
on X taking values from U and constant on every set M;, i = 1,..., k. We denote
the set of simple strategies which use the functions from H by Y.

Lemma 3. For any process from M P the inequality

sup W(o) > W"* —2¢/3

oEXH

holds.
Proof. According to conditions (i), (ii) and Lemma 1, there exists an optimal simple
strategy o( consisting of repetition of the law hy at which the equality
H(z,ho(x)) = max H(x,u)
u

takes place. Choose points z; € M; and define the law h(x) = ho(x;) provided = €
M;, j=1,2,...,k, ie. h(xz) € H. To prove the lemma we show that H(z, h(x)) >
max,, H(z,u) — /3 and the required assertion will follow from Lemma 2. It is
obvious (Lemma 1 and condition (ii)) that h(z) is a Lipschitz function with the
constant L = L1 + c¢Lo. Hence, |H(z,u) — H(z;,u)| <L for x € M;, u € U and

sup H(x,u) —sup H(z;,u)| < L.
From this it follows that
H(z,h(x)) = H(xj, ho(z;)) > H(z;, ho(z;)) — 0L = max H(x;,u) — 20L.

for x € M;. Therefore H(x, h(x)) > sup, H(z,u) — 2¢/3. O
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Our hope to restrict attention to piecewise constant laws in the case of adaptive
control problem from MP is based on these results. We now turn to the description
of the appropriate adaptive strategy. We introduce the following time intervals:
[t;, 7 — 1] is called an informational intervals and [r;,t;11 — 1] is called a work
interval. Concerning the sequence {t;, 7;} we assume that:

1. t1 =0t —m>7—1, 1=1,2,...;

Doy (T — )

2. lim = = 0;
n—00 Zi:l(ti+1 —Ti)
3. T —ty~n, v >1/2.

We have already used such partitions of the real axis and shall use them below.

The required strategy is formed by the piecewise constant laws h; € H on the
sets My,..., M and taking the values from U. It is convenient to represent such
laws as the vectors u = (uV), ..., u(®), where ul) = h(z) and = € M;.

Moreover, we choose a sequence of probability distributions s¢(-) on the Borel
o-algebra of the space U”, i.e. the set of values of the laws h;. They are supposed
to satisfy the condition inf; »¢(B) > 0 for every open set U*).

For the class M P we define the optimal adaptive strategy as follows:

a. On an information interval [t;,7; — 1] the law h; is defined by the distribution
»; independently of the past history;

b. On a work interval [r;,t;11 — 1] it is defined recurrently by using the results of
the previous controls. We denote this law by g;;

c. We assign the empirical rewards

tigt1—1
= 1
Si(g) = ———— i (e
1(g1) ti+1_7—i ; q(‘xtagz('xt 1)))
1 Ti+171
Silhii) = ———— S gl i)
Ti+1 — Lig1 Nyl

when the laws h;11 and g; have been used on the intervals [r;,t,11 — 1] and
[ti+1, Tiv1 — 1] respectively;
d. We put gy = A1 and

o hit1, if Si(hi+1) > S'l(gl) + 6/12,
Fit1 = Js otherwise.

(1)

This completes the description of the desired strategy o.. For a fixed initial state
it generates the distribution P on the path space (X x U)> of the process (¢, us).

Theorem 1. If the strategy o, € > 0, is used then

T
P{ lim 771 " g(ay, ur—1) > sup W(o) — 5} =1

for every process from M P and every initial state.
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Proof. For the simple strategy o = h®> we denote the limiting distribution (accord-
ing to condition (ii)) of the process from M P by vp(z). We put also

R(h)z/Xq(x,h(x)) dvy, ().

We have W* = sup,, R(h) (h belongs to the set of all measurable laws). This fact
follows from the definition of W*, Lemma 1 and the ergodicity of the process under

consideration. Lemma 3 and the equality W of supyeg R(h) = sup,ex, W(o)
imply
W >W* —2¢/3. (2)
Let d(h,h’) = max; r(uj,u}), where h = (u1,...,ux), b’ = (uy,...,uy), be a
metric on U¥. We show that the function R(h) is continuous in this metric on the
set H = U".

The function ¢(z,u) is uniformly continuous since it is continuous on the com-
pact set X x U by conditions (i) and (iii). Hence

sup|q(z, h(z)) — q(, W (@))] < @(d(h, 1))

where ¢ is some monotonic function and lims_,¢ ¢(s) = 0. We have

|R(h) — R(K)| < / lg(x, h(x)) — q(z, b (x))| dvp ()
‘/ 2 1 (@) dun () — / o, B () dvn ()
h')) + aVar(vp, vp).

It remains to verify that limy:_p, Var(vp, v ) = 0. To achieve this, we define a
family of linear operators Ty, h € H, given on the space of probability measures on
the Borel g-algebra Fx in X in the following way

Tu) = [ nCla, ho)lda)
Then for any measure p we have

Var (Thp, Thrp) = Msgfp /Xu(dx) [W(M |z, h(z)) — p(M|z, 1)

< sup sup|u(Mlz, h(z)) — p(Mlz, )|

MeFyx &

< Sl;p Var(u(-|x, h(l’)), M('xv hl))
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By condition (ii), the mapping (x,u) — pu(-|z,u) is continuous on the compact
space X x U. Hence

sup Varju(f, (), (1) ——+0. 3)
x —
For every n we have
Var(vp, vp) < Var(vp, T3 6x) + Var (17 0., T: 64 ) + Var (v, Ty 6) (4)

where §, stands for the probability measure concentrated at the point x, and
T}féw = y&ti, means the distribution of the process at the moment ¢. By induc-
tion from (3) it follows that limp/ Var(T}’Lléw,T,ff,&w) = 0 for a fixed n. Thus,
limp/ 5, Var(vp,vp) = 0. Therefore the function R(h) is continuous on H. We
define random variables &;, (; as

& = Si(hit1) — R(hit1), Gi=Si(g:) — R(g:), i=1,2,....
Then the rules from (1) take the form

. {hi-l,-h if R(hH_l) + fz > R(gz) + 6/12,
gi+1 = .
Gi, otherwise.

()

We are going to prove that lim; .. & = 0 and lim; .., (; = 0 a.s. For both
equalities the arguments are the same. Therefore, we prove only the first of them.
We put

Ti—1;
i 1 —
7D = 7 > la(we, i) = Egla, b (2041))] ’,
i i =,
] 1 Ti—1
7 = p— > Eg(as, hi(we1)) — R(hy)|,
3 K3 t=t;
A; >0, lim A; = 0.
11— 00

We have
P{l&io1] > 24} < P/ +487 > 20, <P > AL + P > A,
P{" > A} < ATE(GY)
We can verify, using condition (iii), that there exists a constant a depending only
on L3 and A such that
E('ygi))4 <(r—t)ta(r —t;)? = a(m —t;) 2

In view of the fact that 7, — ¢; ~ 7 (y > 1/2) we obtain ) =, P{’yfi) > A} < oo
provided the sequence {A;} tends to zero sufficiently slowly. By condition (iii),
lim; o0 ¥5” = 0. Hence 'yél) < A, for all sufficiently large i (this may require chang-
ing the sequence {A;}). This implies the convergence of the series Y .=, P{|¢;| >
2A;} and P{lim; .o, & = 0} = 1 according to the Borel-Cantelli Lemma. Similar
arguments can be used to prove P{lim; ,o ¢; =0} = 1.
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Using Lemma 4 (see below) we obtain
lim R(h;) > W* —3e/4. as.
This fact together with continuity of the function R and (2), (5) leads to the
following
lim Si(gi) = lim R(g;) > W* —3e/4. as.
Let w be an elementary event for which the last relationship holds. Then for all
i > t;(w) we have S;(g;) > W* — e. We introduce the index sets

UZ{iItiZti(w), TZ‘ST}, wZ{iZtiZTi(w), tiST}.

The arithmetic mean that we are interested in can be written in the form
t(w)
lqut,ut 1) 12(]%,“1& ) +T™ 12 —1(hi)
1€V
+7" 12 i+1—Ti)S gz)"‘T s (6)
icw
Let us estimate the terms on the right-hand side of this equality. The number of
members of the sum S* is not greater than ¢;(ry41 — () where i(T) = min{i :
tiv1 > T'}. From conditions 1-3 on the sequences {7;}, {t;} it follows that t;{; —
T = o(zjﬂ(tlﬂ — Tl)). Hence limy_.o, T71S* = 0. Since the sums S;, (h;) are
bounded and ), (7 — ;) = o(T') the second terms on the right-hand side of (6)
will tend to 0 as T — 00. This means that

lim T~ Z q(xy,up—1) = lim T~ Z 1+1—Tz)§¢(gi)

T—00 T— 00

= iEw
> (W*—¢) lim 77! tiv1 — 1) =W" —¢.
> (W =) Jin 77 3t )
This completes the proof. O

Now we consider a result (Lemma 4 below) from stochastic approximation the-
ory. Consider the following procedure for searching the supremum fq (fo = sup f(z))
of the real-valued function f(z) upper semi-continuous and bounded from below on
a metric space Z. Let n;, i = 1,2,..., be the realizations of random vectors with
distributions and z;, i = 1,2,... be points of Z to be specified later on. We assume
that the function f(z) is measured at the points 7;, z; with some errors &;, (;
respectively which are, in general, mutually dependent. We put

Xi(mi) = f(ni) + &, Yi(zi) = f(zi) + G, i=1,2,....
We can now define the sequence {z;, i =1,2,...}. Let z; = n; and
_mivrs i X (iva) > Yi(zi) + 6,
Zi4l = .
Zi otherwise

where 6 >0, i =1,2,....
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Lemma 4. Iflim; .. & =lim; .o (; =0 a.s. then

lim f(z;) > fo— 9, as.
11— 00

It is interesting to remark that even for 6 = 0 it may happen that the sequence
f(2;) does not converge to fo. We omit the proof of Lemma 4.

To improve the convergence rate when the strategy o. is used it is reasonable
“to control” the distributions p; in the course of control but we will not consider
the practical realization of this idea.

We consider a simplified procedure for practical applications of the strategy o..
Using the compactness of the space X this technique discretizes the set of the
controls used and can be described as follows. For a given small number A > 0
we construct the A-net uj,...,uy, in U. Thereafter we act in a way described
above, i.e. for a given partition [N°] of the space X we consider the set Hys o of all
piecewise constant functions. These functions take the values u; € {u1,..., Un}
from the set M;. Then, the set Hs . turns out to be finite, the distributions g
being discrete. It is clear that such an approach allows to simplify the practical
realization of the discussed strategy. However, to have the desired accuracy in the
relationship

T
lim T_lz(h >W* —¢(5,4)

T=o0 t=1

it is necessary that the partition [M?] be rather small but the number of elements
of the A-net be rather large.

7.4. Control of Finite Semi-Markov Processes

For the first time, we consider processes with continuous time. The time ¢ starts at
the moment ¢y = 0 and runs over the positive axis.

We deal with a Markov processes having finite state space X = {x1,...,z,,} and
control space U = {uq,...,ux}. These are called jump processes. They are defined
by (1) the matrices F(*) = (E(u) (t)), where Fi(“) is the distribution of the sojourn
time in the state z; after the control u was used, (2) the transition probability
matrices P = ||pl || where pY is the probability of the transition z; — x; under
the control u.

In the case of a Markov process, Fi(“) (t) = 1 —exp{—t/m;(u)}, Vj, where m;(u)
denotes the mathematical expectation of the sojourn time in the state x; provided
the control u was used.

For the semi-Markov processes, in contrast to the jump Markov processes, the
distributions of their sojourn time Fi(jn) (t) depend not only on the initial state x;
and the control u but on the next state z; appearing with the probability pj;. The

distributions Fi(ju) can be arbitrary but with finite mathematical expectations.
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The interest in semi-Markov processes was motivated by inadequacy of Markov
processes when describing problems of controlled queueing systems where the
distributions Fi(“) (t) were not exponential. This led to wide use of semi-Markov
processes in applications. Now their theory is well developed. In particular, it has
been discovered that the optimal strategy (to maximize the limiting average reward)
is simple. It can be calculated by using the reduction of the original problem to
linear programming. We now focus our attention on adaptive problems of optimal
control for semi-Markov processes. But first, we give a detailed description of such
a process.

Let x; and u; denote, respectively, the state and control of a controlled semi-
Markov process (CSMP for short) at the moment ¢. This process is supposed to be
continuous on the right and piecewise constant. Let 79 = 0, 7,, = sup{t > 7,1 :
o # x}, n = 1,2,..., be the sequence of the skips of the process z;. Then
xy =x(n), 7, <t < Tpe1, and ug = u(n), 7, <t < 7,41, are the state and control
on the interval [7,,, T41). The average sojourn time in the state z; of the process
under the control u is equal to

m m [e'e]
mg(u) = prjETZj = prj/o tFi(Jy)(dt).
j=1 j=1

It is finite according to the assumptions made.

The evolution of the CSMP is defined by the chosen strategy. Its laws are sup-

nfl7 nfl),

posed to be deterministic and depend on the past history h(u(n)|z™, U
n > 0. The stationary Markov laws have the form @ = (u(x1),...,u(x,)) and their
applications turn the CSMP into a usual homogeneous semi-Markov process with
a transition matrix P(®) = (p?j(x))

Definition 1. The pair (X,P®) is called the embedded Markov chain corre-

sponding to the simple strategy o = u>°.

The evolution of the semi-Markov process is readily illustrated by that of the
enclosed chain with random sojourn times in the states.

We define the rewards on the paths of the CSMP by the matrix of the one-step
rewards R = ({(x;,u;)), where ((z, u) are some r.v. such that |E{(x, u)| < co. These
rewards are random piecewise linear process described as follows. If the CSMP
enters the state x; when we choose the control u;, and the process has spent time
7 in this state, then the reward will be equal to {(x;,u;)T. Sometimes, it is useful
to operate with the numeral matrix R = (r;) which generates the rewards in the
same way as above.

Under the given initial distribution p and strategy o the limiting average reward
is defined as follows

T
W(o,p) = lim T~ / Ey (s, us) ds.
0

T—00
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We put

t
V;E(‘Lﬁ) =t! / C(xsvus) ds.
0
The aim of control consists of strong asymptotic optimality, i.e.

lim Vi(o,p) = W =supW(o,p), a.s. (1)
t—oo o,p
The adaptive formulation of this problem means that the matrices P(*) and the
distributions F(*) are unknown but belong to some given class.

The CSMP is ergodic if any two of its states comunicate with each other at any
simple strategy. It is connected if for any law @(x) the enclosed chain (X , P“(I)) is
connected. Any CSMP can be uniquely decomposed into the sum of its connected
components C1,...,C, and the set of non-essential states Cy. For the initial dis-
tribution p concentrated on C; we put W;(p) = sup, W (o, p). Then W;(p) = W;
and it does not depend on the choice of p. We say that the CSMP is equiprofitable
if Wi =-.. = Wyg. Then, for the supremum of the reward we write just W.

Theorem 1. If an optimal strategy ensuring the achievement of aim (1) with
respect to the class of CSMP exists then all chains from this class are equiprofitable.

The proof is obvious. The inverse assertion is more substantial.

Theorem 2. There exist optimal adaptive strategies with respect to the class of
equiprofitable CSMP with | X|=m, |U| = k.

Proof. We give one such strategy of the identification type, by evaluating the fol-
lowing quantities: the matrices P(*) and average times M;(u). To estimate pi; we
introduce the numbers N;j;(n), i.e. the number of transitions from z; to ; during n
transitions under the control u;. Let Ny (n) = Z;nzl Niji(n). The required estimates
have the following form

Niji(n) .
, if Ny(n) >0,
pi;j(n) =4 Nu(n) t(n)
0, otherwise.

For the average times we choose the estimates in the form of arithmetic means

. T(2(8), 2(5 4+ 1))05(s),j0n(s+1),5> if Na(n) >0,
:Uij(n) =

0, otherwise.

Consider the sequence of matrices P(n) = (péj(n)), i,5,=1,....m, 1 =1,... k,
and the collection M (n) = {ul(n)}. We use them to construct the “optimal” simple
strategy, always supposing the empirical data are correct. This is called a quasi-
optimal strategy. It uses either reduction of the original problem to linear program-
ming or a recurrent procedure. Without going into particulars about these methods
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we note that the required Markov law u* can be found by the following algorithm
that is convenient in description but cumbersome in practical application.

For any simple strategy defined by the law @ we can write down the explicit
representation of the limiting average reward

St Omy (@) (a)

2oty mi(u)mi (1)

where 7; (@) is an ergodic distribution for the CSMP, and rf(i) are the mathematical
expectation of the reward corresponding to the state x; and the ith component of
the law @. If we calculate W (u*°) for every law, the total number of which is equal
to k™, we find the optimal law @*.

We choose a numerical sequence ¢,, such that:

W(a®) =

en €(0,1), €,10, Zenzoo.
n=1

Let vy, = min; ; Ny (n).

First, we describe the adaptive strategy that we are interested in for the con-
nected CSMP. This strategy is formed by the randomized laws defined using the
stochastic matrices B = (bl(n)) where bl(n) = P{u; = wlz(n) = x;,2""},
7"~1 4""1} is the probability of selecting the control u; in the state z; at the
nth changing of this state. At the initial moment we take b! = 1/k for all 4,1. If
at the moment ¢ we have v,, 11 = v, then the probability bé will remain the same.
But if v, 41 > v, and xy = x; we put

l 1—ey, 41, ifu =u*(3),
biln+1) = 6””—“, if uy # u*(7),
k—1
where wu; stands for the ith component of the quasi-optimal law w«},. The other rows
of the matrix B remain the same.

We denote this strategy by Z and prove that it guarantees asymptotic optimality
with respect to the class of connected CSMP. We show that P{lim,,_,. N;;i(n) =
oo} =1 for all 4, j, I. Suppose the contrary holds. This means that beginning from
some ng, the probabilities bl(n) are fixed (being positive by construction). But from
the inequality bl(n) > 0 at n > ng it follows that N;j(n) — oo, i.e. the transitions
x; — x; (for each u) occur infinitely often. The above and the estimates of the
probabilities and average times imply the following

P{nllrréopéj(n) zpﬁj, T}er;oui(n) =mi(w), i,j=1,...,m, | = 1,...,k} =1.

It follows that beginning from some non-Markov moment finite a.s. the quasi-
optimal law u* is the optimal uepe. Hence W(Z) = W. According to the strong
law of large numbers the desired aim is attainable independently of the initial dis-
tribution. So, the assertion is proved for the connected CSMP. It remains to con-
sider an arbitrary equiprofitable process. If its initial state belongs to the connected
component the previous arguments remain in force.
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Let the initial state xg belong to the set of non-essential states Cy. Visiting,
maybe many times, the states Z1,...,Zy_1,Zy € Cp the process remains in Cy
during N time-intervals, and thereafter it enters some connected component C;
with probability one. It will never visit any of the states g, Z1,...,ZTy_1,Zy and,
hence, the quantity min;—¢ 1.~ Ny(n) will not increase. So, the recomputation
rule of the matrix B(n) described above stops to work, the choice probabilities of
the controls remain unchanged. Therefore the control aim is unattainable. For this
reason the choice rule of the recomputation moments of the probabilities bl (n) must
be modified in the case of equiprofitable CSMP of general form. There are different
methods to do this but we shall use the rule Z from Sec. 4, Chap. 5: either at every
moment, or for every s > 1 times with the probability p.

The positivity of the matrix B(n) guarantees that the process leaves the set
Cy for a finite time with probability one. The arguments used for the connected
CSMP demonstrate that in the connected component the maximum limiting aver-
age reward (which is the same for all components) will be achieved. O

As concerns the efficiency of the strategy Z with respect to the class of all CSMP,
not only of the equiprofitable ones, we state the final result: for any CSMP with
| X | =m, |U| = k the strategy Z guarantees the fulfilment of the inequality (here p
is the initial distribution)

T
lim Tfl/ (¢ dt > minmax W (o, p).
T—o0 0 p o
For a jump Markov process with finite sets X and U these results remain in force.
For the CSMP it is also of interest to consider the other aims of control such as
optimization with constraints and the minimax problem. The situations with either
unobserved states (of course, the changing moments of the states must be known) or
with observable “pseudostates” which are similar to the case of conditional Markov
chains are likely to be important. But here we will not consider these problems.

7.5. Control of Countably Valued Semi-Markov Processes

Until now, we studied controlled random processes with either a finite state space
or a continuous one. Here we consider the countably valued processes.

Let X = {z1,z2,...} be the state space. For the sake of convenience we identify
the state x; with the index 7, ¢ = 1,2,.... The set U is a measurable topological
space of controls with a Borel o-algebra of measurable sets, the set of admissible
controls being a compact set U (i) for every 7. Any state i is supposed to be observed
and, in addition, there are some “additional” observations belonging to a topological
measurable space Z (with a Borel o-algebra Fy).

A semi-Markov model is defined by a transition function given on the space
X xZ

w(Mli,u) =P{a(t+7)=4,7 € Blz(t) =t,u(t) =u}, 7>0
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where M = {j} x B, B € Fz, u € U(i), which means the conditional probability
to enter the state j from i at the random time 7 under the control u. This function
is assumed to be independent of ¢ and measurable in u. We define the “sojourn
function” 7(i,u, 2z, j) giving the time that the process x(t) will be in the state ¢ before
it enters the state j under the control v and the value of additional information z
used. In problems of queueing theory the latter means either the waiting time or the
service time or their sum. The function 7(i,u, 2z, j) is supposed to be measurable
with respect to (u,z). Often it is convenient to assume that 7(-) = z. Finally, a
function ¢(i,u, z, 7) serves as the reward per unit time which is also assumed to be
measurable with respect to (u, z).

In what follows we deal with a class of the processes described which differ
by the values of some parameter 6. Let us assume that all permissible values of
this parameter form a measurable topological space © with a Borel o-algebra. To
distinguish the considered models we supply all functions specifying the model
with the index 6, i.e. instead of u(-), 7(-), q(-) we write pg(:), 70(-), go(+). This
dependence on 6 is assumed to be measurable. Assuming the following quantities
are well defined, we put

wiivn) = S [ aoliuz0)Patsideliul,
jex /X

wliva) = 3 [ raliu.z, )Pl deliul.
X

JEX

We denote the set of all strategies, including the randomized ones, by ¥ = {c}.
Let X, be the subset consisting of the simple strategies. It is generated by the laws
h: X — U with h(i) € U(i). Let H = {h} be the set of such laws. Under the stated
assumptions this set is compact. Every simple strategy from X, can be written in
the form o = h*°.

For fixed o, 6, ¢ (an initial state) there exists a probability measure Qiaﬂ(-) =
Qo,0(-|zo = 1) on the path space (X x U x Z)*°. Let E, ¢(¢|zo = i) denote the con-
ditional mathematical expectation under this measure. We introduce the objective
function

T .
W(O' i 9) — lim Zt:l EU;G(qG(xtautaztvxt+T|x0 = Z)

T—00 Z,trzl EU,O(TG (fEt, Uty 2t xt+7—|$0 — Z)

for all (0,7) € © x X provided this expression is well defined. We assume that the
initial observation zg is fixed. In particular, if 79 (4, u, z,j) = 2z we have the limiting
average reward in the usual form.

Definition 1. A strategy ¢V is called -optimal in the weak sense if W (a°,4,0) =
Sup,cs;, W(o,1,0). The strategy is called optimal if it is f-optimal for all § € ©.
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Our aim is to construct an optimal adaptive strategy for a class of CSMP. To
define this class we introduce some notation. Let pg(jli,u) = Pg(j, Z|i,u) be the
marginal distribution on the set X. Then the pair (X, py) is a controlled Markov
chain with the state space X. For a fixed h € H we define the matrix P, y with
the elements pp g(j|i, h(i)) = pne(j,7) and obtain a usual Markov chain referred
to as the enclosed chain. We define the conditional mathematical expectation of a
real-valued function v given on X by the formula

Enov(i) = > 0(j)pnoli,j),

JjeEX

provided the series on the right-hand side of the equality converges.
Next, we state the assumptions concerning the class of the CSMP under con-
sideration. They consist of three groups.

I. Conditions C.

C; the functions gg(i,u), 79(i,u), pe(j|i, u) are continuous with respect to (0, )
on O x U(i) for every i, j;

C, there exists a constant n > 0 such that (i, u) > n for all (6,1, u).

For a fixed set I C X we put pr,o = (Pr,0(i,4)) = (pr,o(i, 5)(1—=J1(j))), where J;
stands for the indicator of the set /. This matrix is obtained from py, 9 by replacing
all rows corresponding to the indices j € I with zeros. The following conditions
L(v) refer to some positive-valued functions v(, h, 7).

II. Conditions L(v). There exists a finite non-empty set I C H and a function
yo(7) > 0 on the set © x X such that

Li(v) v(0,h,i) + 1+ preye(i) < yeli), VO,h,i
(v) limy .o PZ,eyo(i) =0, V0,h,i
(v) the numerical sequence pp, gyp(i) depends continuously (in the obvious
topology) on the law h.

Lz V)
L3 V)
ITI. Conditions R. For all € © and h € H the enclosed chain (X, p ¢) is ergodic

(it contains only the communicating states).
Here is one more version of the conditions L(v).

II*. Conditions L(v).
L1 (v) and Ly (v) are the same as Ly (v), Lo (v) but I C X;
f;;;(v) the function yy(7) is continuous with respect to 6 for all 4;
La(v) the function pj, gye(i) depends continuously on (h,6), h € H.

In the last group of conditions the function y is the same as in L(v). The enclosed
chain (X, py,¢) is supposed to be either ergodic and positive recurrent® or the set I
contains a single element.

21t means that the average returning time is finite for every state.
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Let IC be a class of controlled semi-Markov processes with countable state space
X, topological measurable space of controls U and space of additional observa-
tions Z. In this situation, the conditions C, L, L(|q| 4+ 7), R hold. The set U (i) of
admissible controls is assumed to be compact for all states ¢. It remains to define
a strategy. For the controlled semi-Markov processes with parameter 6 this is the
identificational strategy based on the knowledge of the optimal law hy = h(-|0).

Instead of the true parameter 6 entering into this law we use an estimate
0, = 0(i0, 20, U0 =y« - -3 5t—1, Zt—1, Ut—1; it, 2t). The value h(it,ét) € U,, serves as the
control at the moment ¢. For calculating hy there is a special procedure described
below. The sequence of such laws hy = h(-|d;) forms the desired strategy. As con-
cerns ét we suppose that

)HEOPQZ;,e“ét —fl>e)=0, Ye>0, €0,

i.e. these estimates are assumed to be weakly consistent with respect to the measure
foﬂ defined on the path space of the process. We denote this strategy by o,.. The
calculation procedure of hy will be specified latter on. It is obvious that it has the
features of an identificational strategy.

We now give a short survey (without proof) of the main results on optimal
control of controlled semi-Markov processes under consideration. The Bellman
Equation

vg(i) = Iélgig){qg(i,u) — goTo(i,u) + Z ve(j)pg(j|i,u)}, Ve, i
jEX

where the functions gp, vg(i) are unknown, is the basis of these results. If there
exists a solution (g,v) of this equation, then the law h maximizing the function
on the right-hand side of the Bellman Equation will be called a mazximizor of the
optimality equation. We introduce the following notation

an0(i) = qo(i, h(@)), The(i) = 7o(i, h(i)).

Let I = (mn,0(i)) denote the unique stationary distribution of the enclosed
Markov chain which corresponds to the transition matrix Py, 9. Moreover, let 11, ¢
denote the mathematical expectation of the random sequence ¢ = (i) with respect
to this distribution. It remains to introduce the function

IT6an06
h7 Q) = —|/~—
g(h.6) [Tn67ne0

which will be rather important later on.
Lemma 1. If the conditions C, L(|q| + 7) and R hold, then:
(1)
sup g(h, 6) < 0~ maxyy(h),
W(h,1,0) = g(h,0), Yh,0,i;
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there exists a solution (g,v) of the Bellman equation such that
(2) th lution (g,v) of the Bell ) h th
g0 =maxg(h,0), |v(i)| < a(O)ye(d), V0.5

(3) the function g(h,0) is continuous with respect to h and 0 provided the function
Yo (i) is continuous with respect to 6 and the function pp eye(i) with respect to
h and 6;

(4) if we can choose the set I in the condition L(|q| 4+ 7) to consist of one-element
then the function gg has the same form as in (2) and

o0

v =sup Y Ph o(ano — 9oTh0),

n=0

moreover, the pair (g,v) satisfies the Bellman equation with
lve(i)| < (14 |gal)ye(i), V0,4

Under the above conditions the quantity gy = maxy, g(h, 0) is defined in a unique
way but vy may not. So, we suppose that vy satisfies the inequality from (2) but if
the set I = {i,} is one-element then this function will have the form in (4).

We define the following function

®o(i,u) = go(i,u) — goto(iw) + Y va(j)pe(ili,u) — ve(i)
jeX
whose role is shown by the lemma below.

Lemma 2. If the conditions C, L(|q| + 7) and R hold then:

(1) g(h,0) = gg if and only if Pg(i,h) = 0 with the chain (X,p) positive recurrent
for all h and 0,
(2) for o € X the inequality

T
lim 771 " Eqo(®o(xe, ur)|zo = 7) > —¢

T—00 t=1

with € > 0 implies the inequality W(o,1,0) > go — €/n;
(3) W(o,4,0) < gs.

If for the strategy o the inequality in (2) holds with € = 0 then this strategy is
0-optimal.

We can now explain the definition of the strategy o.: the laws forming it are
the solutions of the equation ®y(i,u) = 0.

We now turn to the problem of adaptive control of semi-Markov processes from
the class KC above.

Theorem 1. The strategy o is optimal with respect to the class IC.
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First, we find specific sufficient conditions for the introduced identificational
strategy to be optimal, and establish these conditions for the class K and the
strategy or. We need the next four lemmas.

Lemma 3. Let the conditions C, L(|q| + 7) and R hold and the laws hg = h(-|0)
be such that ®g(i,h(i,0)) = 0 for all i, 0. If, in addition, the following conditions
hold:

(a) the function h(-,0) is measurable with respect to 0;
(B) the function ®g,(i,h(i,0)) is continuous at any point Oy for all i;

(7)

T
Jim, T 77 S g o 0 ol = 7} = 0
t=
for all i and 6,
(0) the estimates 0, converge to the true value 6 in the distribution sense Q

a(0),6
for all i, 6y, then the strategy o, will be optimal, i.e. W (oy,1,60) = ga,, V1, 6.

Proof. By assertion (2) of Lemma 1, there exists a law hg such that ®g(i, hg(i)) = 0.
Condition (a) implies the measurability of the laws hg(-|f;) which belong
to the strategy ox. Next, from the conditions (8), (y) it follows that
limy—.c0 o, (7, hg, (7)) = Po, (J, ho, (7)) = 0 in the measure er(@),eo' Hence

lim @g, (21, by, (24)) (2, <) = 0
t—oo

in probability.
It is easy to verify that the quantity ®g,(z¢,hy, (2t))J1z,<py is bounded for
t > 0. Thus

Jim Eo, 0, { @0y (21, )| Sz, <o = i} = 0.

This means that for every € > 0 there exist an integer [. such that for [ > I,

T
lim 7! Z‘EU,C,QD{(I)eO(xt,utﬂmo = z}‘

T—00
t=1

T
< Tm T " Eop 0, { [P0, (20, ) | g, <pf]xo = i}

T— 00
t=1

T
+ T@o T " Bow 00 (Y00 (1) Jja, 5|0 = i} <e.
t=1

Since ¢ is arbitrary, the required optimality of the strategy e follows from Lemma 2

(ii. (2), (3))- =

We now verify that the conditions imposed on the strategy o, and class IC imply
the fulfilment of the conditions of Lemma 3. Here we need some topological notions
about set-valued mappings.
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Let V and W be topological spaces and T'" be a function given on V', whose
values are non-empty subsets of W, ie. I': V — 2V,

Definition 2. We say that a set-valued function I' is upper semi-continuous
(S-USC for short) if for any open set G C W the set {v: I'(v) C G} is open in V.

A necessary and sufficient condition for a set-valued function to be upper semi-
continuous at a point vy € V is the following: for any open set G C W such that
I'(vp) C G there exists an open set U C V containing vy such that I'(v) C G for
all v € U. We remind (see Sec. 1) that the numerical function f : V' — R! is upper
semi-continuous (USC for short) if the set {v € V' : f(v) < a} is open for all a € R1.

Let T be an S-USC mapping at vg € V and v : V — W be a mapping such
that v(v) € T'(v). If the set I'(vy) is one-element then ~ will be continuous at the
point vg.

Lemma 4. Let T' be a S-USC mapping of a topological space V into the set of
non-empty subsets of a topological space W and let real-valued functions f on W
and v on V- x W be continuous. Then:

(1) the mapping v — sup{f(w) | w € T'(v)} is USC;

(2) the mapping v — f(T(v)) = {f(w) | w € T(v)} is S-USC,
Under the additional condition that W is compact, we have

(3) the mapping v — max{u(v,w) | w € W} is continuous;

(4) the mapping v — T'. = {w € W | u(v,w) > maxy ew u(v,w’) — e} is S-USC,
compact and non-empty for all € > 0.

The proof is rather simple. We illustrate this by proving the second claim. We
choose vy € V and an open G' C R! such that f(I'(v)) C G. It is clear that f~1(G)
is open and I'(v) C f~1(G). Hence, there exists an open U C V (v € U) such that
['(v) C f~YQ) for all v € U. Therefore f(I'(v)) C G. These arguments remain in
force for all vy € V.

In accordance with the program of proof of Theorem 1 we deduce the conditions
of Lemma 3 from Theorem 1.

Lemma 5. Let besides the conditions C and L(|q| + 1) at least one of the following
conditions hold:

(1) the chain (X, pn,g) is wrreducible and positive recurrent for all h and 0,

(2) the set I = {i.} contains a single element.
Then

() there exists a law hg such that ®g(i, hg(i)) = 0 for all @ and ¢ and the function
hg is measurable with respect to 0,

(B) the function Py, (i, he(i)) is continuous at any point 0y for any law hy such that
Dy (i, ho(7) = 0.

Proof. We establish both assertions by using a real-valued continuous function
U (h,0) possessing the following property: its maximizor hy satisfies the equation
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Dy(i, hg(i)) = 0. Assertion («) follows immediately from Theorem C on a measur-
able choice (Sec. 3). Indeed, the function ¥ is continuous and the set of its values is
compact. We define the required function ¥ as follows: ¥(h, ) = g(h,d). By (3) of
Lemma 1 and (1) of Lemma 2 this function possesses all the necessary properties.

To prove assertion (8) we introduce the set I(0) = {h € H : ¥(h,0) =
maxy,, U(h',0)} and choose an element h belonging to it. By (3) of Lemma 4 the
set-valued mapping 6 — I(6) is upper semi-continuous. This together with (3) of
Lemma 4 and the continuity of ®4(i,u) with respect to u imply that the mapping

0 — G(6) = { P, (i, h(i))[h € 1(6)}

is SUC and @y, (i, (7)) € G(A). From the remark before Lemma 4 assertion (f3)
follows. It remains to define the function ¥. We do this in the following manner:
U (h,0) = ®y(i, h). This function possesses all the necessary properties. O

We consider now condition () of Lemma 3 which can be interpreted as a restric-
tion imposed on the limiting average reward generated by the function yg()Jj;, >
We suppose that this function satisfies the condition L(y) with yy (i) instead of
v(h,0,1). Let Zy(i) denote the appropriate bounded function.

Lemma 6. Let conditions C, L(y) and R take place. Then for all 6

T
lim Iim 7! ZEa,a{ya(xt)J[mtlexO =i} =0

l—o0 T—o0
t=1

uniformly with respect to i and o € X.

Proof. We divide the proof into two stages. First, making use of condition L1 (y),
we remark that it is possible to choose a bounded function Z so that the following
inequality

71(1) + 1+ proZo(i) < Zg(i)

holds for 7(i) = yg(i)J};>). Hence conditions L(¥, + e), where e = (1,...,1), and
(3) of Lemma 2 imply that

0 <supsup lim 7~ 1ZEgg{m x¢)|wo = z} < sup I, o7, VI,6.
i oexn T/ —

Next, denoting g;(h, 8) = II; ¢7; we can show that lim; o sup,c gy gi(h,0) =0
for all 6. Indeed, from the continuity of g(h, @) with respect to h for all 8 follows the
continuity of g;(h, ) with respect to h for all [ and 6. In view of Lemma 1, (3) with
n =1 we have

I, o7 < 11 < Zy(h Vi
hoT1 < h,aya_lgleagl( o(h) < o0,
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and by the monotone convergence theorem we obtain

hm gi(h, ) Z Th,0(J hm 71(4) = 0.
jeX

Since the space H is compact, by the Dini Theorem we have

hm sup g;(h,0) = sup hm gi(h,0) =0,

l—oo heH c€H l—oo
which leads to the required assertion. Thus, under our assumptions about the class
K and strategy oy all conditions of Lemma 3 hold. This completes the proof of the
lemma. O

We remark that condition R implies the validity of at least one of the assump-
tions of Lemma 5.

Theorem 1 is proved.

The result stated ensures optimality in the weak sense only. But if the estimates
6, are strongly consistent then the strategy o, will be optimal in the strong sense.
The objective function has the following form

T
V(O’ 9) — lim Etzl Q0($t7ut72’t+r,ﬂ?t+7)

T—00 Et:l To (‘xh Uty Zt415 xt-‘rT)

and means the empirical average reward (per unit time) for the controlled Markov
process with parameter 6 under the strategy o.

It is worth to discuss here the design methods of good estimates of unknown
parameters of the CSMP. In absence of a general approach we consider a special
situation from queueing theory. More precisely, the queueing system of the M/G/1
type is considered. This means that we deal with a single server and a Poisson input
stream with the parameter \, the service time has the distribution P of a general
form and the service discipline used is “first in—first out”. The controllability of
such a system means that both the parameter A and the distribution P depend on
a control u, i.e. A = A(u), P(-|u) = P{-|u}. The controls are set at the beginning of
the next service interval by using the current information about the queue length,
the waiting and service times.

The set X = {0,1,2,...} is the state space, the sets of controls U and addi-
tional information Z = R4 x Ry (where Ry = [0, 00]) remain the same. So does
the parameter space ©® whose elements serve as the indices of the mathematical
model: Ag(u) and Py(-|u). The transition probabilities have the following form (for
j>i—1>0)

th A joitl
Qo (7. 0,12 0.12]1.) = | 6““‘”%

and are equal to 0 if j < ¢ —1 > 0 (for all 0), 4, j, u € U(i), t1, t2 € Ry. This
expression signifies the probability of the following event: the arrival of new calls

Py(ds|u)
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during servicing the previous one and that the service time is no more than ¢;. If
1 = 0 (system is empty, i.e. while waiting for the first customer) we put

max(tq,t2)
Q0 (Jv [07 tl]a [Oa t2]|0’ u) = / )\9 (u)e)\e(U)sQe (Jv [07 ty — S]a R+|1a u) ds.
0

Clearly, both the function Ag(u) and the distribution py(-|u) have to depend on
the pair (6,u) in a measurable way. As usual, the reward function gg(7,u,z,j)
is assumed to be measurable for any 6. Hence, there exists g¢g(i,u) =
Zj fooo Qo(j,dz|i,u)qe(i, u, 2z, j). Let 19(i,u, (t1,t2),7) = t1 and T be service times
of a customer. Then

o o ma@u) + A () i=0,
7o(i,u) = Eq p{T|z0 = i,uo = u} = {ml(G,u), i>0 o

for any strategy o € ¥ where
my = /Oo s'Py(dslu), 1>0.
0
The average one-step reward is as follows
o Be{ S el = i
W(o,0,i) = lim :

T—00 EG,@{E?:l Tt|l‘0 :i}

The control aim consists of minimizing this function with respect to o.

For this model of queueing theory it is necessary to find the conditions which
guarantee application of the theory developed above. First, we introduce some
restrictions.

Condition K.

(1) The spaces U and U (i) are compact for all 4;

(2) The functions gg(i,u) and mq(0,u) are continuous with respect to (6,u) for
all 7. The mapping (0,u) — Py(-|u) is continuous in the weak topology of the
set P(Ry) of all probability measures given on the positive real axis Ry;

(3) m = infp, m1(0,u) > 0.

The next two restrictions differ by the growth order of the function gg(u) which
is either polynomial or exponential.

Condition KP.
(1) There exists a continuous positive function G(#) and an integer N such that
|96 (i, u)] < G(O)(1 +3%);

(2) supg, myta(0,u) < oc;
(3) 0(0) = sup,, Ao(u)my(f,u) < 1.
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Condition KE.
(1) There exist continuous functions R(f) > 0 and s(#) > 0 such that
a0 (i, w)] < R(6)5'(9);

(2) The mapping

(0,u) — U(0,u) = /000 exp{Ag(u)(>(0) — 1)s}Po{ds|u}

is finite and continuous;
(3) sup, ¥(0,u) < »#(6), V6.

Theorem 2. If either conditions K and KP or K and KE hold then the conditions
C, R, L(|q| + 7) and L(y) take place at I = {0}.

We omit the cumbersome proof and focus on constructing consistent estimates
of parameters of the controlled processes in two important special cases. We con-
sider a model whose parameter A = A(u) is known but the distribution Py(-) is
unknown and does not depend on the control. We need to estimate the mathemat-
ical expectation of the service time m () by using the observations of the process.
We use the observable r.v. T,,, i.e. the random time intervals between the neigh-
bouring services each of which is the sum of the waiting and service times S,,. If
the times S, are observed as well then the estimate

N
Oy =N~ (1) - S)
=1

will be strongly consistent (under the condition my(6) < oo)

P{ lim 6, = m1(9)} =1.

n—oo

The situation when the times .S,, are not observable is more complicated:

Theorem 3. If inf, A(u) > 0, then for all o € X, i € X and for all § such that
m1(0) < oo we have

—

lim N~! () — X N w) I gz, —0y) = ma(6), 279 —a.s.
0

N —o0 1

Proof. We start by estimating the conditional second moments
Eoo{T7 1|z, w} = Eoo{ (D141 — Si41 + Sip1)? |z, w }
< 3Eo0{(Ti4+1 — Si+1)* @i, w } + 3B, o{ STy |z, wi }
< 3(m2(0) + 2sup /\72(u)).
u
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This enables us to estimate another second moment (i.e. variation)
Varg, g (Ti+1—70 (21, w)|wo=1) = Eo o {(T1+1 — 7o (21, w))?|20=1}
= 3E; 0{Eo0 (T |21, w)+qg (w1, w)|wo = i}
=6Eqp {Emg{TﬁFﬂxl, w oo =i}
< 18(m2(9) + 2sup )\*Q(u))

for all 1, 8, o, i where we have used the Jensen inequality.” Consequently

oo
ZZ*QVargyg (Tl+1 — 1g(xy,w)|xo = z) < o0
=1

and we can use the strong law of large numbers for the martingale difference:
recalling the expression (1) for 7g(x,u) we have (Q;G—a.s.)
N—-1

0= lim N! (Ti41 — 101, W)
N —o0 =0

N —o00

N—-1
= lim N! Z (Ty41 — )xil(ul).]m:()] —79(xy,w) + Ail(ul)J[mlzo]
=0

N—o0

N—-1
= lim N7' > (Tin = A (w) Jjg,—0) — ma(0))
=0

which leads to the required result. O

We now consider another model. Let the parameter \yp be unknown but the
distribution of the service time p(:|u) be known and depend only on the control u.
We need to construct estimates of the unknown parameter Ay which are strongly
consistent at any admissible strategy.

Theorem 4. Let ma(u) > m > 0 for all u. Then:
(a) if sup, ma(u) < oo then for all 0, o and i the estimates
N Tn +N

=t
Zl:l T

will converge (as m — o0) to Ag 279—a.s.;
(b) if sup, ms(u) < oo and sup,, m1(u)Ng < 1 then for all 0, i and o the estimates

n ~1
i - <nzn>
=1
will converge (as m — o0) to Ag g’e—a.s.

hLet F(x) be a convex function and & be a r.v. such that E|¢| < co. Then
EF(S) = F(ES).
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We omit the cumbersome proof of this theorem.
There are more general algorithms of constructing strongly consistent estimates
of parameters of controlled semi-Markov processes.

7.6. Optimal Control of Special Classes of Markov Processes
with Discrete Time

Here we discuss methods of control for some special types of Markov processes.
These processes can be represented, as usual in the discrete case, by recurrent
equations

Tip1 = Pz, up—1,641), ®o =2, t >0,

where & is a sequence of independent, identically distributed r.v. with a common
distribution function F'. The controls u; belong to a subset U(,,) C U which depends
on the current state x;. We need to extremize a functional. A peculiarity of these
problems is that the function ® is known but the distribution F' of the “noise” £ is
unknown. The special form of such objects requires some motivation. We consider
briefly two examples of real processes which are described by these models. One of
them is the control problem of supplies, namely, the problem of stocking goods. In
the storehouse there are [ types of goods. Let x = (m(l), e ,J;(l)) be a vector whose
component (") denotes the supply of the ith type of goods (if this component is
positive) or the size of the unsatisfied demand (if it is negative). The capacity V' of
the storehouse is limited. Defining the norm of the vector = as x| = 22:1 ||
we can write this condition as follows: ||z|| < V. In the space R!, we define the
subset Rl+ = {x: D >0, i = 1,2,...,1}. For every € R! the vector 2+ =
(maX(O7 M), ..., max(0, x(l))), which gives the amount of goods in stock, belongs
to RY,.. The initial supply zo is such that ||zo|| < V. The evolution of supplies is
modeled by the equation

Tip1 = xf +up — &y,

where the control u; is the size of the order of goods at the moment ¢, & € Rl+ is
a random vector of demand at the moment ¢. A reasonable assumption about the
“noise” & is the absence of any information about its distribution. The operation of
the supplyhouse involves expenses associated with safekeeping of goods and ordering
of new parties as well as fines either for unsatisfied demand or for delay of deliveries.
The control aim is to minimize average losses per unit time. The controls satisfy
the following constraint

o+ < V-

Another problem is concerned with regulating the water-supply. Here we have
the following equation

ZTypr = min(xy —ug + &, V),



238 Control of Markov Processes with Discrete Time

where z; means the amount of water in the reservoir of capacity V', u; is the control
(the planned consumption of water) and &; the inflow of water, i.e. the r.v. defined
by the amount of rains, the melting of snow and so on. It is reasonable to expect that
the distribution of the r.v. & is unknown. Under the obvious condition 0 < u < V'
we search the most profitable water-use.

There are other situations when a model of a Markov process is defined up to
the distribution of “noise”. Thus, there are reasons to study adaptive control for
such models. Let us turn now to some concrete results.

Let a state space X be a locally compact separable metric space with metric
p and the space of controls U be separable with metric 7. The controlled Markov
process is specified by the relationship

Tip1 = Pz, ue; Ee41), ro=x, t=>0 (1)

where ®(x,u;¢) is a known function which is continuous with respect to z and
u and measurable with respect to £. If at the moment ¢ the process z; is in the
state x then the control v will belong to U(xz) C U. The states of the process x¢
are observed but the values & are either observed directly or can be calculated by
using Eq. (1) and belong to a measurable space (S, Fs). The distributions of the
r.v. & are unknown. Initially, we assume they do not vary in time.

As the admissible strategies 3 we take all deterministic strategies with the laws
of the form h; = h.

The control aim consists in finding the extremum (for the sake of concreteness
let it be the maximum) of the objective function W (o, x) (the average “one-step”
reward)

T
W(o,z) = lim 7! ZEmmq(xt,ut)

T—00
t=1

where z is the initial state of the process and ¢(-) is some bounded measurable
function. We introduce the notation:

W L W(o,2), Q)={z}xUlx),
Q =Jew), v=(z,u) € Q.

d% max{p,r} is the metric in @Q; F, denotes the distribution of the r.v. ®(x,u; &)
on the Borel g-algebra in the space X at (x,u) = v. We impose the following
constraints on the controlled Markov processes:

(i) lg(v) — q(v)] < Lod(v,v"), |g(v)] < qo < o0;
(i) h(Q(x),Q(x")) < Lip(x,2’) where h stands for the Hausdorff metric in the
space Q;
(iil) Var (Fy, Fy) < Lod(v,v");
(iv) Let v¢(z,0) be the distribution of the Markov process at the moment ¢ with
the initial state x and some deterministic stationary strategy . Then on the
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Borel o-algebra of the space X there exists a distribution v (o) such that

Var(vi(z,0),v(0)) < A, Z)\t < 005

t=1

(v) The space X is compact and
p(@(v, s), @(v’,s)) < L3(s)d(v,v")
where EL3(§) = K < oc.

These constraints are satisfied, for instance, for the above-mentioned equations
of queueing theory and water-supply regulating. Condition (ii) holds if the sets U (x)
do not depend on z. Condition (iv) holds if the distribution F, has an absolutely
continuous component FC with respect to a bounded measure y on a o-algebra of
the space X and there exists a set M (u(M) > 0) such that dF(z)/dp > 0 for all
x € M, u € U. Then, as is well known, we can take \; = aa?, a >0, 0 < a < 1. If
the function ¢ specifying the rewards does not depend on the controls then in con-
dition (iv) the distance in variation can be replaced by the Lévy—Prohorov metric.

We denote the class of controlled Markov processes which satisfy Eq. (1) and
conditions (i)—(v) by G.

We now describe an adaptive strategy which is optimal in the weak sense above.

Let 3; be a non-decreasing numerical sequence such that 0 < 3 < 1,
lim¢—oo B¢ = 1 and lim,, oo 22(n)/n = 0 where s(n) denotes the number of alter-
ations of values of this sequence on the interval [0,n]. Later on we impose on [
some additional restrictions.

We consider the space C(X) of bounded and continuous functions on X and a
family of operators T3, ¢ > 1, on this space and depending on r.v. &1,...,&

Tio(x) = max H(z,u;p), ¢ € C(X)
ueU(z)
where
t
H(z,u;0) = q(z,u) + Bt > o(®(w,u; ).
k=1

It is easy to show that T; are contracting operators with respect to the norm of the
space C(X), i.e. [Tyl < Bellell- Let ¢r be the fixed point of the operator T, i.e.
Trpr = i We form the set of controls corresponding to the state z at the moment
t in the following way

M (z) = {u* e Ul(xy): H(x,u"; ;) = max H(x,u;(pt)}.
ueU(z)
If for every t and x this set contains a single element u; = hy(z;) then h; will
be the required choice law (selector) of the control at the moment ¢. Otherwise
we have a mapping of X into a collection of compact subsets of the space U. In
view of Theorem A, Sec. 1 whose conditions are fulfilled in this case there exists
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some measurable function h; taking the values from the set M;(x). The set of such
selectors forms the required optimal adaptive strategy ¥ = Hfi o ht. We will not
prove this assertion because it involves in fact some serious difficulties. The first
of them is finding the fixed point ¢;. We can do this by using the well-known
iterative procedure: having taken an arbitrary fy as an initial approximation we
compute successively f;, def Tifn-1, n > 1 and obtain ¢; = lim,,_, o T} f,, according
to the contractibility property of the operator T;. So, we have to calculate the
corresponding approximation times out of number. For this reason we will proceed
in another manner: having taken some initial function f, we define f; = Tt"(t) fi—1,
t > 1 where n(t) is some unbounded, increasing integer-valued sequence. One can
make sure that [[¢; — fi|| < (1 — ﬂt)*lﬁf(t). The sequence n(t) can be chosen in
such a way that lim,_ 77 (1 — 8,)~! = 0.

The second difficulty is the necessity to find accurately the extremum of the
function H. Instead of this we shall consider the less difficult problem: that is to
find the approximate value of the desired extremum. For this purpose, we take
positive numbers v; such that lim;_ v = 0 and define the set of controls M;(z)
as follows

Mi(x) = {u* e U(zx) : H(z,u™; fy) > max H(z,u; fr) — %}.
weU (z)

From now on, the construction is similar to that described above: by Theorem B
on a measurable choice there exists a function (selector) ¥, : X — |J, U(x), t > 0,
U, being arbitrary. The sequence Vg, Wy, ... forms the required strategy o.

It remains to impose the necessary constraint on the sequence ;. We introduce
the constants ¢ = 2qo > o A, L = Li(Lo + cL2) and a sequence of numbers &,
(¢ >0, limy_. & = 0). Putting

5, = 5,(h) = SHL =)

=kt ny 0

we require that there exist a sequence ¢; such that

2 1— 2
lim (1 — ;)" }1Lr>11; tKh™" + 2Ns, (1 exp{ — MH =0 (2)

t—00 8c2

where N. is the number of elements of the minimal e-net for the compact set G.
This technical condition will be used below.

Theorem 1. For the class G of controlled Markov processes the following equality
W(og,x) =W~

holds.
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Proof. First, we consider the problem of maximizing a discounted reward!

(o)
Ws(o,z) = Zﬂ"meqn, 0<p<l1
n=0

where x is the initial state and [ is taken according to (2). The restric-
tions (i) and (ii) in the definition of the class G imply the semi-continuity of the
Markov model. This and the boundedness of ¢(-) imply, in turn, the existence of
an optimal stationary simple strategy og for the objective function Wp(o, x). The
function Wg(z) = sup, Ws(o, x) represents the unique solution of the appropriate
Bellman Equation

Wi(x) = sup ){q(x,U) + BEW;(®(x, u;€)) }-

Let ¢ € X be any fixed point. We put
g8 = (L= B)Wa(zo), Ag(x) = Wa(z) — Wp(o).

From the above equation it follows that Ag(xz) and gg are the solutions of the
Bellman Equation that have the form

95 + As(x) = sup ){Q(af, u) + EXg (D(z,u;€)) }- (3)

We now discuss some asymptotic properties (as 3 — 1) of the solution.
Lemma 1. If |p(v) — ¢(v')] < Kd(v,v"), for all v, v/ € Q and f(z) =
SUPycU (x) o(z,u), then

[f(z) = f@@)| < Lip(z,2’), @2’ € X.
Proof. The compactness of U(x) and the continuity of ¢ imply that f(z) = ¢(x, u.).
Let |f(xz) — f(2’)] = § > 0. Then for any u € U(z’) we have 0 < § < ¢(z,u.) —
(2’ u). For e > 0 we can find v’ € U(z) such that
) (U'*7 )}

)
N, h(U(2),U(')) + €}
< WU (@), u(@')) + ¢ < Lip(a,a’) +-=.

/

d((w,u), (2',4')) = max{p(x,z
< max{p(z,x
From this the required inequality 6 < Lqp(x,2") + € follows. O

Lemma 2. For alle € (0,1) and z, y € X the following inequalities:

Ms(@) <C, [As(x) = As(y)| < Lp(z,y), B €(0,1),

are satisfied.

"We need to do this since the problem under consideration is the limiting problem for 8 — 1. This
method is often used in optimal control theory of Markov chains and processes.
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Proof. According to the definitions of Ag(z) and W3z we have

oo oo

Zﬂf YEoy0q(i—1, Us(i—1)) = Eoyuoa(zh 1, Va(z)_,) Zﬁtst,

where o3 = [[;° Us is the optimal strategy for the [-discounted reward. By
condition (iv)

WAsMg@wmwwaH<>dnH@ﬂ
< 2qoVar(vi-1(0s,7)), vi—1(08,%0)) < 2q0At—1-

From this it follows that the set of functions {Ag(z)} is bounded. The Lipshitz
condition can be verified by using Eq. (3), conditions (i), (iii) and Lemma 1. O

Lemma 3.

li =W
Jim g5

Proof. We consider the family of functions {A\g} from the space C'(X). It is rela-
tively compact (i.e. its closure is compact) with respect to the uniform convergence
topology on compact subsets of X. This follows immediately from Theorem 2 and
the Ascoli theorem.) Hence in C'(X) there exists a function A and a sequence [y
such that limy_.o Ag, = A. From the inequality

Ws| = (1= 8)[Ws(zo)| < (1 - Zﬁ Eo,zla(@e, ue) < qo
=0

it follows that the sequence {8} is such that Wjp, converges to some number g.
We show that g = W*. First, we prove that for any given = the sequence ¢y (u) =
EXg, (®(z,u;€)) converges uniformly with respect to u € U(x) to the function
(1) = EA(® (2, 1;)).

Let € > 0 and S; = {u;} be some finite e-net for the compact U(x). According
to condition (iii) and Lemma 2 we have

ok (u) — p(u)] < [pr(u) = r(us)| + ler(u) = e(ug)] + [eu;) — e(u)]
< 2cloe + Jmax ok (ug) — @(uj)l.

We now use the well-known fact: any probability measure p on a locally-compact
separable space is tight.X Hence for any uj € S; there is a compact K such that

ITheorem. (Ascoli) If a family of functions from C(X) is uniformly bounded and equicontinuous
then it is relatively compact with respect to the uniform convergence topology on compact subsets
of X.

KThis means that for every € > 0 there is a compact K such that u(X\K) < .
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Fyu;(X\Kj) < e. Then for the compact K = (J; Kj, Fpu;(X\K) < ¢ for all
uj € Se. By uniform convergence of Ag, to A with respect to x € K and the
boundedness of Ag, we conclude that

e o (uz) — o(u;)] < 2ce.

Hence limy—.o0 SUPycp (2 |9k (u) — ¢(u)| = 0 and the required uniform convergence
is proved. So, we can pass to the limit in (3) as Sx — 1. Then

W+ Ax) = maX {q(a: u) + EX(®(z, u;€)) }.

uelU

Instead of sup we use max because of the continuity of the function in the brackets.
According to Theorem B on measurable choice from Sec. 1 the mapping

v = {u. € U) : alr,w) + o) = max lofw,u) +p(w)] |

admits a measurable choice. So, there exists a function (selector) ¥ such that
9+ M=) = gq(x, ¥(2)) + EA(D(x, ¥(2); )

for all x € X. By Theorem 1, Sec. 1, we conclude that g = W*. If there exists
another sequence f3,, converging to one and Wy, — ¢’ # g then for some subse-
quence {0} C {8} the previous arguments would lead to ¢’ = W* = g. O

We now prove two auxiliary results.

Lemma 4. Wg,(z) € C(X) fort > 1 and

B supE)\ﬁt( v§ —tlz)\ﬁt vfm)

—Ws,|| >
e =Wl 2 = sup

Proof. The inclusion follows from Lemma 2 in view of the equality Wps,(z) =
Ag, () + Wa, (x0). To prove the estimate we consider the following operator

Tp(z) < sup {g(a.w) + AEW, (®(x,u;€))}.

By the definition of ¢, and the Bellman equation for the discounted reward we have

| = HTtQOt - TWBt”
< | TeWs, = TWp,|| + | T:Ws, — TW |,
|Tepe — TiWg, || < Belloe — W, |l
Ti(p+c)=Twp+a, T(p+c)=Te+a, a=const.

H<pt - Wﬁf,
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Hence
(1 - ﬂt)“%pt - WBtH < HTt/\ﬁt - T/\ﬁtH
=sup sup |{g(z,u) + BENs, (P(z,u;€))} — sup @z, u;\g,)
z uelU(x) uel(x)
t
<sup sup S|Elg, (®(z,us8))}—t" Z Ath(x,u;gm)'.
T uwelU(x) m=1
The inequality obtained is equivalent to the required inequality. O

Let Z be a metric space with a metric 7, V be a compact subset of Z, N, be the
number of elements of the minimal e-net for the compact V' and 1 be a real-valued
function given on Z x S and measurable with respect to s € S such that

n(z,8)| < C, In(z,5) —n(2',5)| < Lu(s)7(2,2"),  Vs,2,2" (4)

Let &1,&s,... be independent r.v. taking values from S and having the same
distribution as £. We put

L(z) = En(2,€) —t~ 1anfk

Lemma 5. IfEL.({) = K < oo then for every e > 0 we have
2
. . 1 €
P{ 21618 ICe(2)] > 6} < ir;fo{tKh + 2Nj; exp(—@t) },
where § = e(2L(K + h))~!

Proof. From the continuity with probability one of the random function 7(z, -) and
the separability of V' it follows that the function Y; = sup,cy [(:(2)] is a r.v. We
introduce the set

A={w: L&) <h, k=1,...,t}, h>0.

Then we have

t
P{Y; > e} <Y P{L.(&) > h} + P{Y; > 5; A}, (5)
k=1
Let S5 be a finite d-net for the compact subset V' and H; be a sphere with diameter ¢
and center at the point z; € Ss in Z. Then

{Yt>eA}cU{ sup |Gl >|>e;A}. (6)

z€H;

From (4) and Holder inequality, on the set A the function (;(z) satisfies the Lipschitz
condition with a constant L(K + h). Hence

{ sup [Go(2)] > e;A} c { sup 16(2)| > & sup G(=) — ()] < L<K+h>5}

z€EH; z€EH; 2€H;

C{lG(z)] > &/2}
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Since (¢(z;) is the sum of independent, bounded (by C) r.v. with zero means we
can use the Hoeffding theorem (see, p. 59). Finally, we obtain

P{IG ()] > £/2} < zexp{ - S—t}

This, the Chebyshev inequality and (5) and (6) imply the assertion of the
lemma. O

Let us return to the proof of Theorem 1. We introduce the following notation:
Wie=Wa,, gt=9p, A=A
i(x) = pi(x) = Wilzo),  fr = fulw) = Wi(wo)
we put
R(z,u) = q(z,u) + B EN (@(x,u;f)), u e U(x).

Let vy = (x4, us) be a pair consisting of state and control provided the strategy og
with the initial state x was used at the moment t.

We put R(z¢,uy) = maxycy(s,) R(z¢, u), where the mapping  — uy € U(z) is
measurable. According to (3)

R(we,uf) = g + Ae(ae). (7)
For the difference Ly = R(x¢,ut) — R(xt, uf) the following estimate takes place
L] < Ry, up) = H(wg,ues @) + [H (e, wg; @) — H(we, us i)
+ [H (e, ug; fr) — R, uf)].
We estimate the second term on the right-hand side of the above inequality
|H (e, ui; @) — H(ze,uss fo)] < lloe = foll-

Since the first and third terms can be estimated in the same manner we consider
only the third one. So,

|H(xt,ut;ft) — R(z,uf)| <y +| max H(x,u; ft) — max R(xt,u)‘
ueU(zy) uelU (zy)
t
<7t i t! Z {fe(®(xe,us6m)) — @1 (P(we,us 6m)) }
t m=1

+ max
weU (xy)

I 1o (Pl w5 Em)) — M (D@, ui )

+ max

t
S |17 20 (@ 6) BN (20,5 )

< e+ o = fell + s — Well + (1 — Be) Ay
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where Ay = (1 — ()" sup,¢q [t S M (@(v;&k)) — EXy(o(v;€))]. Making use
of Lemma 4, we arrive at the estimate

|Le| < v 4 2|Jr — fi]| + 4As. (8)

If I, = (zo,uo0;x1,u1;-;xt,ur) denotes the history of the process up to the
moment ¢, then by the Markov property and (7) we see that

BiBog {M(zey )L} = qvigr) + BEXN(®(vi;€)) + q(vr)
=gt + Me(xt) — q(ve) + L.
Thus, for n > k > 1 we conclude that

nilEa(;,w Z[(I(Ut)_gt] = nilEo'G,a: Z[)‘t(xt) = BeAe(i41)]
t=k t=k
+n7 "> Eoq oLt (9)
t=k
We put
I, o Z[)\t(xt) - 5t)\t($t+1)]

~
Il
B

n

e(@s) = Bede(@)] + Y Belhe(@e) — Bede(we1))-

t=k

[
NE

-+
I
>

According to Lemma 2
n | < (1= B)e+ein tx(n), ¢ = const

where »(n) is the number of alternations of the values of the sequence {3;} on the
interval [0,n]. We show that the second term on the right-hand side of (9) tends to
zero. In view of (8) and the convergence of the quantities ¢, |[¢: — fi|| to zero as
t — oo it is sufficient to prove that

lim Bo oA = 0. (10)

t—o0
We choose the numbers ¢; according to the choice of {3} in condition (2). By
Lemma 2, |A;| < 2¢(1 — ;) L. Hence
2c
Eo’g,a:At < gt + ﬁP(At > Et), P{At > 6} = P{Ct > (]. — 515)815}
— Pt
where ¢; = (1 — B;)A+. In Lemma 5 we put that Z =V = Q, n(v,s) = A (<I)(v, s))
According to the assumptions
|77(U7 S)' <eg, |77(U7 S) - 77(11/7 5)' < Lg(S)d(’U,’U/), EL3(€) =k< 00,

and we can use Lemma 5 which together with condition (2) implies (10). Therefore,
we have proved that

n

n oo Z [q(ve) —ge] = (1 = Bn)c +o(1)

t=m
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for every m > 1 as n — oo. From Lemma 3 and lim; .., §; = 1 it follows that

W(og,z) = lim n_lEUG7m Zq(vt) =W*.
=1

n—oo
The theorem is proved completely. O

Corollary 1. Let X and V be subsets of finite-dimensional Euclidean spaces and
G be a class of controlled Markov processes. Let 5 ~1—at™7 (0 <y < 1/2). Then

W(og,z) = W*.

Proof. 1t follows from the assumptions that the space @ is compact in the finite-
dimensional Euclidian space R™. Hence we can use the well-known estimate N, <
be™™ (for € < g¢) for the number of elements of the minimal e-net for the compact
space Q. Putting ¢ =t~F, h = t~9 we choose f, g such that lim;_, 5 = 1. From
this the assertion follows. O

The stated result can be extended to non-compact state spaces X. In this con-
nection we state a result related to separable metric spaces S of values of the r.v.

&,8,. ...

Theorem 2. If the set of functions {®(v,-),v € Q} is equicontinuous at every point
s € S then there is a sequence By for which the strategy o leads to the equality

W(og,x) =W*.

We now turn to another aim of control: to obtain the maximum (with respect
to o) of the quantity limi_ oo Eqy 2q(z¢,ut). To achieve this we construct a ran-
domized strategy by using the selectors U, applied already in designing the strategy
oc. This strategy is represented as follows: oo = Hfi 1 U,, where the selectors ¥,
are constructed in a recurrent way. We put ¥y = ¥y and ¥, = ¥,_; with the
probability 1 — p; and ¥, = ¥ with the probability p;, for ¢ > 1. The choice of
the selector at the moment ¢ is performed with probability p, = ¢t7%, 0 < a < 1
independent of the previous choices.

Theorem 3. Under the conditions of Corollary 1 the equality
lim E,p 2q(x, u) = W7
t—o0

takes place for all x.

The proof is omitted.

Up to now we have dealt with homogeneous controlled Markov processes of form
(1) where the noise & had the constant distribution F'. Of course, the case of non-
homogeneous processes with nonconstantly distributed noises is more important.
However the optimal control problem of such processes is much more difficult. It is
clear in advance that for the optimal adaptive control to exist the law of varying the
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distributions cannot be arbitrary. For this reason, studying the control of nonho-
mogeneous processes, we first consider admissible laws of varying the distributions
(probability measures) F} in the space S of values of the r.v. &.

Let d denote a semi-metric (the condition d(u,v) = 0 = p = v may fail) in the
space P(S) of all probability measures on S.

Definition 1. A sequence of measures {u,} C P(S) is called slowly varying with
respect to d if

N—o00

N
lim N7 d(gun, p) = 0.
n=1

We give some examples of slowly varying sequences of measures (SVSM for
short):

1. If {p,} converges to p with respect to the semi-measure d then it will be SVSM.

2. Here and in (ii) 3-4 below we choose the real axis as the set S. Let u; be the
uniform distribution on [0,Int]. It is easy to verify that u; form SVSM with
respect to convergence in variation and it has no limit points in P(R?!).

3. Let j; be the exponential distribution on R! with the parameter A, = ¢1/(n%)”
v € (0,1), t > 2. The sequence p; is SVSM with respect to convergence in
variation.

4. Let F(s) denote an arbitrary distribution function on R} and Fy(s) = F(s,,),
vy = In L(t) where L(t) is a slowly varying (in the Karamata sense) function.!
Then F; is SVSM with respect to the Dudley metrics and we can take v, =
b(Int)Y, 0 < v < 1. But the sequence Fy(s) = F(s + Int) may not be slowly
varying with respect to the Dudley metrics.

We now turn to the description of a class of nonhomogeneous Markov processes
G represented by correlation (1). Its state space X is separable, metric (with metric
p) and with the Borel o-algebra Fx. A space of controls U has the same properties
(with metric 7). A compact set U(z) C U corresponds to each € X. The noises
& € RF are unknown and have the distributions F;. The choice law h; of the
control at the moment ¢ can be randomized. It depends in a measurable way on the
history Z; = {xo,...,x¢;u0, .- ue—1;&1,...,& ), 1.e. the states z; and the noises
& are observed. The control u; selected at the moment ¢ belongs to U(x;). The

A positive function L(z), « € [0, 00] is called slowly varying in the Karamata sense if

lim L(tx)/L(z) =1, Vt>O0.
Tr— 00

The function L(zx) is slowly varying if and only if

L(z) = a(x) exp { /1z 27 e(z) dz},

where e(z) — 0, a(z) — a < 00 as z — oo.
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admissible strategies o form a set 3. The notation F), ; signifies the distribution of
the r.v. ®(v,&).
The objective function means, as before, the average reward

N —o00

N
W(Ua Z‘) = h_m N_leU,QTQ(xtaut)'
t=0

The aim of control is to maximize this function.
Let a class of processes I' be specified by the following conditions:

(i) The function g(v) is uniformly continuous and bounded on G, i.e. |q(v)| < qo;
ii) The mapping  — U(x) is uniformly continuous in the Hausdorff metric h;
(iii) limy s sup,cq p(‘l’(v,s’), D(v, s)) =0, Vs;
) p(®(v,s),®(v",s)) < L(s)y(u,u') where a function L(s) > 0 is bounded on
the bounded sets in R¥, ~(y) is defined for y > 0 and v(y) — 0 as y — oc;
(v) There exists a measure v (minorant) on Fy such that 0 < v(X) < 1 and
Fy (M) >v(M) foral M € Fx,veQ,t>1,
(vi) limy,— oo sup;sq Fe{s @ [[s]| > n} = 0;
(vii) The sequence of distributions F; of the r.v. & is slowly varying with respect
to a semi-metric dp.

We now have to specify the semi-metric dj,. For every ¢ we consider the following
equation
p(z) = sup {q(z,u) +Bp(®(z,u:&))} - / p(y)v(dy).
weU (z) X
Under conditions (i)—(v) it has a solution ¢; € C'(X). Under the conditions (i)—(vi)
the set of functions [[, = {y¢, ¢t > 1} is bounded and equicontinuous. We omit

the proof of these facts. As the set II we choose a bounded set of equicontinuous
functions™ such that [J, C J]. We put

D ={p(®(v,");v e Q,pell}.
Then
def

dp(p, ') = sup
fell

F)dnt) - [ 1 du'<y>]
RF RE

for all measures from P(R¥). From the definitions in Sec. 1, both Dudley metrics
and metrics in variation are special cases of d, for proper sets D. In constructing the
semi-metric d, one of the difficulties consists of choosing the set of functions Ilj.

Comparing the sets of conditions which specify the classes G and I', we note
that the restrictions on ' are weaker than those on G. Condition (v) is special as
it requires existence of a uniform minorant for the class I'.

™In the definition of continuity of a function f at point z one says: for any € > 0 there is a
number §(g, z, f) depending, generally speaking, on &, z and f such that |f(z) — f(2')] < ¢ if
p(x,z') < (e, z, f). For equicontinuity of a family of functions the number § depends only on &
but neither on x nor on f.
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We now construct an optimal adaptive strategy o with respect to the class I'.
As usual, we introduce the family of operators T} on the space C(X)

n¢@>=gyﬂx@m¢>—/;wwuwm

where
Hy(z,u;0) = q(x,u) tlZ O(z, u;6,)).

Let e > 0, x¢ > 0, t > 1 be some numerical sequences such that lim; ... e; = 0,
lim; o Bt = 0 and fi(x) be functions from II satisfying the inequalities

|Tefe — fell < inf [|[Tio — | +e¢, > 1.
p€ell

We introduce the following subset of the control space U

Ui(x) = {u* e U(x) : He(x,u*; fr) > sup Hy(x,u; fr) — Xt}-
ueU (x)

By Theorem A, Sec. 1 and conditions (i)—(iv) the set-valued mapping x — Uy(x)
admits a measurable choice. Let ¥; be such a measurable function (selector), i.e.
Uy (x) € Uy(x). Then o = [[;2, ¢+ where 1)y is an arbitrary measurable function
is the required strategy. As usual, this strategy consists of using the control u; €
U, (x¢) at the moment ¢. The following property of the maximum reward W*(z) =
sup, W (o, ) is a feature of this strategy.

Theorem 4. For the class of processes I, the strategy or leads to the equality

T
W) =W =l TS = [ eldn)

T—00 =1

for every x € X.

Corollary 2. If the sequence of distributions F; converges to a distribution F' in
the semi-metric dp then the strategy or implies the equality
T

lim T~ 1ZE‘7F 2q(xe,up) = W™

T—00
t=1

for every initial state x.

The proof of Theorem 4 is similar to that of Theorem 1. For this reason it is
omitted. We could give the estimates for the quantity sup, |Wi(op, ) — W*| but
because they are cumbersome we will not do it.

The adaptive strategies considered in this section may be regarded as direct.
There is no identification. In the homogeneous case identification would mean
finding proper estimates of an unknown distribution of the noise. In the non-
homogeneous case even the statement of the identification problem is not a
simple task.



CHAPTER 8

CONTROL OF STATIONARY PROCESSES

We consider optimal adaptive strategies for discrete, stationary in a wide sense,
processes. Time ¢ runs over the set of integers, i.e. t € {...,—1,0,1,...}. The
processes considered are characterized by measures which are invariant with respect
to shifts in time. The optimization aims differ slightly from the ones studied earlier.

8.1. Formulation of the Problem

In the previous chapters a wide range of adaptive control problems has been studied.
For various combinations of a “class of controlled processes” and an “aim of control”
appropriate strategies have been constructed. Most problems considered have an
applied significance. In this connection the following questions arise. What are
the possible extensions of the concept of adaptive control? Should one consider
“complex” processes which cannot be reduced to “simple” ones, for example, to
Markov processes? The description of general classes of CRP can be done by means
of a set of controlled conditional probabilities ju;11(:|2*, u*) which depend essentially
on the whole past history of the process. Of course, the set {u;} must satisfy some
restrictions to allow existence of the adaptive strategy. We now define a class of
stationary processes in terms of .

For the first time in this book we deal with processes defined on the set of
all integers {...,—2,-1,0,1,2,...}. So, we now put z! = (..., 2¢_2,21-1,2¢), in
particular, 20 = (..., 2z 2,2 1, 20).

Definition 1. A stationary random process & is called a controlled stationary
process (CSP) if its conditional distributions are invariant with respect to shifts in
time, i.e.

ut+1(M|xt,ut) = ,ul(M|a:0,u0), Vt, M € M.

The stationary processes have well-known practical significance, however we are
interested in studying them as mathematical objects. They appear in problems of
data processing and in control of communication systems. These processes also play
a crucial role in regulation theory, selecting useful signals against a background
noise, and in prediction and filtration problems. Among numerous examples we
mention functionals defined on the paths of a partially observable homogeneous
Markov chain.

As usual, a concrete random process is obtained from a CSP by choosing the
appropriate strategy. Let (o) denote a process controlled by the strategy o. We

251
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are especially concerned with the stationary strategies generated by the rules h
with finite memory depth. Such rules can be described by a measurable mapping
h:X™ — U such that uy = h(z¢,...,2—m+1). The set of all rules having memory
depth m will be denoted by D,,,. We put D = J,,, Dy, The strategies o(h) generated
by such rules will be identified with these rules. The following assertion takes place.

Proposition. For any strategy o € D and any CSP & the process & (o) is station-
ary in the wide sense.

We now turn to the aims of control considered. Let f be an arbitrary bounded
measurable function defined on X. One and the same symbol W (o) denotes the
following limits® (if they exist)

T
i B(7 el o), fian T 3 f(on)

where the conditions (z°,u%) are assumed to be fixed and arbitrary. We also put

W = sup,cp W(0o).
The aim of control is to construct the strategies such that the following limits

exist and fulfill one of the following equalities

1. l.i.m.THooT_l 23:1 f(xt) = W?
2. limy o0 B(f (24)]2%,u®) = W.

To attain the given aims the classes of CSP must satisfy some restrictions. As
concerns the spaces X and U the assumptions can be rather general. For example,
we can assume that these spaces are compact subsets of a separable metric space.
However, for the sake of simplicity, X and U are assumed to be finite intervals
on the real axis. In this case mes X = p denotes the length of the interval X. In
addition, we suppose that the conditional distributions of the process have densities
p(z|z",u") which satisfy the following condition

0<d < p(x|xt,ut) <y < 0
for all x, xt, u'. We assume also that do > 1. This condition implies the ergodicity
property.

8.2. Some Properties of Stationary Processes

Here we give some results on dependence and ergodicity of ordinary (without
control) stationary processes specified by conditional densities p(z|z') which are
invariant with respect to shifts in time. These densities are assumed to satisfy the
inequality stated at the end of the previous section.

2The symbol l.i.m. denotes the limit in the mean square sense, i.e.
2

T
Jim E <T1 ; f(ze) — W(a)> =0.



Some Properties of Stationary Processes 253

First, we study the dependence of probabilistic properties of the process on past
history for the last k + 1 steps. We introduce the following notation:

ek =:w0igg_l}p(xlkrgk,w’kfl)-—p(wlkrgk,f*kfl)L
Ar = sup |p(xt|a:(lk,x_k_1) —p(xt|a:(lk,5f:_k_1)|
@y,x0,5—k—1
where 27, et (Tony Tty -« 5 T), M < M.
Lemma 1. If 2;0:1 €L < 00, then A, — 0 as k — oo.
Proof. Let
are = sup |p(wea®y, T F ) = pafaly, 2.

24,20, 5k

Then Aj, = sup, a;, and from the estimate

p($t|$1) =/ p($t|ﬂ?t_1)p($t—1|$t_2) e 'p(ﬂ?2|331) dry—q---dxg
Xt—2

< 52/ p(@i_a|lz"2)p(re—ga’™3) - p(zdat) day—o - - - daos = 6,
Xt—2
we obtain

Ak = sup
@20, k=1

/p(ﬂft|ﬂ?£k7x_k_l)p(xﬂx(lkai“_k_l)dwl
X

— / p(a:t|a:,1§, ﬁffkfl)p(xl |a:(lk, 5:7]“71) dxy
X

< sup [/ p(aelal 2" 1) p(21]a®) — p(a|2®y, 251 day
X

x()’i—k—l
+ [ bl D lptenle?) —p(xt|x0k,az—k—1>|dx1]
X

< sup /[p($t|x1)5k+p($1|$gkaj—k—1at—l,k—1]dxl
X

20, G~ k-1
< Ogpiel + Ar—1,5—1-
Iterating the inequality obtained we get (¢t < k)
arr < Oopi(ep +Epg1 + - F Ekpr—2) + A1 kti—1

k+t—1

= dopler + g1+ -+ Ekri—2) + Ehrt—1 < dap Z €.
i—k

Thus Ay, = sup; ase < 6pd o, & — 0as k — oo. O
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k =0 then for every x° we have

Lemma 2. Iflimy o € (01p0)”
Jim p(z; = 2[2°) = p(a),

where the limiting density does not depend on x0.
The proof is carried out by estimating the difference

Mi(z) — my(x)

in a standard way, where M;(x) = sup, p(z: = x|zo) and my(x) = inf,o p(z; =
x|2") are non-increasing and non-decreasing functions of the argument ¢ at every x
respectively.

Corollary 1. There exists a function o(t) vanishing as t — oo such that

Ip(xe = a[a?) = pl)] < o(t).

Well-known methods of random processes theory enable us to obtain the follow-
ing two results.

Lemma 3. Under the condition of Lemma 2 there exists

lim E(f(x)[x°) /f

T—o0

which does not depend on x2°. The convergence rate is evaluated as follows

IB(f (2n)|°) /f 2)da] < (T /|f )| da.

Lemma 4. Under the condition of Lemma 2

T
Lim T f(ar) = /X f(@)p(z) de

with the following estimate of the convergence rate

t 2 T
7Y fe) ~ [ fapla)do sm<T>=4FT1<1+quo<z‘>>
t=1 i=1

where F' = sup | f(x)], lim;_o ¥(T) = 0.

E

8.3. Auxiliary Results for CSP

The main goal of this section is to extend the results of the previous section to
controlled stationary processes. Because the calculations are lengthy we shall omit
the proofs of some simple lemmas below.
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Here the parameters €, and Ay are defined as follows

e = sup [p(z1|2°,u°) — p(w1]a®,, 271 Wl a ),

Ay = sup [p (| 1) = plaela? e 7wl @),

where both suprema are taken over all variables involved in these notations. For
the process (;(o) with the stationary strategy generated by a rule h having memory
depth m, i.e. h € D,,, the parameters €, y,, Ax n and the lower and upper estimates
01,m, 02,m for the densities are defined by analogy with the above.

Lemma 1. For all integers k and m
Ek,m < Ek—m; 51,777, > 617 62,m < 62~

Lemma 2. If for a CSP (; the relation limy_.o cx(d14) ™% = 0 holds, then for
(i(0), 0 € Dy, we have the following

klim ek,m((SLmu)*k =0.

From this assertion and Lemmas 2—4 of the previous section three lemmas given
below follow. In their statements p, means the density corresponding to the sta-
tionary strategy o.

Lemma 3. For every integer m there exists a monotonically decreasing positive
function o, (t) vanishing as t — oo such that

|p<7(xt = $|$O,U,O) —pa(l‘)| S me(t)a (S Dm

The function ¢,,(t) is constructed using the known parameters pu, eg, d1, do. It
will be the same for all CSP provided the parameters mentioned are fixed.

Lemma 4. If limy o0 ex(010) "% = 0, then for o € D,, the limit

lim E, (f(2¢]2°, u° /f x)pe(x) de = W(x)

t—o0

exists and does not depend on (z°,u"). Moreover,

(
B, (f(ar]2%, u®) - /X F(@po () dz| < ou(T) /X (@) da.

Lemma 5. Iflimy,_ .o ex(010) % = 0, then for o € D,, the limit

1T.15&T—1tzlf Cilo /f 2)po(z

exists and does not depend on (z°,u"). Moreover,

T 2 T
TS £(G(0)) - /X F(@)po () da <‘I’m(T)=4F2T1<1+MZwm(i)>~
t=1 i=1
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The form of the function ¥,, shows that it is the same for all CSP with fixed
values p, 91, ds.

So, we have obtained sufficient conditions for a CSP to be ergodic.

Let D!, be a finite subset of D,,. For a stationary strategy o € D! we put

5 =0 VY F(Go)).
Definition 1. A strategy 0, € D! is called the best strategy if

W(o) = sup W(o).
oceD/],
Let 6 be a (random!) strategy to which the maximum value of z[(,") corresponds.
The following lemma is concerned with the “distance” between ¢, and &.

Lemma 6. For every past history (a:o, uo) the estimate
E(W(5) — W (o2, u°) < 4|D;,|¥(n)
holds.

We consider the non-decreasing numerical sequence W, = sup,.p W(0o).
Hence

W =supW(o) = lim W,,.
D m—0o0

We introduce auxiliary sets of rules (corresponding stationary strategies) Dlm,
l = 1,2,... with finite depths. We partition the sets X and U into intervals of
equal length. Let (@, 2™ . 20 and «©@, ™, .  u® be the points of these
partitions. The set D! is formed by picewise-constant functions f(z1,...,2m)
on the hypercube X which on every element of the partition with the bound-
aries [xgil),xgilﬂ)}, [x;ig),x;iﬁl)},..., [x%’”),x%mﬂ)] take one of the values
u’ belonging to the partition of the interval U into [ parts. Any measurable
function A(zq,...,2,) can be approximated by the picewice-constant functions
ﬁ(ml, ...y Tpm). From this it follows that for arbitrary positive numbers 71, 72 and
any rule h € D,, we can find a rule h € D!, (at some [) such that |h — ;| < m
for all collections of z1,...,z, where z; € X\X,,, and the subset X,, C X has
measure not greater than 7,.

Let the transition function density p(xl |29 +1) of a Markov process of order kP
satisfying the condition 0 < d; < p(-) < d2 < oo. The same inequalities are assumed
to hold for the densities p’ (a:1|a:(lk+1), ﬁ(x1|a:(lk+1) and, moreover,

p(e1lz?py) = P/ (21]al )] < m
for all x1, ..., 2, and
P (@1]al ) = Bl ]a2 )

forall 2y € X, z; € X\X,,, i=—-k+1,...,—-1,0.

PThis means that P{zp4+1 € -|20,. .-, Zn} = P{Tnt1 € |Tp_p,---,Tn}, n > k.
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The Markov processes (of order k) with such densities have the densities of the
limiting distributions p(z), p’(z) and p(x). We estimate the distance between p and
P in metric L1. We need the three lemmas formulated below.

Lemma 7.
k—1

Ip =z, < ko2
1

Proof. Let us consider the limiting distributions for the collections z¥. We introduce
the following two integral operators

Tf:/Xf(arl,...,xk) (xk+1|a:1)dx1,

T/fZ/Xf(xlwka) ($k+1|x1)dff1

with the kernels p(z7%|«}) and p/(27%,|2}). The eigenfunctions p(z7%,) and
P (xi’jrl) corresponding to their eigenvalues are equal to one. According to the
triangle inequality we have (here Lgk) = L1 (RY))

d f
= 1 Tp = Tl oo < 1T = T'pll o0 + 172 = TP oo

First, we estimate the first summand on the right-hand side of the last inequality.
Indeed

E rk
170 =Tpl0 < [ [ oaialel) = (@i fof) o(at) dof aof
Taking into account the equality

2k— 2)

Dl lat) = (el )p(eanr 02 - plana o),

similar equalities for p’ and the elementary inequality

k k
[[e:=]1¥
i=1 i=1

we obtain

k k 1
<lay — by Hai + b1|ag — bo| Hai + H bilar — b/,
i—2 =3 i1

|P(xili1|xlf) _Pl(xiliﬂxlfﬂ < km5§*1-
Finally we have
ITo = T'pll g0 < ka5~ [ [ plal) dat dot = sy~
1 XkJXk
We now consider the second summand. Since

pgl (xiilmjf) = pl (xiiﬂl’]f) — (Slf >0,
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we obtain
IT'p = Ty < /Xk /Xk (p(ah) = p'(h))p (¢34 |2Y) daf| daly

:/Xk /kaisl(xiillx’f)(p(x’f)—p( £)) dak
< [ ][ b alet) asth)] et - o' (ah)

Xk

dkarl

= (1 (uor)* )Ip =21l g0
It follows immediately that

1= ||P—P/||L§k) < kmppkort

(1= 8l = p'l 00,
and, hence,

lp— P'||L<1k> < k6 Feh

The one dlmensional limiting density that we are interested in is equal to p(zy) =
f ¥ dz¥1. From the inequality

I =#le, = [ | [ o) /o)) aet | o
< [ Iole) = (et st = ol

the assertion follows. O

Lemma 8.
19’ = Blle, < (2k — V)mopk =167 763,
Proof. For the densities p’(2}) and p(z}) we consider the following equalities
Th=p, T'p' =7,

where T' and 7" denote the integral operators with the kernels lﬁ(xiﬁﬂx’f) and
D ( k+1|x1) respectively. We have

7 def
= P’ _p”L(") =7 /_TPHLW <|IT” /_TPHL(k)

<N =19 oo + 1T = Thll o (1)

For the first summand on the right-hand side we have

179 = ) 0 < / / 1D (2%, |k) — (a2 o |ab) | () dak da2® .
xkJXxE
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According to the definitions of the densities p’ and p
P (a5 l2h) =p(ailah), =12k -1 (2)

if 2; € X\X,, fori =1,...,2k — 1. The measure of the set of all collections x2* for
which equality (2) fails is equal to

1— (1 _ M71n2)2k71/142k é (2k _ 1)772/112]671.
Therefore
|T'p" — TﬁHLgm < (2k — 1)mop®* 1635

The second summand on the right-hand side of (1) can be estimated as in the
previous lemma, and hence

179" = Tpll o0 < (1= (o))" Ip" = Bll o
This leads to the inequality
I=1p" =pllw < (2k - Dnap® 1635 4 (1= (ud)*)[|p/ =Dl m

that, in turn, implies the following

k—1 52k
- Tt}
Ip" = bll oo < (2K — )y —=2—
1 51
The desired estimate of ||p’ — p||, is obtained as at the end of Lemma 2. m|

Using the triangle inequality, from Lemmas 7, 8 we have

Lemma 9.
- §k=1 52k k-1
Ip = Blles < (2K = Dkm 2 + (2% — 1)772%.
1 1

We now compare the density of the conditional distribution p(x1|2°) of a sta-
tionary process with that ofp(xl |x(lk+1) of a Markov process of order k satisfying
the condition

ir}ip(a:ﬂa:(lkﬂ,x_k) < plzr]a?, ) < su[k)p(a:1|a:(lk+1,x_k).
xr r—k
Lemma 10. For every past history z° the introduced densities are related by the
inequalities
(el yp1) = plai|2°)| < pdaegat.

Lemma 11. Let p(x) be the density of the limiting distribution of a Markov process
of order k with the transition probability density p(x1|z®, ). Then

(e = wla? 1) = p(@)] < e[l = (G1p)*]*

where ¢ is some constant not depending on t.
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We impose the constraint G on the conditional distribution densities of a CSP (;.

G. For every two sequences of controls u® and 7° we have

(o]
[p(z1]a®, u®) = plar]a®, @) < dulun — i),

n=1

where d, >0 and d =37 | d, < cc.

Theorem 1. Let aﬁ;? - Dﬁn be the best strategy. If conditions G holds and
limy o0 ke (02/01)* = 0, then for every increasing integer-valued sequence I(m)
the following equalities are satisfied

lim W(va’lo) = lim max W(o)=W,,.
l—o00

l—o0o O'EDiy(Lm)

Proof. For every strategy o € D, and numbers 71, 72 we find an integer | = I(m)
and a strategy & € D!, such that

lo(z—m,...,x21) =0 (Tom, ..., z_1)] <m Vaz, € X\X,,, i=1,....,m.

Then for the same {z_;}

)
|pg($1|$0,u0) - p&($1|1‘0, ﬂO)| S Z dn|u—n - 'a'—n| S dnl

n=1

We associate with the stationary processes (;(c) and (&) the Markov processes

of order k having the densities p,(yk) (a:1|a:(lk+1) and pgk) (a:1|a:(lk+1) satisfying the

conditions

inf po(@1]a’ ppq) < PP (@1]2% 1) £ sup po(@1]a® ),
@122, 1,20,

. k

inf  po(eaa® ) < PP (@1a%0) € sup pe(ala i),
T1,T 11 T1H,T 1
and to the obvious inequalities

P (@1l22 1) = po(21]2°)] < hm—1,

k
S (@112 1) — po(21]2°)] < et

Under these assumptions the limiting densities exist. The following inequality holds

1o (200]2°) = pa(zoola®) 2,
< [po(@oolz®) = (wela®) | + [[po (wel2®) — P8 (wela )|

k
+ 108 (e 1) = PP (ool )| + 198 (@ocla® 1) — D (2ocf2 i)

k k
P8 (@oda® 1) — P9 (@2 oy )|+ 198 ()20 i) — pa (4|20

+ s (2¢]2°) = po(oc|2°)]. (3)
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We estimate each term on the right-hand side of this inequality. In view of condition
G we have
k
P (@110 g1) = 95 (@12 )]
< P (@1|e 1) — 2§ (21]2%)] + PP (@112°) = po (w1]2% 41|
+ |ps (21]a%) = p{ (1[0 11)| < 221 + dipr.
Taking into account Lemma 9 we estimate the forth term on the right-hand side
of (3) as follows
k k
157 @so ke s1) = P§ (@ocle )|
< kOy M (dmy + ek—m1)05 "+ (2k — V)mdy Fuh 63"
With the help of Lemmas 3, 10, 11 we can estimate the other terms on the right-
hand side of (3). Indeed,
1o (200 2”) = pa (woo|®) ||,
< 200, (t) + 200112 ) —m + 2uc(l — (udl)k)t/k + kééfl(dm + sk,m,l)é}fk

+(2k — Vmppt a3k s . (4)
We show that the right-hand side of the last inequality can take an arbitrarily small
value by choosing t, k, 11, 12 appropriately. The equality limy, .o, kepd 165 = 0 is
a sufficient condition for this. Indeed, the function

gk, t) = 200p16 g + 2uc(1 — (udy)*)H*,

being the sum of the second and third summands from (3) takes the minimal value

in ¢ at the point tgfi)n and under the above condition we have

: (k) y _ s (R
klirgog(kt )—O, tlirgot ;= 00.

’ “min min

Thus, the sum g(k,t) can be made however small by putting ¢t = tgfi)n and k — oo.

The first term on the right-hand side of (4) can be made however small with g(k, t)
simultaneously. Finally, the remaining terms can be made small by choosing n; and

12 properly.
So, we have proved that

[po (w0|2°) — s (zoola®)|| — O
as | =1(m) — 0. The rest of the proof is rather simple. First, we note that

W(e) - W) = } [ ) a(rcla®) = paam s o

S/X 1 (@oo)lllpe (2o |2°) = po(2oc|2°) | dzos < Fllpe — psllz, -

Hence lim;_.., W(5) = W (o). Using the notation W} = max
the inequality

W — WL < W — W(o)| + |[W(o) = W(5)| foralloe D,

y W(o), from

ceD™
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we finally obtain

Jim W, — WL <|W, —W(o)|, o€ Dy.
—00

Therefore lim;_, an = W,,. |

8.4. Adaptive Strategies for CSP

First, the control aim is the fulfilment of the objective equality

T—o0

T
Lim 77! Zf(xt) =W
t=1

for all processes from a class of CSP. The achievement of this aim is realized by a
strategy A(n, N) specified as follows. The process of control is divided into succes-
sive stages. In the mth stage, the rules having the same memory depth from the
set D,, are used. Each of them is applied to the process n,, times in succession.
We consider the r.v.

t'+nm,
Z=ng Z f (@),
t=t/+1
where ¢’ + 1 is the first moment of using the chosen rule by the reactions of the
process in response to the applied rules from D,,. On finishing using all rules from
D,,, the rule that produces the maximum value of Z is chosen. The rule found is
applied N, times. Thereafter, stage m + 1 begins. This completes the description
of the strategy A(n, N) that is defined by the two sequences {n,,}, {Nn} given
beforehand.
We define the classes of CSP denoted by S(g, d1,02) as the class of all CSP such
that: the parameters €/, €5, ... and the conditional probability densities satisfy the
inequalities:

(i) E;C <eg, k>1,
(i) 0 <1 < p(x1|2°) < 6y < 0.

Moreover,
(iii) limg_.o0 kepdy %05 =0

and condition G from Sec. 3 holds as well.
All processes from S(e, 1, d2) have the same collection of functions U,,.

Theorem 1. With respect to the class S(g,01,02) the strategy A(n, N) secures the
attainment of the stated aim

T
Lim 771 f(ay) =W
t=1

T—o0
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if the following conditions hold

I(m)
lim ‘Dl(m)|\II m) =0, lim M =0,
m—0o0 m—0o0 m—1

where 1(m) is a subsequence of the positive integers.

Proof. For r.v. n we introduce the norm ||n|| = (E(1?|2°, u°))'/2. We also introduce
7/, and 7/ which are the moments of finishing the mth stage of using the strategy
and comparison period of “usefulness” of the applied rules with the same depth m,

respectively, i.e.

=N (1D i+ N;), Tl =1+ [ DN,
=1

We estimate the norm J(T) = ||T~! Zle f(z¢) — W|. Indeed,

D=

> H

q Trn min(7,7 )
{1 SRBEI I IS s R
m=1|li=r_ 11 i=r/+1
T
+ > (f(ffi)—W)H =51+ 852+ 53+ 54 (1)
i=min(T,7/+1)

where ¢ = max{n : 7/, < T'}. We now estimate every term on the right-hand side.
We write the first of them as S; = anzl S1,m, where

’

T’ITL

S () - W)

St = 1> (f(m)—v‘v(am))’
=1/ +1 i=T// +1
o 35 W - w4 | 5 <w<af,sm>>—W)H.
=7/ +1 i=7)/ +1

Here G, denotes the stationary strategy having depth m corresponding to the
maximun value of the r.v. Z. Hence W(&,,) is the average reward on the time
interval |7, +1,7,,]. So, we have

/
m

S (flw) = W(om)

y— !
=7/ +1

+NmHW(UlT,Sm)) —V‘VH.

T

Sim < + W Em) = W)
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By Lemma 5 from Sec. 3 for any past history 2%, u° the inequality

d

is satisfied, i.e.

’

T 2
N' > (f(xi)—V‘V(&m)]

i=rl+1

xo,u0> < U, (Ny)

-
m

S (fla) = W(em))?

p——
=71}/ +1

< Ny UH2(N).

Using Lemma 6, we obtain
Stm < Nm\I’}rF(Nm) + 2Nm[|D£r(Lm)|\Ijm(nm)]l/2 + Nm|W(O-£’)§Lm)) - Wl

For the other terms in (1) the following estimates can be obtained without special
difficulties

Sy < 2ny| DX™I|F,  (F = max|f()])
x

min(T,T;’-i-l)
Ss=1{ > (flw) = W)|| <2 [ DSV,
i=7)+1
T ~ 1/2
Si= || 3 (Flan) = W)| <27 = 70) [PV [ 0011 (mg41)|
=7, +1

1/2 I(g+1 T
(T =l VWA (T = i) + (= 1) W (V) = W)

We notice that if 7,/ ; > T" then Sy = 0. Substituting the estimates obtained in (1),
we have
q
sy < Tl{ S [N 20N) 4 2N, (D) 1)) 2
m=1
g+1
+ Nl W () = W1 | +2F 3 | D)

m=1

1/2 1(g+1 1/2
+(T — 7};/+1) |:\I/q-/‘,-1(T - 7};/+1) +2 “Dq(-ﬁr )imq+1(nq+1)}

oW (oleh) - WH} )

where

- L, if 7, <T,
0, if 7, >T.
It remains to make sure that lim;_., J(t) = 0.

Let us verify that the first and second sums in the braces (and divided by T')
tend to zero as ¢ — oo.
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This follows immediately from the conditions of the theorem, the inequality
T >3 | Ny, the Toeplitz Theorem (as z,, — 0, see Sec. 3, Chap. 4) and the
equality limg, oo W(va(lm)) = W, where W(va(lm)) = sup__pim W(o). To verify
the last equality we fix an integer r and consider the quantity |W(U£,(Lm)) — W] for
all m > r. Noting that

W(og™) = W(a™), W =W(a™)
and using Theorem 1, Sec. 3 we see that limy)_ o W(gi(m)) = W,. Hence
T [W (o)) = W| < |W — W, |
m—0o0

for any r. Taking into account the equality lim, ., W, = W we obtain the required
assertion. This relationship (in the limit as ¢ — co) with respect to the first and
second summands on the right-hand side of (3) can obviously be extended to the
case when T — oo. Indeed, in this case ¢ — oc.
We now show that the other summands on the right-hand side of (2) containing

~ tend to 0 as T' — oo. It is easy to verify that the equalities

lim L Ta ) piaty _ Jim | DU _

B e 7T|Dq+l |\I/q+1(nq+1) = Tlgnoo |Dq+1 |\I/q+1(nq+1) =0, (3

T—71" - -
lim qu“’W(affjf”) . W‘ — lim ‘W(Ué(ffl)) . W’ —0 (4

T—o00 T—o0
are fulfilled. Because ¥,11(n) < s¢ we obtain the estimate
Ng+1

(T )< Na

T — ifT—TélJrl < Ng+1,
q+1 \111/2
Y T q+1

/2 . "
U ia, T =710 > ng.

Since ng4+1/Ny — 0 as t — 0, these estimates lead to the equality

T— TH+1 1/2
Jim =2 WA (T = 741) = 0. (5)
It follows that lim;_., J(t) = 0. O

We now consider another aim of control for the class of CSP considered: provide
the fulfilment of the equality
Jim B(f ()2, ) = W

or every process from S(e,d1,602) and for an arbitrary fized past history z°, u°.
yp » 01,02 Y Y4 Y )

We remark that the strategy A(n, N) cannot provide the stated aim. Indeed, at
the moment of time far from the moment we started to control, the process with
the efficiency of the rules having the same depth is evaluated and nonoptimal rules
are used. So, the required limit may not exist. We now describe another strategy
denoted by A(n, p).
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The structure is similar to the previous one. The course of control is divided
into successive stages. In the mth stage rules with the same depth from the set D,,
are used. Each of them is applied to the process n,, times in succession. The best
of them is used a random number v,, times. Using the best rule can be stopped at
any time with probability p,, independently of the past history. Thereafter, stage
m + 1 begins. This completes the description of the strategy fl(n,p).

Theorem 2. With respect to the class of CSP the strategy fl(n,p) secures the
attainment of the aim

lim Ef(z]2®,u’) =W
t—o0

if the parameters specifying the strategy are related by the conditions
(o]
Z pip2 - P | D™ |y, < 00, W%Enoo |D£,(Lm)|\llm(nm) =0,
m=1

where 1(m) is a subsequence of the positive integers.

The proof is similar to that of the previous theorem and hence is omitted.

The strategies considered above are of the searching type. They do not imple-
ment the identification which would consist of estimating the densities p(-|z°). These
strategies are neither stationary nor Markov. Their realization is based on the enu-
meration of the elements of all the sets D,, and on the determination of some
probability distributions. The next rules are formed with the help of the observa-
tions during the course of the controlled process.

The complexity of the algorithms considered are connected with the generality
of the classes of controlled models. In the previous (and next) chapters for special
classes of models the strategies possess simpler structure.



CHAPTER 9

FINITE-CONVERGING PROCEDURES FOR CONTROL
PROBLEMS WITH INEQUALITIES

In this chapter we consider recurrent procedures for solving countable systems of
inequalities. These procedures are conventionally called finite-converging. Sufficient
conditions for their existence have been obtained. On the base of these procedures
adaptive stabilizing strategies are constructed for the classes of linear difference
equations. The realization simplicity makes them useful in some practical problems.

9.1. Formulation of the Problem

Let us consider a class L; of scalar linear difference equations of order [

1
T = Z(aixt,i +biur—i)+ f(t), ze=cxi+d
i=1

with some initial conditions. Here x;, us, z; are a “state”, a control and an observa-
tion at time ¢, respectively, and f(t) is an additive noise (or a disturbance). The set
of coefficients of the equation 6 = {a1,...,a;,b1,...,b} defines an element from L;.
For arbitrary initial conditions the solution x; must belong to an interval given by
|z¢| < r starting from some moment. Under the given value of the parameter 6 and
appropriate conditions concerning the equation the solution is rather simple. For
future aims we note the functional form of the “optimal” control

m
u =Y aj(0)z—jr1,
j=1

i.e. it is linear with respect to its arguments (the observations z;) and the coefficients
oy of this form depend on the parameter # in a known manner.

We now describe the problem outlined above in general form. The control aim
of the processes from the class Ko consists of fulfilling the inequality ¢(t) > 0
starting from some moment tg, where (¢) is some functional defined on the paths
of the considered process. If for the process x¢(f) € Ko the form of the “optimal”
law u; = h(-,0) is known, the described problem will be solved. We consider the
adaptive variant when the parameter 6 is unknown.

We seek the required “optimal” law in the form h(z?,6;), where the function h
depends on the estimate of an unknown parameter. By observing the evolution of
the process and keeping the inequality ¢; > 0 the estimates 6; are calculated. We
can figuratively say that “6; is the estimate of the true value of the parameter 6”

267
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but this does not mean the 6; — 6 convergence. We now try to write down the
inequalities we are interested in so that it would be possible to compute the values
of the estimates 6;.

For the functional p; = p(x!, ut), we see that at time ¢

@(xta utilvut) = @(xtvut717 h(ztilv 91571)) = 9015(915*1)'

The solution of the inequality ¢;(6;) > 0 with respect to 6; produces the solutions
of two subproblems, namely,

(1) Tt ensures the fulfilment of the goal inequality at time ¢;
(2) Tt gives the next control u; 1 = h(z?, 0;).

In the case of deterministic processes defined by difference equations of order [,
Ty = g(Te—1, .., Tp_3Up—1, ..., Us—q), there is one peculiarity for the functional of
the form o(2?) not depending on the control. In particular, when

vae) = @@ g i) = (e g (@) 7w ] )

= ()0(1' ag(xlt&:l UL h(zt_Q; 0t—2))) = ¥t (et—Q)a

either the value or the sign of the functional will be recorded after the parameter
0;_o is fixed.

Thus, at each moment either the value or the sign of the functional is known.
However, the future values of the functional depend on the controls chosen in the
future which are defined by future values of the parameters 0y, 1,0;42,.... These
parameters will be determined as soon as the next values of the functional are
known. In other words, we need to solve a countable system of “hidden” inequalities
for a finite number of steps, i.e. it is necessary to ensure starting from some moment
t* the fulfilment of inequalities ¢y > 0 for all ¢ > ¢*. This signifies, in fact, the
achievement of the given aim of control.

In what follows the task is to investigate the systems of inequalities 1 (6¢, x¢) > 0,
t>1.

The procedure of solving a similar system is called the finite-converging proce-
dure (for short FCP) if there exists a finite t* such that ¢ (6;,2) > 0 for all ¢ > t*
and every x from the admissible domain of the space X. The number of moments
the opposite inequality holds (¢ < 0) is called the number of corrections of the pro-
cedure. Owing to the realization simplicity, recurrent finite-converging procedures
are of special interest. The procedures of this type and the adaptive strategies based
upon them are the subject-matter of this chapter.

For the sake of completeness we remark that under the additional assumption
O 41 = Oy« 12 = - -+ = O with respect to the solution of the system of inequalities,
the FCP are sometimes referred to as finite-converging algorithms.
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9.2. Finite-converging Procedures of Solving A Countable System
of Inequalities

Here and in the next section the existence conditions for the finite-converging pro-
cedures are studied and some examples are given irrespective of control problems.

Let us associate a sequence {z;} from a proper subset M of the set X with the
system of inequalities p(0,2:) > 0,t=1,2,... where § € © and O is a real Hilbert
space. The following condition is always assumed.

There exists a number e, > 0 and an element 0, € © such that for every x € M
the inequality (0., x) > e, is satisfied.

The values of €, and 6, are, of course, unknown. Actually this condition means
that the system of inequalities ¢(0,x;) > 0,¢t = 1,2, ... is solvable. The next the-
orem gives a sufficient condition for the existence of a recurrent procedure of the
following form

Orr1 = 9e(0r,2¢), t>1, 01 = 0 € o. (1)
Theorem 1. Let V(0) be a non-negative function, {e,} be a sequence of positive
numbers such that Y -, &, = oo and procedure (1) possess the property
V(0:) = V(0r41) = &, if o(0r,20) < 0.
Then the following procedure
9157 Zf 50(91571') > 07
Orr1 = )
gt(etaxt)a Zf 30((915,.23) < 07

is FCP. The number of corrections r for this procedure satisfies the inequality
e14 -4 <V(0h).

(2)

Proof. We cross out all repetitions from the sequence {6:} = 61,0a,...,0,,...
obtained with the help of (2). For the new sequence we keep the old notation
{6:}. Thus for all ¢ the inequality V(6;) — V(0¢11) > & holds. Summing up these
inequalities €; < V(6;) — V(6,41) over j from 1 to ¢ we obtain

e1+ e <Y [V(0;) = V(B;11)] = V(61) = V(0i11) < V(61).
j=1

Since Y o2, &, = oo, the sequence {f;} must be finite. This proves our
theorem. 0O

The assumptions of Theorem 1 are fulfilled if the inequality V() — V(¢g(0,z)) > ¢
holds at some € as soon as g(6, ) < 0. We notice that the function V' may be treated
as a Lyapunov function for the move defined by equation (1). We now use the above
theorem to verify finite convergence of the recurrent procedures for solving systems
of inequalities. Later on we show that © = X.

First, we choose the function ¢(0,x) as follows

(0, x) = (6, 2).
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Here ||z|| < a and (-, -) stands for the scalar product. We define the numbers b, ¢,
c, ¢’ so that

0<cd<e<d, 0<b <2
The recurrent procedure is described by the relationship

9t7 lf (Gt, Z‘t) Z O,
et—i—l = .
91& + dtl't, if (975, xt) <0

where d; = ¢; — by (0, 1) ||z || 72, i.e. it is assumed that z; # 0.

Proposition 1. Procedure (3) is a FCP of solving the system of inequalities
(01, 2¢) > 0. At 61 = 0 the number of corrections satisfies the condition

da?

r < @H@*HZ-

Indeed, put V(6) = ||§ — h.]|? with h > hg = (2¢,) " ta?c”. Hence
V(0:) = V(0r11) = 100 — h0.]|* — (|01 — R,

_2dt(9t7 CL't) — df(xt, xt) —+ 2hdt(9*, CL't)

> e(h) = 2e.¢' (h — ho).

According to the above theorem procedure (3) is a FCP and from the inequality
r < mingsp, h2e7H(h)|0.]|? the estimate of r follows.
We now consider non-homogeneous inequalities. Let

@(evxt) = (97xt) +7t7 ||Z'H S a

and the sequences p; > 0 and b, satisfy the following conditions
Jlim p, =0, Z:lbn =00, b €l0,2],

moreover, the initial value 6; is chosen arbitrarily and »(1) = 0. The recurrent
procedure is given by the relationship

91&, %(t + ].) = %(t), if gt > 0,
Orp1 =

4
with )\t = p%(t) - btgt”"EHi?

Proposition 2. Procedure (4) is a FCP of solving the system of inequalities
(O, x¢) + ¢ > 0.

Indeed, for the function V() = ||@ — 6. |* and all sufficiently large ¢ the following
inequalities hold

V() = V(0ig1) = M [ Xe(2 = be)ge + (Br, ) + 7 — pellael|?] > ewpr.
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Taking the above into account, the required assertion follows from Theorem 1.
Let the “strip”-type inequalities
v = [Yi| = [(On, xe) + 1| <&, |z <a
be given. We solve them by using the recurrent procedure

0, if o1 < g,
Ory1 = ' P ' (5)
Or — ezl 72, if o > €.

Proposition 3. Procedure (5) is a FCP of solving the system of inequalities ¢y < &
at an arbitrary initial value 6,. The number of corrections may be estimated as
follows®

r < a’e (e —2¢.)]01 — 0.2

Indeed, for the function V' (6) = ||6 — 0.|| we have the following

V(0:) = V(0i31) = Ye——5— v = (0x,2) — V2.

The required assertion follows immediately. There exists a simple geometric inter-
pretation demonstrating clearly the process of finding the solution of the systems
of inequalities considered. Interested readers can find this interpretation without
difficulty.

Consider one more procedure for solving the “strip”-type inequalities ¢; =
|8:(0, 2¢) + 74| < &t on the assumption that

[z <a, 0<|B| <B, 0<e<ey.
We also strengthen the condition stated at the beginning of this section, namely,

there exist 0, and p € (0,1) such that the inequalities |B(0s, x+) + V| < per are
satisfied for all t.

In addition, the following values are assumed to be known

vy, signfy, = B0, w) +, sign(er —[]), p, B.

The recurrent procedure has the form

0t7 lf wt S g,
Or1 = . P (6)
0y — (sign ) (1 — p)bexy||ze]| =2, if ¢y > e.

Proposition 4. Under the given assumptions procedure (6) is a FCP of solving the
system of “strip” -type inequalities. The number of corrections r can be estimated as
follows
aB
r < |61 - 0.%.
(1—pe
We omit the standard proof.

2The quantities 0 and €. have been characterized by the condition at the beginning of this
section. Here, we assume additionally that €. < /2.



272 Finite-Converging Procedures for Control Problems with Inequalities

The next system of “strip”-type inequalities has a more complicated form

pr = [P = 100, 20) + 7| < p vl

Suppose it is solvable and 0, is one of its solutions. Moreover, let M be some closed
convex set and 0, € M and Py be a projection operator on it. We see that

975; if Pt </1‘+V||xt”7
9t+1 = _92 . (7)
P[0 — ez 7], if or > o+ 2]

Proposition 5. For every v > 0 and arbitrary initial value 01 the recurrent pro-
cedure (7) is a FCP of solving the system of “strip” -inequalities of the second type.
The number of corrections v may be estimated as follows

r<v 26, — 6.

The proof is standard.
We now consider the system of quadratic inequalities of the form

(ptZ(At(e—l‘t),e—l‘t) < ¢, IJ)Zl
Here A; are some positive definite matrices. The condition of strengthened solv-
ability of the given system is formulated below.

There exist 0, and € € (0,1) such that the inequality p(t) < p3c; is satisfied for
all t.

A matrix B > 0 is chosen so that B > A; for all ¢ and the recurrent procedure
is defined by the following relationship

{(9,5, if (pt(et) < &g,
Orr1 =

1 . (8)
975 — st At(9t — xt), if Sot(gt) Z Et.

Proposition 6. If0 <e <e,0 < <b <V <2(1—p) then for an arbitrary ini-
tial value 01, procedure (8) is a FCP of solving the system of quadratic inequalities.
The number of corrections v may be estimated as follows

r <6 B0, —0,),0, —0,)
with § = 2eb'(1 — p —0"/2).
Indeed, denoting
Yy =0t —x4, 2z =0,—1x4

we put V(0) = (B(0 — 0,),0 — 6.) and AV, = V(0;) — V(0:11). Making use of the
relationship 4, B~'A; < A;, we obtain
AVy

%, = (Awe, ) — (Aeye, z0) — 270 (B~ Ay, A

> (1= b¢/2)0e(0:) — [(Aeye, ye) (Arze, 24)]2
> (1 —0b¢/2)er — pee = (1 — p— i /2)es.
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Taking into account the constraints on £; and b;, we have
AVy > 6 =2e8'(1—p—1b"/e).

The above implies the required assertion.

The last procedure completes the list of the best known and frequently used
FCP; their application to control problems is discussed below. In conclusion we
rewrite the usual form of the FCP

0. — 0y, if at time ¢ the goal inequality holds,
T 0+ hi(0¢,x¢), otherwise,

in the more compact form
Orp1 = 0p + arhe (0, 21) 9)

to be used later on. Here we have used the notation

o — 0, if at time ¢ the goal inequality holds,
b 1, otherwise.

9.3. Sufficient Conditions for Existence of FCP

In the preceding section we considered examples of FCP for solving several concrete
types of systems of inequalities. Here we are interested in finding more general
conditions for existence of procedures of this type. This is important because the
conditions established will be used later on for solving adaptive control problems.

Let the function ¢:(6) be given on ©® = R™. We need to solve the system of
inequalities ¢;(0) < &, t > 1. Let also ¢ > ¢ > 0 and let there exist 6. and
p € (0,1) such that the strengthened inequalities o;(0.) < p?e; hold for all t. The
functions ¢, satisfy the following restrictions:

(a) the functions ¢;(6) are twice continuously differentiable;
(b) there exists a number k£ > 0 and a matrix A > 0 such that

(A™'Vpi(6), V() < ki (0)

whenever ¢.(6) > 0;
(c) VZp; > 0, i.e. the matrices of the second derivatives of the functions ¢, are
non-negative definite.

Using notation (9) from the previous section and putting b = (1 — p?)k~!, we
define the following recurrent procedure

0141 = 0y + atbAV i (0;). (1)

Theorem 1. We assume that conditions (a)—(c) and the above-mentioned assump-
tions about the system of inequalities pi(0) < e are satisfied. Then (1) is a FCP
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at an arbitrary initial value 81. The number of corrections r can be estimated as
follows

r < (A(6r — 0,),0, — 0,)(ckb?) L.

Proof. In the sequence 61, 05, ... we cross out the elements 6,, for which the inequal-
ities ¢¢(0;) < &; hold. The remaining elements are indexed anew in succession. We
consider further only this sequence. Putting V(6) = (A(6 — 61),0 — 61) we see that

AV, =V (0) = V(0r41) = b(Vepr(6:), 20, — 20, — bA™ Vpy(6,))
= b[204(0:) — 20¢(0x) + (V221(0(X0)) (0 — 0..), 0, — 0.) — b A~2V 04 (61) %]

We explain this equality. Let 6 and 6" be chosen arbitrarily and 8(\) = (1 — )8 +
A0”. We put ®(\) = ¢¢(0(N)). According to the Taylor formula we have

(1) — ©(0) = p(0”) — e (8') = (Vepu(0'),0” = 0')

(
+ %(v%t(euo))(e” —0),0" —0), X €]0,1].

In view of conditions (b) and (c), the inequalities kb < 2 and ¢;(0) < p?c; we have
AVy > [(2 = kb)pi(6:) — p°beelb > eb(1 — p?).

From the above and Theorem 1 from Sec. 2 the required assertion follows. O

We now formulate conditions for existence of recurrent FCP having the general
form 041 = g(0r, ).

We assume that the elements of a sequence {x;} belong to a bounded subset X
of a Hilbert space X. The quantity 6 belongs to a Hilbert space © with the scalar
product (#’,0") and the norm ||6]| = (6,6)"/2.

Theorem 2. Let a function (0, z) satisfy the following conditions:

(a) it is defined on ©¢ x Xo where Oq is a convex set;

(b) it is differentiable with respect to 0 and its derivative in the Fréchet sense
Vop(0,x) is bounded on ©g x XoN{(0,z): o(0,x) <0};

(c) there exists an element 0, € © and a number e, > 0 such that (0., x) > &
for all x € Xo;

(d) for all (8,x) € ©g x XoN{(0,2) : p(0,x) <0} the inequality

(VG@(ea (E), 0. — 9) > 50(0*71') - 30(9, {E)

holds.
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Let {x:} be a countable sequence from Xo. The recurrent procedure is defined by
the relationship

9 _ 915, ’Lf 50(9,5,:5,5) > O, (2)
T PO+ alt)Vap(Bi,2)], if (8, 21) <O

where P denotes a projection operator on ©q, 01 is chosen arbitrarily, b(t) € [0, 2]
and
1 Qo(etht)
alt) = — - b(t) ——————.
=50 " Vel

Here n(t) is the number of corrections of the parameter 0; up to time t. It is deter-
mined as follows: n(1) =1 and

+ 1) = n(t)a Zf Qp(gtaxt) > 07
nt+1)= n(t)+1, if p(0;,7¢) <O0.

The procedure (2) is a FCP of solving the system of inequalities (0, z¢) > 0 on
an arbitrary countable set {x;}.

3)

Proof. To prove this, we have to show that lim; .. n(t) < co. We consider the
quantities a; which have been defined at the end of Sec. 2. According to procedure
(2) and the assumptions, we obtain

1641 — 011> = [ P[6s + asa(t)Vop(8s, )] — 64|
< [16: — 0. + cwa(t) Vo e, z:1) ||
= 110 — 0.]|% + 2a:a(t)(Vop(0s, 1), 0; — 0.) + cva(t)||[ Vo (O, 1) ||
Hence
10 = 04]1* = 1601 — 01> > aua® () [2(Vop (e, 21), 0« — 61) — a(t)[ Vo (8, z.)|1%].

Using the representation of a(t) it is easy to show that

ara(t)2¢(0x, x¢) — 2¢0(0r, x¢) — a(t)||V9<p(9t,xt)||2] > el

n(t)

for all sufficiently large n(t). These inequalities imply the fulfilment of the following

inequality
ExOlt

n(t)

[ e L

After summation, we obtain

t n(t)
a; _
161 = 6ull® = 1611 — 6] > e Y WJ) >e.y i h
=Y =1
From this the desired condition lim; . n(t) < co follows immediately. O

In the deterministic case we have obtained rather general conditions for existence
of FCP. These procedures also exist in the stochastic case. However, we will not
consider them here.
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9.4. Stabilization of Solutions of Linear Difference
Equations: Part 1

We consider a class of processes L; represented by the solution of the ARMAX-type
equation

xy=Awwe + -+ A+ Brug + -+ Biug— + ¢(2). (1)

Here x; and u; belong to R™, A; and B; are m x m-matrices® and ¢(t) is a
disturbance (the “external force”). The control u; is assumed to satisfy the condition
||lug]] < Q. The states (or the solutions) x; are not only observed but also satisfy
the condition ||2¢|| < R. The numbers ) and R are given.

The aim of control is, starting from some ¢, to ensure the fulfilment of the
inequality

|| <7 < R

or, in other words, lim lim; ., ||2¢|| < 7. It is easy to understand that r depends on
the restrictions on the disturbance ((t), i.e. it is at least necessary that the condition
[I<(t)]| < 7 be fulfilled. First, we assume that the coefficients of Eq. (1) are known.
Assuming the matrix B; is non-degenerate and ignoring temporarily the condition
[lu|| < @, the control at time ¢ is chosen as the solution of the equation

Ayxy + -+ A1 + Brug + -+ Biug 41 = 0, (2)
i.e.
Ut = —BflAll't — = B;lAll'tfH,l - B;lBgut,1 — B;lBlut,l+1. (3)

This relationship can be written in a compact form if we introduce the n x
2ln-matrix M = (Ai,...,A;B1,...,B;) and the 2ln-vector v, = (zf,...,
vf_ufs. - uf_, ). Here, the symbol “T” stands, as usual, for transposition.
Now, we can rewrite formula (3) in the form

By ' Mo, = 0.

Since z¢11 = (;, the given aim is attained, namely, ||ze1|| = ||Cel| < 7

These arguments explain the structure of the optimal control and suggest a
method of construction of adaptive control for equations from £; in the case when
the coefficients of Eq. (1) are unknown. There is a problem with the appropriate
identification because of non-observability of the disturbance ((¢). In this case we
cannot use the equality (3) containing the unknown matrices A;.

Let the “estimates” A;(t), B;(t) of the matrices A;, B; be obtained by some
method (to be discussed later on). We form the n x 2ln-matrix

My = (As(t), ..., Ait); Bu(t), ..., Bi(t))-

PFor a matrix M = (m;;) the number |M|| = ( i mfj)l/2 is the norm.
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At time t + 1 we can observe the vector g;y1 = 441 — Moy If
g1l = o1 — Myve|| <y
and the control u; is the solution® of the equation
Mt’l}t = O,

then the goal inequality ||z¢11]| < 7 is fulfilled at time ¢ + 1.

We can now give the adaptive strategy ensuring the stability-type aim with
respect to the appropriate subclass of L;.

The controls u; are computed by using the current estimates M; depending on
whether the matrix Bj(t) is degenerate or not. If it is non-degenerate, then

U(My), if [[U(My)]| < Q,
Ut = Ui (M) . (4)
—————if ||Uy(My)]| >
where Uy (M) = —Bl_l(t)Mtvt +u¢. Otherwise, we chose a vector e; with norm one
which satisfies the condition B (t)e; = 0 and let
Uy = Q@t. (5)

This formula can be considered as the limiting one for the previous formula provided
det B; (t) — 0.

The phase restriction ||z¢]] < R has to be fulfilled during the entire time of
control. We show how this can be done. The time axis is divided into the noninter-
secting intervals Iy, Io, ... of length greater than [. At the first [ — 1 moments of
the interval I,,, the initial values of x; are chosen so that the restriction ||z < r
holds and the controls are equal to zero. Beginning from the /[th moment of I,,, the
trajectory progresses according to equation (1). If either the restriction ||z < R
fails or the current interval I,,, ends then the movement will be interrupted and
the procedure described above should be repeated on the next interval I,,, 1. This
procedure is called “shaking” the controlled object. Of course, it can not always be
used. For example, this is true if the violation of the restriction leads to an explo-
sion. However, “shaking” is admissible and widespread. It is natural, for example,
in teaching a robot to cycle. The bicycle is the non-stable object of control and a
violation of the restriction means falling. If this has happened we have to put the
bicycle in the vertical position again.

The matrix M; which is an “estimate” of M is determined by the recurrent
procedure

M, = M, if [|gegall <7 6)
t+1 = P
My + geprof o =% if lgega || > 7,

¢To compute us we have to assume that the matrix Bi(t) is non-degenerate without paying
attention to the restrictions on the control.
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with the initial value M; chosen arbitrarily. Relations (4)-(6) together with the
“shaking” procedure define some strategy for the class £;. It remains to select a
subclass £ of this strategy ensuring the achievement of the aim.

Let £;,, C L; denote a class of linear equations of the form (1), whose distur-
bances satisfy the following condition

ICOI < pr,  pe(0,1/2).
Lemma 1. Procedure (6) of solving the system of inequalities
|zip1 — My <7

is a FOP with respect to the class L;, provided the controls are chosen according
to (4)—(5). The number of corrections r may be estimated as follows

R2 2
r< 19 a2,
(1—2p)r?

Proof. We have to verify that ||M; — M||? decreases as t — co. Let
e = | My — M|* — || Myyr — M]|°.
If M, is computed according to the second formula in (6), then

_ (1=2p)?
I QY

i.e. || My — M]||? decreases by no less than § on each step. Hence, from M; to M
there are no more than ||[M — Mi|?/§ steps.
We prove that v > §. We use the identity

IN + hah3||* = [IN|* + [|ha | ][],

where N is an n X n-matrix, hi, ho are vectors having order n and Nh; = 0. We
also use the notation

gt+1(I) = 2441 — Ty

where the matrix I' has the same form as M. Let us put

T
Uy

M'" = M1 + [ges1 (M) — gtH(M)]W'

From the easily verified equality gi+1 (M) = gi+1(M) the equality (M’ — M)v, =0
follows. Introducing

T
Uy

N=M —M, h=
[[vel|?
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(i.e. Nh=0) and using the equality mentioned above, we obtain
[Mep1 = M[[? = [N + (ge1(M) = ge1(My)) 2|
= [IN][* + [lge+1(M) = g1 (M) ||*] 212
and additionally
[Mer1 = M|* = ||N + gt (M))RT|1? = [N]Z + [l ge1 (M) |21
These relationships lead to the equality

% = [ge+1(M) = g1 (Me)lI” = [lge1 (M) )1 2]

1

= W[HgtJrl(Mt)HQ _ 2g?+1(Mt)gt+1(M)],

Under the above assumptions this implies the following inequalities

-1
ol =D lwe—j 1 + lue—s %) < (R” + Q%)L

j=1
gt (M) =7, g (M)]| < pr.

Hence we can easily complete the proof:

e = g1 (M)l ge1 (M) =2l gesr (M) ][l 72 = 72 (1-20)[(Q* + B!, O

We now consider the linear equation
Blut + -+ Blut_l+1 = Zt (7)

with the same coeflicients as in (1). The characteristic polynomial of this equation
has the form

B(A) =det [BIN T + BoA "2 4+ By

Definition 1. Equation (7) is called minimum phase if all roots of the equation
B(A) = 0 belong to the interior of the unit circle with the center at the origin.

This definition can be extended to a wider class of linear equations. However,
in this case it will have a much more complicated form. In the next section we shall
state the minimum phase notion for other classes of linear equations.

Lemma 2. The solution of the minimum phase equation has the following property:
there exists v > 0 such that the inequalities

HZterH<C, m:O,1,2,...
and the initial conditions uy—1 = up—9 = --- = w41 = 0 wmply
[wtrm| < Cv

for every t and C > 0.
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We leave the proof of this assertion to the reader.

The quantity v in Lemma 2 depends on the matrices B;. The least among these
quantities is denoted by v.

We introduce some additional constants:

Cr=|MVI+1+4p,  Co=|M—=M|\/12+12C}1—1)+1+p,

Cs = (I|M = Mo|| + | M[)y/12 +v2CF(1 = 1), Ci=3"(Ca+Cs),

q =rmax(vCy,Cy), »= min [|Byz].
zil|z[l=1
We can now define the class of linear equations for which the above strategy ensures
the fulfilment of the control aim.
The symbol £ = £ (p,7, 7, q) denotes the set of all linear difference equations
satisfying the conditions:

(1) the disturbances are bounded, i.e. ||((t)]| < pr, 0 < p < 1/2, Vt;

(2) all roots of the equation S(A\) = 0 belong to the interior of the unit circle, i.e.
equation (7) is minimum phase;

(3) >0, <Q.

Theorem 1. The strategy defined above leads to achievement of the control aim
|z¢]] < 7 for all sufficiently large t with respect to the class L. For the number of
corrections the estimate from Lemma 1 remains valid.

Proof. According to the assumptions all intervals I,,, are finite. Let FCP (6) be
finished at time t° € I;_1. It is necessary to show that ||z;|| < r for all t > t, € Ij.
This is true for the first [ — 1 moments of I. Taking into account the inequality
t, > t°, the FCP is no longer used to recalculate the matrices M;, but the controls
continue to be computed according to (4), (5). Therefore we can assume that t, is
the first moment of their computation. Then it assumes either the strict inequality
[|ue, || < @, or the equality |jue, | = Q. In the first case the goal condition holds.
Indeed, since the control is defined by the first equality in (4), the matrix B;(t) is
non-degenerate and Mv; = 0. From this and the inequality ||gi+1] < 7, VE > to,
the required inequality follows. Moreover, by Lemma 2, it is easy to show that
[[uell < q-

It remains to make sure that the equality |lu¢, || = @ is impossible. We prove

this by contradiction, i.e. suppose the control has been computed according to:

(a) the second equality in (4) if the matrix B (¢) is non-degenerate;
(b) formula (5) provided det By (t) = 0.

Putting he(M — My) = (M — My)ve — (By — Bi(t))ut, we rewrite the inequality
lgi+1(M)]| < 7 in the form

[he(M — M) 4+ (B — Bi(t))u + C(6)|| < -
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For h; we obtain the estimate

(e |1 + [frue—s1I>

l
=1

J

l
el < | D (1A = A; O + 11B; —Bj(t)llﬂ [

j=1
and, as mentioned above,
[M = M| < |M = Mol|, |loe—sll <m0 j=1,....04
[lue—j]l =0 < rveq, ji=2,...,1L
Hence
hell < wl|M = Mo| (1 + v2¢} (1 — 1))*/2.
This leads to the following inequality
[(Br = Bu(t))ue|| < rCh. (8)

Let us estimate the norm of By (t)u; in both variants of the control choice considered.
In the case (a) we obtain

Q
By(t)us = a(t)[By(Dur — Myvy],  a(t) = —%—— < 1,
1() t ()[ 1() t t t] () HUt(Mt)”
but in the case (b) the equality Bi(t)u; = 0 is valid. By analogy with the previous

arguments, we obtain the following estimate
Ihe(M)[| < r[|M = Mol| + | M|]J(1% + v2¢i (1 = 1))'/? = rCs.

This means that the inequality || Bi(t)u¢|]| < rCs holds in both variants. From
inequality (8) it follows that |Ju; — By * By (t))us|| < rCa/, and hence, the inequality
flutl| < r(Co 4+ C3)/¢ = rCy < Q. So, we arrive at a contradiction. The result
obtained remains valid for the next moments of the interval I;,. For the subsequent

intervals the arguments are the same. O

We have obtained the estimate of the number of corrections but not of the time
starting from which the goal inequality holds. In the general case this is impossible
because the “strong” disturbances of the movement can occur at any time in the
future. The real values (not upper estimates) of the number of corrections would
be found by modelling the controlled process on a computer.

Besides, the FCP lead to estimates of the coefficients of Eq. (1) which differ
significantly from their true values, i.e. there is no real identification.

9.5. Stabilization of Solutions of Linear Difference Equations:
Part 11

The adaptive strategy described in Sec. 4 has been based on “shaking” the con-
trolled object, i.e. if the phase restriction fails, the movement is stopped and new
initial conditions are chosen. We now discuss another method of constructing a



282 Finite-Converging Procedures for Control Problems with Inequalities

strategy for which uniform boundedness of the states is not essential. For simplicity
we consider the scalar deterministic processes given by the solution of the linear
difference equation

Ty +ar1x + -+ aqx—g = biug—1 + -+ brug— + ((t) (1)

where 23:1 |bj| # 0, the disturbances are bounded, i.e. |((t)| < C¢, with a known
constant. The dissipativity aim is chosen as the control aim, i.e.

t—o0

for arbitrary initial values and a constant Cy,, which depends on C¢ (otherwise the
aim may be unrealizable: if C¢ is large, then Cy, cannot be too small).

It is not difficult to ensure the fulfilment of this aim in the classical statement
of the problem considered. We define the control as the solution of the following
linear equation (it is called the linear regulator)

U+ onug—1 + o pU—m = bi1me + f1ze—1 + -+ Brnliom (2)
whose coeflicients are defined by the equality
a(A)a(A) = bA)B(A) = g(A) (3)

where
aA) =1+ aid+ - +a\, b(A) = by A+ -+ ag N\,
a\) =14+ aid+ -+ ap\™ B = FoA+ -+ B A™

and g(\) is some stable polynomial given in advance, i.e. the moduli of all its roots
are greater than one and ¢g(0) = 1. The polynomials a(A) and b(\) are assumed to be
irreducible. The polynomial relationship (3) generates a system of linear algebraic
equations with respect to (aq, .- ., @m; Bo, 81, - - -, Bm) Which are consistent provided
the degree m is the smallest.

The polynomial g(\) is the characteristic polynomial of the system (1), (2). Its
stability and the irreducibility of a(\), () imply the fulfilment of the given aim
with some constant C,. The constants C¢ and Cy, are related by a relationship
we explain below.

We write the equations (1), (2) in the form of a system of equations of the

first order with respect to the vector of “phase variables” z; = (x4, T¢t—1, ..., Tt—n;
Uty .oy Ut—p), n = max(l,m) — 1. It is easy to show that
ze41 = Az + b((1), (4)

where the matrix A and the vector b can be expressed in terms of the initial
coefficients. Nonzero eigenvalues \; of the matrix A satisfy the algebraic equa-
tion g(\; ') = 0, i.e. |\;] < 1. Hence, there exists a > 0 and p € (0, 1) such that
[|At]] < ap' for all t.
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Lemma 1. If z; is a solution of (4), then
t—o0

Proof. Tterating (4) we arrive at an explicit form of the solution

t
2= Alzy + ) ATFO((R +1).
k=1

From this the required assertion follows immediately. O

The result obtained answers our question, namely,
0. < alll
STo p
Definition 2. In agreement with the definition stated in Sec. 4, Eq. (1) is minimum

phase if b(\) = A*b,(\), k € [1, 1] and the polynomial b, (\) is stable.

For minimum phase equations we can explicitly compute the coefficients of the
optimal linear regulator (2) minimizing the objective function
W(a,3) = sup hm | e ].
¢lglseet
The coefficients of the optimal linear regulator (2), which are, in fact, the coefficients

of the polynomials a(\), B(\) prove to be defined uniquely by the relationship (3)
with g(A) = b4 (A\). Then

a(d) =y(Nbr (V). B = A y(Na(A) —1] (5)
where the polynomial v(\) having degree r is determined by the equalities
dP
~(0) =1, W(’}/(/\)a(/\)) [»=0=0, p=1,....,k—1

From equalities (1), (2), (5) it follows that

xy = C(t) + it = 1) + -+ wC(t — k),

where 71, . .., v are the coefficients of the polynomial v(\). Hence, we conclude that

mmW C<Z|7h|,

i.e. we have obtained another expression for the smallest admissible value of the
constant Cl.,.

For non-minimum phase equations the algorithm described implies unlimited
growth of the controls u; as t — oo.

We return to the original aim of control identifying the parameter space with
collections 6 = (@, b) € © of coefficients of equation (1). We select a subset ©
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of © (i.e. a class L(O) of equations having the form (1)) defined by the following
conditions:

(1) © is a closed, convex set;
(2) for every € © the corresponding polynomials a(\,6) and b(\,6) have no
common zeros inside the unit circle.

We denote the two polynomials in A (having the least degree) defined by the
relationship (3) with g(A\) = b4 (A, 6), the stable part of b(\, 0), by «(),6) and
B(\, 0). With the help of the polynomials a(), 6), b(), 8), (A, 0), and B(\,0)
we can compute the matrix A(f) and the vector b(f) in Eq. (4).

(3) There exist positive numbers a(0) and p(f) such that
A" @) < a(0)p"(0),  supp(d) <1
0co
for all ¢.
(4) The quantity

_ 1 —supyeg p(0)
supgcg a(0)|b(0)|]

is known.

We now give a method of constructing an adaptive strategy which will be
denoted by F. It alternates two procedures which consist of obtaining the esti-
mates #; of the unknown parameters and calculating the appropriate controls by
using the estimates obtained. We consider one of these procedures in detail.

The estimates will be obtained as the solutions of some inequalities. To write
them down, we use the notation

hy = (xt—la sy Tt—15 Ut—Fy - - - 7ut—l)7
0. = (alv"'val;_bkv"'v_bl)v
Oy = (a1 (t),...,ai(t); =bg(t), ..., =bi(t))

where a;(t), b;(t) serve for the estimates of a;, b;. Eq. (1) has the form
Ty + (O, he) = (0 — 0, he) + C(2).

Taking into account the inequalities || k|| < ||z¢||, where z; is the solution of Eq. (4),
we obtain the following system of the inequalities

|zs + (0, he)| <20 4+ €|z, 0<e < eo.

We apply to this system the FCP of the form (7) from Sec. 2 (now Py is the

projection operator on the set (:)) The solutions obtained are the estimates 6.
The controls are calculated by the following algorithm. The polynomials a;(\) =

a(\, 0;), by(N) = b(N,0;) are defined by using 6;. Making use of the equation
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ar(AN)ag(A) —be(N)Be(A) = ge(A) (here gi(A) = by (), 6;)) we can find the polynomials
at(A) and B (A) whose coefficients are used to construct the current linear regulator

Oét(A)'LLt = 575(&)%75 (6)
where A denotes the shift-back operator of the form Az = z;_; and AF =
AF=I(A), k > 2. This completes the description of the strategy F.

Theorem 1. The strategy F' ensures the attainment of the control aim
2C¢

Eop — €

lim (|z¢] + ) < Cru =
t—o00

with respect to the class L(©). The number of corrections of the coefficients in (6)
is no greater than €101 — 0.|°.

Proof. Because the estimates obtained by means of FCP belong to ©, Eq. (3) defines
the polynomials c;(\), 8¢(A) uniquely. After a finite number of steps from the time
to, the FCP produces the final value of the parameter 6’ (it is not necessarily true).
For t > to the equation for z; (compare with (4))
zep1 = Az + 0 [C(t) + (0" — 0., )]
holds, with
IC(t) + (6" = 0, )| < 2C¢ + €|l < 2C =+ ez

According to the condition [|A"|| < a’p’* and rewriting the previous equation as
follows

t
41 = A/t_t0+1zto + Z Alt_nbl[g(n +1) + (0" — 0., )]

n=tog

we arrive at the estimates

1
lzeall < @'p™ " |z | + V) Z a'p'""(20¢ + ellzall).

n=to
The following relationship define a numerical sequence d,, n > 0. Here p’ +
ed ||b']] < 1.

diy1 = (p' +ed ||b'|))de + 2Cca' || V||

t
= (¢ +ed |IV']))"do +2Cca’ |V Y (o +ea[V'])"
k=0
(p +ea’ ||
— o —ed |V

= (p' +ed |V']|)"do + 2Cca’ HE

Comparing the last equality with the previous inequality, we conclude that ||z < d;
for all ¢ > ¢¢. Since p’ 4+ ed’||V/]] < 1, we see that
2Cca'||V]|

im ||d, ]| < —=—== "1
A el < 7= =]
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Therefore, the desired estimate
2C¢ supy a(6)||b(0)|| _2C¢
supy p(0) — e supg a(0)[|b(0]] €0 —¢

lim <
tlggo [zl < 1_

takes place, i.e. the given aim of control is attained. From the appropriate estimate
for FCP (7) in Sec. 2, the estimate of the number of corrections of the coefficients
of (6) follows. m|



CHAPTER 10

CONTROL OF LINEAR DIFFERENCE EQUATIONS

The present chapter is concerned with adaptive control for difference equations.
We study the problems of tracking, of reference models, modal control, the linear-
quadratic problem (LQP) and, finally, strong consistency of parameter estimates.
The identification strategies based on the least square method and stochastic gra-
dient method are used. For the first approach the convergence rate of the estimates
to the true values of the unknown parameters has been obtained.

10.1. Auxiliary Results

Here we give some necessary results on solutions of linear difference equations with
constant coefficients and with controls u € R! in their description. The state (phys-
ical) space is R™ with n > [. The equation in the state space has the form (here x,
ug and (; are column vectors)

i1 = Az + Buy + ¢, 2 =Cay (1)

where (; € R” is a disturbance (a noise or an external action), the quantity z; €
R™ m < n, is observed, A, B, C' are numerical matrices of the corresponding
dimensions. The control u; and the observation z; are called input and output
respectively. If the input is scalar then B is a vector and such an equation is called
one-input. From Eq. (1) we can pass to the equation of order n represented by the
“input-output” relationship

Yo+ A1+ F Apy—n = Biug—1 4+ - b + G
+C1G1 4+ Ol (2)

where the coefficients can be expressed in terms of elements of the matrices A, B,
and C. In turn, Eq. (2) can be reduced to the form (1).

Equation (2) can be rewritten in the following compact form. We introduce
the shift-back operator A : Afy = fi_1, A" = A(A"1). Making use of operator
polynomials (here I means the identity operator)

a(D)=T+A0+---+ AN7,
b(A) = BiA+ -+ ByAY,
(A)=1+CiA+---+C.AT

287
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we can rewrite Eq. (2) in the form
a(D)ye = b(A)u—1 + (D). (3)
Equation (2) (or (3)) is often called the Autoregression Moving Average one (we
shall use ARMAX for short). The behavior of the solutions of Egs. (1), (2) is defined
by the properties of the corresponding homogeneous equations
Tep1 = Axy + Bug,  zp = Cay, (4)
a(D)ys = b(D)up—. (5)
For Eq. (1), we introduce the following matrix function of the complex argument A
(\) = C(\ - A)"'B

which is called the transfer matriz. It is a ratio between the discrete Laplace trans-
formation of the input uw and that of the output z. For Eq. (5) such a function has
the form

II(\) = a(\) " b(N).

All elements of the transfer matrix are rational functions of A with the denom-
inator det (Al — A), the characteristic polynomial of the matrix A. In the scalar
case the transfer function of (5) has the following form
b(A) iAo+ b\

a(A)  THa A+ +aphe’

I()) =

Definition 1. System (4) is called T-controllable if for all points 2/, 2"/ € R™ there
exists a control 4 = (ug,u1, ..., ur—1) such that under the control @ starting from
x4, = ¢’ we obtain x4, 1, = 2.

There are several equivalent formulations of this notion. The following algebraic
form is commonly used.

Definition 1’. System (4) is called T-controllable if the rank of the n x nm-matrix
(B,AB, ..., A""1B) is equal to n.

There is one more equivalent definition

Definition 1”. System (4) is T-controllable if
T—1
> A'BB"(A")" >0,
i=0
i.e. the matrix on the left-hand side of the inequality is positive definite.

If a system is T-controllable then it is s-controllable for s > min(n,T'), where n
is the dimension of the state vector.

If a system of order n is T-controllable at some T > n then it is n-controllable.
If this system is, in turn, n-controllable then it is T-controllable for all T" > n. For
this reason an n-controllable system will simply be called a controllable system.
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Since controllability is defined in terms of algebraic notions one often speaks of
a controllable pair of matrices (A4, B).

To formulate the next property of controllable systems we consider a linear
transformation of variables & = P2’ with a non-degenerate matrix P. System (4)
takes the form

wy = Aw, +Buy, y=C'wy
where
A'=pP'AP, B'=P7'B, C'=PC.

The controllability condition equivalent to the above may be formulated as
follows.

There does not exist a linear non-singular transformation of variables x;, i =
1,...,n, such that the matrices A’, B' have the form

A A )}k (A1>}k
A = , B = ,
<\O// égfg/ }n—k O }n—k
k n—k

i.e. system (4) cannot be decomposed into two subsystems with respect to the
variables z = (2/,2") where

{ ry = Anry + Ay + Biu, (©)

1 _ 1
$t+1 = Aggxt .

We remark that the pair (411, B1) is controllable and, perhaps, k = n. From (6) it
follows that the variables included in x} are uncontrollable, i.e. there exists a basis
of the state space in which the control action Biju has no more than k& nonzero
components. This enables us to say that the number of controllable equations is
“greater” than the number of the uncontrollable ones. More precisely, any uncon-
trollable system (4) can be made controllable by changing the matrices A and B
arbitrarily little. The inverse assertion is false. Interpreting the composed matrix
[A, B] of dimension n x (n +m) as a point of R*("*™) we conclude that an open,
everywhere dense set of R*("*+) corresponds to the controllable pairs of matrices
(and hence to the controllable systems as well). This topological fact is important
in adaptive control.

We now focus our attention on stability of solutions of system (4) considering
this property as the control aim. First, we give an asymptotic stability condition
for the equation x4 = Axy:

it is necessary and sufficient that all eigenvalues of the matriz A lie inside the
unit circle of the complex plain.

Such a matrix is called stable (or a Hurwitz’ matrix). In other words, it is
required that all roots \; of the equation det (A — A) = 0 should satisfy the
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condition |\;| < 1. An equivalent stability condition is the following inequality

lim ||z¢] < cpsup ||ug|| +ca, c1, c2>0
t—00 t>0

which is useful in the weak form (as T' — o0)

T T
. -1 T p—1
TILH;OT Z ||| < clTILr&T Z llue|| + 2, e1, c2 > 0.
t=1 t=1
There is an often used special form of stability called — “stability with respect to

the control” — which is defined by the following inequality

lim |lug|| < cisup ||ze| +co,  c1, c2 >0,
t—00 t>0

which can also be written in the weak form. For n = [ this simply means that the
function det B(A) has no roots in the circle |A| < 1.

The equations having this property are called minimum phase. These equations
will be the subject of our special attention.

In the case of the homogeneous equation ;1 = Az + Buy a linear feedback
u; = Kx; is both the simplest law of control and the one most often used. Now,
the equation takes the form

Ti41 = (A -+ BK)I’t = flxt.

Its solution is asymptotically stable if it is possible to find a “gain matrix” K such
that A = A+ BK is a Hurwitz’ matrix. This leads to the following definition.

Definition 2. System (4) is called stabilizable if there exists a matrix K such that
A+ BK is a Hurwitz matrix.

The controllable equations are stabilizable and, moreover, a stronger assertion
holds.

Proposition 1. Let Eq. (4) be controllable, a(\) = X" + ay A\~ + -+ + «,, be an
arbitrary polynomial with real coefficients and with roots A1, ..., \,. There exists a
gain matriz K such that det (A\E — A — BK) = a(\).

This means that by choosing the matrix K properly it is possible to make the
eigenvalues of the closed loop system x:11 = Az + Bu, us = Ky coincide with
the numbers Ay, ..., A\, given beforehand.

Definition 3. The problem that consists of finding a matrix K such that either
all or some eigenvalues of the closed loop system coincide with the values given
beforehand is called a modal control problem.

The stabilizability of uncontrollable equations takes place if the matrix Ass of
the subsystem with respect to the variable 2’ in (6) is a Hurwitz matrix.
We now consider one more notion of linear system theory.
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Definition 4. System (4) is called r-observable if its initial state xo can be calcu-
lated by using the known values of observations and controls z1, ..., zp; ug, . . ., Up_1.

For system (4) to be observable it is necessary and sufficient that either of the
following two conditions holds:
r—1
rank [CT ATCT ... (AT)""1C"] = n, Z(AT)iC’TAi > 0.
i=0
If an equation is r-observable, then it is s-observable for s > min(n,r).

System (4) is called just observable if it is n-observable. This property is for-
mulated in terms of matrices. For this reason we speak of observability of a pair of
matrices (C, A). The observability of the pair (C, A) is equivalent to the controlla-
bility of the pair (A", C™).

The property of Eq. (4) to be controllable and observable simultaneously can be
expressed as follows. “The triplet of matrices (A, B, C) is controllable and observ-
able”. We now formulate this condition using the transfer matrix (or function) of
Egs. (4) or (5). In the simplest case n = 1 = 1, a transfer function II(\) is called
non-degenerate if its representation having the form of a rational function has the
following properties: degree of the denominator is equal to n (= dim X)), the denom-
inator and numerator being irreducible. In the general case, the transfer matrix is
represented by the ratio of two polynomials: the matrix one (having degree n — 1)
and the scalar one det (A\E — A). Such a matrix is called non-degenerate if it cannot
be written in the form of a ratio of two irreducible polynomials, the degree of the
denominator being less than n.

Proposition 2. For Eq. (4) to be observable and controllable (in the state space)
it is mecessary and sufficient that its transfer function be non-degenerate.

For Eq. (5) (in the form of the “input-output” relationship) to be observable and
controllable it is necessary and sufficient that the matriz polynomials a(\) and b(\)
have no common left factors.

Definition 5. System (4) is called detectable if there exists an n x l-matrix H such
that A+ HC' is a Hurwitz matrix.

The relation between this notion and observability is the same as between sta-
bilizability and controllability.

The stabilizability and detectability of Eq. (4) may also be expressed in terms
of “stabilizability and detectability of the triplet of matrices (4, B,C)”. So, some
main notions concerning homogeneous linear systems

Tt41 = Al‘t + BU, Zt = C.I?t
and

a(AN)y: = b(D)up—1



292 Control of Linear Difference Equations

have been considered. We return to the original equations containing an additive
noise. Throughout this chapter the noise is assumed to be stochastic and to satisfy
some restrictions.

Let (€2, F,P) be a probability space with a fixed increasing flow of o-algebras
Fi,ie. Fo CFp C--- C F. CF. Let a sequence of F;_i-measurable r.v. & on this
space be given. We use the following notation & = {¢&;, F;,7 > 1} for this sequence.
Under the conditions

E|&| < oo, E(§41]F) =0,

the sequence &; is a martingale-difference. A sequence of independent r.v. with zero
means and finite absolute moments is a particular case of such a sequence. From
now on, we always assume that E(£7,,|F;) < co. In a number of cases we shall be
forced to impose stronger restrictions, i.e. E(£f,]F;) < oo where either o > 2 or
even « > 4. In the case of the vector martingale-difference these conditions have the
form E(||&i4+1]|*|F:) < co. We consider either a martingale-difference or its moving
average

G=C(V)& =&+ &1+ + &,

as the noise ¢;. On the scalar or matrix polynomial C()\) a restriction will be
imposed. This restriction is called strictly positive reality, defined only for a rational
quadratic matrix C'(\). It is the following condition (for some s > 0)

C(e™) + CT(e”™) — 3I = 2Re C(e™) — I > 0,

i.e. the left-hand side is a positive definite Hurwitz matrix. This property is equiv-
alent to the following. Let C'()\) be a transfer matrix (function) that relates the
sequences z¢, ¢ in the following way

2z = [C(\) — 5Tz, ' >0.
The matrix C'()) is strictly positive real (SPR for short) if and only if the inequality

t
Zzﬁmn—f—%ZO, Vit
n=1
is satisfied. We note again that the matrix C'(A) is SRP if all zeros of det C'(\) are
outside the closed unit circle of the complex plain.

For Egs. (1) or (2) the limiting average reward (per step) is chosen as the
objective function having the form of a quadratic functional. In the case of the
weak aim

T
W(u,z0) = Lim T Eya (2] Pz + uf Que, P >0, Q>0,
Tee t=1
and in the case of the strong aim

T
V(u,x0) = lim 7! Z [xtTPa:t + utTQut].
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The argument u on the left-hand sides serves as a symbol of the strategy o. We are
interested in answering the following question: for which classes of equations are
the proposed objective functions suitable, i.e. these functions are finite (the second
one a.s.) at every xo and with disturbances of rather general form (for example, at a
martingale-difference with a finite second moment)? The linear feedbacks u; = Ky
with a constant amplification matrix K of dimension m X n are chosen as the control
strategy.

Theorem 1. The functions W(u,xzo) and V(u,xo) are finite (the second a.s.) if
and only if the equation xi11 = Az + Buy is stabilizable.

In adaptive control of linear equations the parameters (coefficients) of equa-
tion are unknown in advance. Many methods of constructing adaptive strategies
are based on using estimates of these parameters. The question of choice of conve-
nient and effective method of estimating, i.e. identification arises. A brief survey of
identification methods is given below.

Consider the vector equation of ARMAX-type

Ty = AT+ -+ ApZip + Bitlg—1 + - + Bqlp—q + G (7)

where (; (€ R") is a martingale-difference defined on a probability space (22, F,P)
with an increasing flow of o-algebras F; = o(¢;, i < t) and let E((: (/| Fi—1) < 0.
The control u; € R! is a non-anticipated function depending on the past history, in
other words, it is F;_j-measurable. For the parameters of the equation and finite
history up to time ¢ we introduce the following notation
0=[A1,....,Ap;Br,....Bg|", @ =[a],....af , iuf, . uf 1]
Xy =[27,...,2f]", e =[®f,...,0f], Hi—1=[,.... ¢,

®_; being chosen arbitrarily. The collection ®; is called the stochastic regressor.
The original equation can be written in one of two forms:

v =0"0 Gy, Xp =V 10" 4+ Hy g
An optimality criterion of the estimate ; of the matrix 6 can be defined as follows

1 Xe — We16] = main 1 X — Tea6]?,

so the desired estimate 6; minimizes the “mean square error”, i.e. it is the estimate
in the least square sense. We denote this estimate by LSE. Naturally, the required
estimate 6, is a function of the observable history of the process. Always assuming
that

t
VW, = 0,07 >0 (8)
i=1
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we obtain the LSE 6, in explicit form

0, = (U7 U, )" 07 X, = ZCD o7 > vl | (9)

The basic condition (8) means that the “information matrix” ¥} ¥; must be non-
degenerate. In constructing the consistent LSE for linear equations containing
stochastic disturbances the main difficulty is the fulfilment of this condition.

The proposed scheme of calculating the LSE has one disadvantage that prevents
from using it in applications. Indeed, at every step we need to recompute all the
elements of the two matrices and to invert one of them. For this reason it is lucky

that we can write the relationship (9) in the easily verified recurrent form:
9t+1 = 9,5 + atPt‘I)t(a:tTH — q)get) = 9,5 + Pt(I)t_i_l(x?Jrl — (I)?(gt), (10)
Pt+1=Pt—atPth>t(I>tTPt, P()>0

where

—1
t—1

"o (Z @@f) L a= (LT RO,
1=0

An arbitrary deterministic matrix 6, of appropriate dimension and Py = (np+1q)I
are chosen as the initial values. Then the matrix P; takes the following form

t—1 -1
P = (Z O; 7 + (np + lq)—11> .

i=1
We introduce the quantity
t—1
re=trPl =14 |02
i=0
It is a nondecreasing function as t — oco. For the LSE to be consistent it is important
that the quantity 7, should increase unboundedly. Otherwise, the estimates 6; tend
to some value depending on the initial value . We now focus attention on obtaining
conditions for strong consistency of the LSE.
To understand the obstacles connected with this we consider the scalar version
of Eq. (7) where the noise (; is a martingale-difference. The LSE (9) can be written

as follows
t—1
Oy =0+ P4 Z DGy
i=0
Hence its limiting properties (as ¢ — 00) are defined by the second term on the
right-hand side of this equality. We consider this in detail.
Let the symbols Apax(A) and Apin (A) denote the maximal and minimal eigen-

values of the matrix A. Consider the measurable set

_ p1
Q= {w: lim Apin(Py ) = 00; —1 — >5I} cQ
P,

t—o0 tr f

were the matrix inequality takes place for some § > 0 and for all sufficiently large ¢.
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Theorem 2. IfE(£2|Fi—1) < d < oo then for the scalar Eq. (7), the LSE is strongly
consistent on the set Q.

Proof. We write the LSE 6, in the form

P\ S e
0, =0+ | =L =0 0 (11)

Tt—1 Tt—1

By the assumptions, the first factor on the right-hand side is separated from zero.
We show that the second factor tends to zero. We consider the random vector
Ef;é D;(iq1. Let <I>§, i=1,...,p+ q, be the components of the vector ®;. We put

t
=1+ Z@?)Qv rp=rl,=0,

: PjG+1 .
nz—z lr t>1, i=1,....,p+gq.
1=0 !

It is clear that the r.v. r{,n{ are F;-measurable. We have

ft) =,

and, hence, (ni,F;) are martingales. Moreover, it is easy to prove that they are
2

; i, P
E(’Iz+1|~7:t) =E (m + tr—f—i_

t

square integrable, i.e. E(n!)? < d < oo. According to a well-known theorem on

convergence of martingales, the following finite limit exists

iy
7

lim

t—o00

<00 as. (12)
,
1=0 l

The equality lim; ., r} = oo is satisfied on the set 2. Applying Kronecker Lemma
to (12) we obtain

Jim ( (ri)~ Z@lgﬂ =0, 1<i<p+aq.
Noting that 7 = 1+ Y 1_,(®))2 < 1+ tr (3)_, ;8] ), we finally see that

hmrt Z@l(l+1—0 1<i<p+gq.

t—o0
=0

According to (11), this means strong consistency of the LSE. O

This theorem giving one of many sufficient conditions for strong consistency
of LSE suggests a way of attaining it. For the LSE to be strongly consistent it is
necessary that the measure of the set Q is equal to one. There are two ways to
achieve this. The first consists in narrowing the class of the equations considered.
The second is to randomize the control (input) signals. Examples are given below.
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We now state one more result on convergence of the LSE for Eq. (7) with
(+ = Fwy, where F'is a constant matrix, w; is a martingale-difference with respect
to the non-decreasing flow of o-algebras F;(ws, s < t) such that

E(wt|.7:t,1) = 0, E(wtwﬂft,l) =1.
Let Amin (Amax) be the minimal (maximal) eigenvalue of the matrix P, and ry =

tr Pt

Theorem 3. Let limy o7y = 00 a.S., Amax < rfflv,a € [0,1/2), where v is
a finite r.v. If the initial matric Py = (np + lq)I, then the LSE 6, is strongly
consistent and

16, — 6] = O(rt %), be(a,1/2].
We turn to ARMAX type equations containing the correlated (“coloured”)
disturbance
A(A)zy = B(A)u—1 + C(A)&
where
AN =T — A h— - — AN,
B(\) = By + BoA 4 -+ BT,
CN) =14+CiA+---+CA".
The disturbance & has the known form & = F'w;, but it is unknown beforehand and
unobserved. We need to estimate the matrix coefficients of these three polynomials,
i.e. the components of the following vector
§=1[A1--A,By-- B,Cy - Cpl.
Its estimate 6, at time ¢ is based on the observable history of the process.
[xtT STl utquH]T for r =0,
Br= 9 [l 2l ul Ul gy @ — Ol — L O]
for r > 1.
(13)

In the case r > 1, the last » components of ®; imitate the values of the unob-
servable disturbance on the time interval [¢,¢ — r + 1]. The LSE of the parameters
for ARMAX are computed by using the recurrent formulas (10). The initial value
Py = [np + lqg + nr]I, the sense and dimension of the vector ®; are only altered.
The convergence of this procedure will be studied in the next sections devoted to
concrete problems of adaptive control of linear difference equations. This procedure
is referred to as the extended least square (ELS) method. Besides the least square
method, other methods are used as well. Here we consider only the stochastic gra-
dient method (SGM) given by the following recurrent procedure

Or1 =0 + % [2f 1 — 0]
t
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where the stochastic regressor

. T T T T T T T T T
or =[xy - Tipt1Uy " Up_gy1 Ty — o161 - Liptp1 — o1 pbt—r]

denotes the history of the process and

t
re=1+Y ll@ill®, ro=1
=1

The advantage of this method is simplicity. In fact, it is not required to calculate the
matrices P;. As shown below, the estimates obtained by using SGM are strongly con-
sistent under the appropriate conditions. However, more profound results connected
with the use of this method (in contrast with the ELS method) are unknown yet.

10.2. Control of Homogeneous Equations x:11 = Axs + Buy

Linear equations containing controls are an important type of objects in the classical
theory of regulating. The simplest objects are represented by the homogeneous
equations

Ti41 = Ai[,'t + But (1)

with an initial value xy. The solution z; is assumed to be observed. In studying
these equations external disturbances and noise influencing the behavior of the
controlled object are not taken into account. Moreover, we are not trying to provide
insensibility (robustness) of the methods proposed here with respect to these factors.

To solve the adaptive control problems we are interested in, the identification
approach will be used. First, we assume that u, is scalar, i.e. we deal with a one-
input equation having the form

Tpp1 = Az + buy, (2)

where b = (by,...,b,)" is a vector (m = 1). By using the current observations i,

we need to compute n% 4+ n numbers ai; and b; which are the elements of the matrix

A and the vector b, respectively. This can be done under appropriate assumptions.
Let u; = 0. By (2), one finds the following vectors

2 ny—1
1 = Awg, x2 = Ax1 = A20,...,Tn; 1 = ATy, 2 = A" "0, (3)

where n is the maximal number of linearly independent vectors zg, x1,...,2Zn,—1.
In the case when these iterations generate the whole space R™ (i.e., ny = n), we
can find the elements of the matrix A by solving the system of linear (with respect
to a;j) algebraic equations x; = Az;—1, 4 = 1,2,...,n. The control u; is assumed
to be equal to zero on the interval [0,n — 1] but at ¢ = n we put u, = 1. Then we
can find the vector b by (2). This procedure is repeated n + 1 times. This number
cannot be reduced.

Now let ny < n. The matrix A can be defined on a subspace R™! generated by
the base zg, Axg, ..., A" ~Lzg. It remains to explain how and under what conditions
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it can be defined on the complementary subspace R~ "*. Obviously, the matrix A
may be completely calculated, i.e. identified, if and only if the vectors

b, Ab,... An"m—1p (4)

form a base of R"~™. To define A on the complementary subspace we should put
u; = 1 starting from ¢ = n;. Then explicit expressions of x; will contain for ¢t > n;
the terms b, Ab etc. This gives the missing groups of linear algebraic equations for
defining the elements of the matrix A. This procedure is repeated n + 2 times, this
value being minimal. The following assertion is evident.

Theorem 1. Let ny > 1 be the dimension of the space generated by the vectors
{Alzg}. A necessary and sufficient condition of identifying the parameters of the
one-input equation (2) is the linear independence of the vectors:

(a) zo, Axg,...,Am lxg, b, Ab,..., A"~ if ny < n. The identification pro-
cedure is repeated n + 2 times.

(b) mo, Axo,..., A" txg if ny = n. The identification procedure is repeated n + 1
times.

The number of repetitions cannot be reduced in either case.

The initial state xg can be arbitrary. Therefore it may belong to any invariant
subspace R™ of the operator A. Thus the vectors from the collection (4) must be
linearly independent on the complement to any of these subspaces. If n; = 0 this
condition is linear independence of the n vectors b, Ab,..., A"~ 'b. As concerns
Eq. (2), this means the presence of the controllability property. The main result
follows.

Theorem 2. Equation (2) is identifiable at any initial value if and only if it is
controllable.

We now consider the multi-input equation (1), where B = [by by -+ by,] is some
n X m-matrix having columns b;. The initial stage in estimating the parameters
is as in the case of the one-input equation. A difference is that a control may
be chosen in various manners. Having finished forming a subspace generated by
the vectors {Alrg} and made sure that the vector A"z, belongs to the linear
span of the preceding vectors we designate the control not equal to zero, namely,
u' = (1,0,...,0)T. This control is used only once as the input of the linear system
241 = Axy + Bu' that operates thereafter with controls equal to zero. The solution
of such a system has the form ;1 = Atz + A*"by where by is the first column of
the matrix B. At this time a new group of linear algebraic equations with respect to
the elements of the matrices A and B which are remaining unknown is formed. At
some instant t” a value .-, that depends linearly on the preceding ones, appears.
Then we designate a new control v’ = (0,1,0,...,0)” and the procedure described
above has to be repeated again. We act m times in this manner. The latest control
(in the mth stage) has the form u(™) = (0,...,0,1)”. If we obtain n + m groups of
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compatible and independent linear algebraic equations, we can define all elements
of the matrices A and B. The procedure described is repeated the number of times
that lies inside the boundaries, which are not possible to improve, from n + m to
n+2m — 1.

We shall soon specify the conditions under which identification will take place,
but first we explain the order of calculation by considering an initial stage. On form-
ing the group of linear equations x1 = Axo,...,Tn,—2 = Axp,—3, Tny—1 = ATy, 2
we make sure that at time ¢ = ny the vector z,,, belongs to the linear span of these
vectors. This takes the first period of time. In the next one, we designate some
nonzero control u’. As a result of this, the observable vector x,, 11 = Ax,, + b1
is obtained. Since the term Az, is known, the vector by = x,, 41 — Az, is cal-
culated exactly. In a similar way we spend one period of time in the following
stages to verify that the set of vectors zg, Axg, ..., A" “tag; by, Aby, ..., A" 1by;
ba, Abs, ..., A" hy: and so on obtained on the preceding stages does not enable
us to construct a basis of the whole space R™ and to calculate the corresponding
column of the matrix B. The number of periods of time which are necessary to
identify the parameters’ equation will be least if the vector zy generates the whole
space R", i.e. the vectors xg, Axg, ..., A" 'xy are linearly independent. Their con-
struction takes n periods of time. Further, for the elements of the matrix B to be
calculated it is necessary to spend m periods of time more. If the vectors mentioned
above do not form a basis of R", then when supplementing them with the vectors b;,
Ab;, ..., we shall use two additional periods every time (see the explanation on the
initial stage). In the last stage when the matrix A is already known, only one period
of time is needed to compute the last column of the matrix B, i.e. the vector b,,.

It remains to specify the conditions under which the described procedure enables
us to identify the matrices A and B in Eq. (1). These conditions have been stated
in Theorem 2 which also remains valid in the case of a multi-input Eq. (1).

It is important to emphasize that if the algorithm described above cannot be
used, then Eq. (1) is uncontrollable, i.e. no algorithm allows calculating exactly all
elements of the matrices A and B (for any initial values). The alternative, workable
algorithms are asymptotical, i.e. they produce the desired values only in the limit
as t — oo. The procedure proposed above is finite. Therefore, it is much simpler
and more economical.

We now consider the case when the states x; are not observed. Instead of the
state vector xy, the l-vector z; = Cuxy, where C is some known n x [-matrix, is
observed. Hence we deal with a partially observable model. The question is to find
the conditions under which this model could be identified. The following theorem
answers this question.

Theorem 3. The partially observable equation (1) is identifiable (at arbitrary ini-
tial values) if and only if the following two conditions hold

1. Equation (1) is controllable.
2. The matrixz C is quadratic and non-singular.



300 Control of Linear Difference Equations

Sufficiency of these conditions is obvious but the proof of necessity is left to the
reader.

Let us briefly consider the situation connected with the non-homogeneous
equation

Tiy1 = Azy + Bug + fiqq

where f; denotes an external disturbance which is assumed either to be completely
known or to be observed in the course of control.
This procedure can be extended in a natural way to the equation

Ty +a1T—1 o FapTi—p = w1+ F bgu—g, p>q>1.

For simplicity we restrict attention to the case of a scalar equation with initial values
2o, Z1,...,Tp—1. To solve the identification problem, we must preliminarily reduce
this equation to the one in the state space. We can use the procedure described
above provided the new equation turns out to be controllable. This takes place if
the polynomials a(A) = 1+ a1 A+ -+ a, P and b(A) = by +baA+ -+ b, A1 are
irreducible.

We now study the main topic of our consideration, adaptive control of homoge-
neous linear equations.

The first problem consists of moving from the point z’ to the point z” of the
states space in a given time 7. This problem cannot evidently be solved by using
the asymptotic methods mentioned above. But it can be done by using the finite
procedure described if time 7" is not too small. The value T must be greater than
the identification time (i.e. T > n + 2m — 1). The guaranteed time to reach the
point " is T' = 2n + 2m — 1.

The next problem consists of seeking a feedback u; = Lxy such that the matrix
A+ BL has a given collection of eigenvalues. This is the so-called pole-zero assign-
ment problem. On calculating the elements of the matrices A and B at most in
n + 2m — 1 time periods it is solved with the help of a well-known procedure from
linear systems theory.

The third problem is known either as the control with model reference or as the
tracking problem. Let z; be a given path belonging to the space R". It can be either
the solution of the equation z;11 = A’z + B’y where the coefficients A’, B" and
control u are known, the matrix A’ is stable or arbitrary, but the sequence of the
vectors zg, 21, ..., 2¢, ... is bounded. In both cases we need to choose the control
so that the solution of the equation considered and the given path of the “model”
should approach each other, i.e. the error e; = x; — z; should tend to zero as t — oo.

Let us assume that the original equation has the form

Tip1 = (A + Al(t))xt + (B + Bl(t))ut.

Here Ay, B; denote the parametric control (acting on the coefficients of the equa-
tion) and A, B are some constant unknown matrices forming a controllable pair.
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To construct the adaptive control with respect to the class of such equations it is
necessary to identify the matrices A and B on the assumption that A; = B; = 0.
After calculating the matrices A, B (at most for n + 2m — 1 periods of time) we
can solve the problem of transition from the state zp into the state zp .y, of the
reference model. At time ¢/ =t/ +n when x4, = 2p4, we shall put A; = A" — A,
By = B’ — B and u; = 4. Thus x; = 2 for t > t' and the desired aim will be
reached at u; = uy.

The last problem is optimization. It consists of seeking a control u° such that
the following objective function

T—00

T
W(U,xo) = m T_l Z(xtpxt + untut), P > 07 Q >0
t=0

has its minimal value for Eq. (1). Within the framework of the classical theory the
solution of this problem is well-known. Therefore, we should estimate the matrices
A, B for a finite time, and use the classical optimization methods for Eq. (1).

In conclusion we mention some nonlinear equations to which the identification
procedure described above can be extended. In various technological and medical
problems bilinear equations are used. In the simplest cases they have the form

L
Ty = Axg + bup + Z ur—;Cjxj + frr
j=1

where x; is a vector of order n, u; is a scalar control, f; is an external influence,
b is a column-vector, A, Cq,...,C; are some n X n-matrices. Sometimes, we have to
apply the adaptive approach to control classes of such equations. As a result of this
different assumptions about the sets of unknown parameters are made. We briefly
consider the situation when A and b are unknown, x; is observed exactly and f; = 0
(though we could assume that f; is some function known beforehand.)

First, we put u; = 0 and form groups of linear equations z;11 = Az;, j =

0,1,...,n/ — 1, up to the moment ¢ = n’, when the next state x,,» belongs to the
span of the preceding vectors z;, j < n’ — 1. At time t = n’ we designate the
control u,, = 1. This makes possible finding the vector b. Further we continue

to track the solution. It enables us to find the missing equations to compute the
matrix A completely. This can be done for arbitrary initial values if the pair (A, b) is
controllable. We note that the terms C;x; are known. Hence there are no obstacles
to the identification process.

In a similar way we could consider the more complicated (nonlinear) equations

Ti41 = AT + but + h(l’t, Uts 9)

containing the parameters 6 in such a manner that the algebraic (or transcendental)
equations

h(z,u;0) = ho
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are solvable with respect to 6. But this is beyond the scope of the general theory.
Here we only discuss some special cases (bilinearity).

10.3. Optimal Tracking Problem for ARMAX

We discuss the following problem. Let a movement z; be defined by the equation
xy = h(zi=! ul~1) in the space RF where u; is a control. Besides, there is a deter-
ministic trajectory (a reference) {z;} defined either by the appropriate equation of
a model reference or be arbitrary. We assume that the model reference satisfies the

condition
lzy| <g V.

The tracking problem consists of finding a control such that the movement x;
approaches (or coincides accurately) with the reference 7, i.e.

lim ||y — 27| = 0.
t—oo

In the general case the solution of this problem is difficult. For this reason we
restrict attention to the linear equation

Ty =a1&4—1 + -+ apTe_p + b1up—1 + -+ bgus—g, by #0.

In the scalar case (k = 1) this problem has a simple solution, namely, the control
ug—1 can be computed from the following relationship

A Ti—1 4+ apTi—p + brug—1 + -+ bgus—q = 5. (1)

Here we assume that the values @;_1,...,2¢—p, u—2,...,u;—q are known. This pro-
cedure implies the coincidence of the given movement with the reference path. In
the multi-dimensional case, Eq. (1) should satisfy some restrictions to guarantee its
solvability in ws—1.

Some difficulties arise when the equation describing the initial movement con-
tains unpredictable or unobservable random factors. For instance, this is the case
for the ARMAX equation

Ty =a1Tp-1 + 0+ ApTp +biug1 + -+ bgur—g + G

where the random variables (; are independent, identically distributed with finite
variance o2. The choice of control at time ¢ — 1 in accordance with relation (1) leads
to the state value x; = x + (; at time t. In view of the equality E(z; — z})? =
E(¢? = 02 > 0, the paths z; and 2} differ for all ¢ within the given variance. Hence,
they cannot be very close. So, the aim of control in the tracking problem has to be
stated in another form. The following is rather natural.

The equality

T
lim 7! E (z¢ — x})* = 0°.

holds with probability one.
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In all cases mentioned above this aim has been attained (in the deterministic
case 02 = 0).

We now turn to the adaptive version of the tracking problem. We consider a
scalar linear ARMAX equation. In the operator form it can be written as follows

A(D)z = AB(AYu + C()G, (2)

where d > 1 is the delay by the control. The polynomials A, B, C' have the following
form
AN =1—aA— - —apAP, B(A) =bo + b1 A+ -+ b\,
CA) =14 A+ +e N,
their coefficients being known.
The noise (; is defined on a probability space (€2, F,P) with a fixed, non-
decreasing flow of o-algebras {F;}, (; being F;-measurable. Let us suppose that

(¢ forms a martingale-difference and E((?|F;—1) = 02 a.s.
The aim of control may take two forms:

1. (weak) For any ARMAX equation from a class K the following relationships
hold

¢
lim 7~ 1E:xt<oo mTflzut2<oo,
T—00

T—00
t=1 t=1

lim T ZE{ xy — 1) Fi_a}y = o>

T—00
t=1

2. (stromg) It coincides with the aim stated above except for the last equality which
should be replaced by

T
lim T E (z¢ —x7)? = 0% as.
T—00 )

Let us find a strategy which ensures the attainment of these aims with respect
to some class. First, we introduce some notation. The column vector 6 denotes the
collection of unknown coefficients of Eq. (2)

0= (—a1,...,—ap; bo,bi,...,bg; c1,...,¢p).
and
O0r = (—aa(t),...,—ap(t); Bo(t), Br(t), .-, Be(t); yi(t)s- - yw(t))-

is an estimate of this vector. The column vector ®; of order p + ¢ + r, called the
stochastic regressor, denotes the observations at time ¢. At time ¢ — 1 it has the
form

(I)t—l = [xt—h sy Lt—py Ut—15---,Ut—gq; —.ft_l, ceey _j:t—r];
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where the notation z; = ®;_,6; is used. The control u;_; at time ¢ — 1 is calculated
by the equation

‘I’tTf19t—1 =z, (3)

which is similar to Eq. (1) but does not coincide with it in the non-adaptive version
of the original deterministic or stochastic equation. It remains to give the transfor-
mation rules of the vectors ®;, 6;. For the vector ®, it consists of shifting current
information in time. The estimates 6; can be found by the modified least square

method, i.e.
P19,
O0p1=0 + ————— —xy 4
t—1 =0t + 1+¢{Pt_1¢t[mt+1 xi], (4)
and the matrices P; are transformed in the following way?

P 19,97 P4

Po=c 1 |Pq1— ——r P> 0. 5
t=Ct—1 [L1—1 1+ 7P 1®; | 1> (5)
The numbers ¢; are defined by the equality
L
¢ = L>0 (6)

max{ L, 7(t) Amax[P}]}’
where the number L is given in advance, 7(t) = H;f:1(1 + @ P_1®;) and Amax[Ff]

means the maximum eigenvalue of the matrix

P19 Py ol
1+07P @, !
Obviously, 0 < ¢; < 1 and it is easy to show that

FtAmax[Pr] < L, 7 < L. (7)

Pl =P, - P

The equalities (3)—(6) define a strategy denoted by GS. It depends on the parame-
ters p, ¢, r of the original Eq. (2).

We now describe a class of linear equations for which the strategy GS is optimal
with respect to both aims stated above. We denote by KC(d, p, g, r) the class of scalar
ARMAX equations of the form (2) with known parameters d, p, ¢ and r. Let the
following conditions hold.

1. The equations from this class are minimum phase, i.e. moduli of all roots of the
polynomial B(\) are greater than one.

2. Either r = 0 or » > 1 and the function C~'()\) — 1/2 is strictly positive real
(SPR) but moduli of all roots of the polynomial C'(\) are greater than one.

The final result is as follows.

aThis complication is designed to reduce the destructive effect of the unbounded ratio of the
maximal (Amax(t)) and minimal (Apin(¢)) eigenvalues of the matrix P; respectively, i.e.

m )\max(t) _

t—oo )\min(t)

If the above limit were finite, the LSM would have the usual form.



Optimal Tracking Problem for ARMAX 305

Theorem 1. The strateqy GS ensures the attainment of the weak aim in the
optimal tracking problem for bounded deterministic paths with respect to the class
K(d,p,q,7). In addition, if E(C}|F;—1) < 0o a.s., then the strong aim is attainable
as well.

Proof. The following r.v.

[e'e] e - t2
”:Z%a r(t) =rt—1)+®{®;, r(-1)=0 (8)

plays the main role in the proof. We assume the following;:

(a) There is a sequence of F;_j-measurable r.v. (; satisfying

E(G|Fi1) =0, E(G|Fi-1) =0, T@o T (G <oo, as.

=1
(b) e(t) = & — x} where z} and z; are F;_j-measurable.

(¢) {r(t)} is a non-negative, non-decreasing sequence, r(t) being Fi-measurable.

From these assumptions we see that we may digress from the discussed problem
and consider a more general situation. As concerns the r.v. » we are interested
in finding the conditions under which it is proper, i.e. P{s> < oo} = 1. If this
is the case for the tracking problem then the assertion of Theorem 1 will follow
immediately. O

Lemma 1. Let the following conditions hold:

(i) r.v. 5 is proper and assumptions (a), (b), (c) take place;
(ii) for some constants C', C", Ty we have

T
T (T -1)<C'+C"T Y [e(t) = G°, T>Ty, as.

t=1
Then the equalities
(1) limpooe T30 [e(t) — G)* = 0;
(2) limy oo T71(T — 1) < o0;
(3) lmy—oo T 500 E{(z — 27)?|Fi1} = 02
are satisfied a.s.

If we add the condition E((}|Fi—1) < 00 a.s. to the restrictions imposed on the
noise then we can add the following equality to (1)—(3) above

(4) limr o T30 (2 — 27)? = 02 as.
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From this lemma the assertions of Theorem 1 follow immediately. It remains to
verify that assumptions (i) and (ii) are satisfied. This is the essence of the following
lemmas.

Lemma 2. Under the assumptions of Theorem 1, the r.v 3 is proper.

Lemma 3. There exist positive constants C1—Cg such that

(1) limg_ oo Tt Zthl u? < Oplimp o T71 ZtT_l 2?2 + Cs.

(2) limyo 771 Zthl o} < C3limr oo T} Et 1le(t) = GJ* + Cu.
(3) limy o T30 72 < Cslimr oo T30, [e(t) — G)? + Cs.
(4) T7'(T = 1) < G~V 0 [e(t) — GiJ* + Cs.

Proof of Lemma 3. Property (1) is, as it has been noted in Sec. 1, equivalent to the
minimum phase property provided

1
P{TILH;OT ZQ <oo}—1

t=1
From the equality x; = e(t) + zf = (e(t) — () + ¢ + «; it follows that

wf < 3(e(t) = o)* + 3¢F + 3(1)”.

It remains to take into account the relation |z}| < g and properties of the noise (;
stated above. This proves property (2). To verify property (3), let us introduce the
quantity f; = xy —zy = 1 — ®/_6:. It is easy to show that

e(t)

L Y R

We have
e(t)
1 +(I) 1Pt Q@t 1
O P _o®,_ ST P _o®,_
_ t_;tQtl e(t)—Ct)—i— t—14t—2*t—1
14+07 P o®iq 1+®, 1P 2P

< (e(t) = G) + G+ ap.

This leads to the inequality
z7 < 3(e(t) — G)* +3¢7 + 3(af)”

From this property (3) follows immediately. Property (4) follows from the preceding
ones and the definition of the quantities @4, r(t) (see (8)).

So, we have proved condition (i) of Lemma 1. We now turn to the proof of
Lemmas 1 and 2.

Ty =x— fr =e(t) +y —

Gt +ay

Proof of Lemma 1. We begin by proving (1). If the bequence {r(t)} is bounded
(r(t) < ¢ < 00) then condition (i) will imply limy oo 77132 [e(t) — )% < 00 as.
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If r(t) increases unboundedly, then by the Kronecker theorem (see Sec. 3, Chap. 4)
we have

TILH;O %% Z[e(t) —¢*=0 as.

t=1

Substituting the estimate of T~1r(T — 1) from condition (ii), we obtain
fon T e) — Gl

T=00 Oy + CoT1 351 [e(t) — ¢J?

From this assertion (1) follows. From it and condition (ii), assertion (2) follows. We
now consider assertion (3). We have

E{lz; — o{|Fio1} = B{[(z: — 27 = G) + G| Fi-1}
= B{[z; — 2} — GI* + 2[z — 27 — GG+ Gl Fe1}
= [e(t) = &> + E(G|Fi-1),
where the last equality follows from F;_;-measurability of the r.v. z; — (; and x;.
This proves assertion (3). It remains to prove assertion (4). We need two results

from the theory of random processes.
(o) Let (X, F:) be a martingale-difference and

=0 a.s.

Zt‘ZE(Xﬂft,l) <00 as.
t=1

Then lim;_, o Zle X; =0 as.

(B) Let (X¢, Ft) be a martingale-difference. If

E(Xt2|~7'—tfl) =0, E(lepttfl) <qg<oo, as.

then

lim T~ 1ZX2—O' a.s.

T—00
t=1

The second result follows from the first in an obvious way. Making use of (3), we
have

T T
. —1 _ *2: . —1 T 2
Jim Tl =il = Yim T e~ =Gt G

t=1 t=1

= lim T~ 1Z{xt—xt G + 2w — o) — GG + P

T—00

T
=0242 lim T~ th—a:t G

T—00
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We consider the second summand on the right-hand side of the last equality. The
relationships

E((7|Fi-1) = 0%, tlirgo T (T -1) < o0

and finiteness (a.s.) of the r.v. s¢ imply

oo

Zf?E{[xt —x; = GG Fi-1} < oo

t=1
This and («) lead to the equality
T
lim 77! Z[xt -2y — GG =0 as.

which completes our proof. O
Proof of Lemma 2. Let us first introduce some notation. Let ; = 6; — 6 be the

deviation of the estimate from the true value of the parameter 0, f; = x; — Ty =
x; — ®;_160; or, which is the same,

e(t)
ft = T )
1+®7 | P 2®y

e(t) = xp — xy.

Finally, put z; = fi — G, g1 = 2¢ — 1/2hy, hy = —®,_10,. It is easy to verify that
C(D)z =he, (CTHA) = 1/2)he = g1, (9)
and
E(htCt|-7:t—1) = _¢Z_1Pt71q)t710~
We write the original recurrent relation for calculating LSE in the form
Or — Pr_o®y_1fr = 0;_1.
Multiplying both sides of the last equality by 67 P;12, we obtain
0: P40, — 207 10, f + ®F | Pro®y 1 f2 =07 | P50, 1.
For the auxiliary function V() = @tPt__llét we have the following recurrent relation
V(t)=V(t—1)+hi—2hfr — P Po®1 f}
= V(t—1) + hi — 2hyz — 2he(p — OF_ 1 Pro®y1 f1.
The conditional mathematical expectation of this function can be written as follows
E{V(t)|Fi1} =V (t— 1) +E{h? — 2hz|Fi_1}
+20]_ | P @y 10° — E{®]_ P 2@y 1 f}|Fi-1}. as.

Taking into account the relation between h; and g;, we can write this equality in
another form

E{V(®)[Fi-1} = V(t = 1) — 2E(hege| Fi—1)
— E{®] | P_o®y 1 f2|Fio1} + 207 P_1®_10%
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We introduce the following r.v. (t > 1)
d A
S(t) = zz {gtht 21g§ th] +K, 0<A,A\, K< oo
t=1

According to (9), the quantities g; and h; are related by the strictly positive real
transfer function C~1(A) — 1/2, hence the constants A1, Ay and K can be chosen
so that S(t) > 0. We consider the following random sequence

V(t) —_ 2
p— A S —
U t—2 Z ) 2;7:(75 2)
T T
O P o®r g QP V(1)
+Zt:1 FE—2) +Zt:1 Ft-2) 1)

It is not difficult to show that

7 P 1Py

— . 0,
7(t—1)

and the series formed by the second terms on the right-hand side of this inequality

is convergent.® So, we can use the Martingale lemma which guarantees that 7; —
1N < 00 a.s. as t — o0o. From this follows the convergence of the following series

o0 2 e 2 e T
9t hy QP 1Py
< 00, — < 00, — ] < o0, 10
i) S thl Fi—g) Jt <o as (10)

E(m|Fi—1) <ne—1 + a.s.

oo

< 00 a.s.
S 7
t=1

First, we write the recurrent relation for 6, = 6, — @ as follows
0y =01+ P1®y_af:.
Therefore
o — P 10— G+ O PP fr =2 — B 101 —
or, which is the same,
e(t) =G =2+ 1P 2Pi1fr.
By Schwartz inequality
le(t) = G)* <227 + 207 P o® 1]? f7

PIndeed, for any term we have

T PP ST P19 O P,
Ft—2)  Ft—2)Q+OTP_1®y] ~ 1+ 0T P 1Py
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or
e =Gy g T DO Pa®i O Pa®i
r(t—1) r(t—1) r(t—2) r(t—2)
<9 & Y L 2.
r(t—1) r(t —2)

In view of (10) and the second inequality in (7) we obtain

2

i 7[€(t) — Ct)] < 00 a.s.

— r(t—1

Thus, the r.v. » is proper. This completes the proof of Lemma 2 and Theorem 1
as well.

We make some remarks about this result. First, let us say a few words about
the condition imposed on the polynomial C'(\) according to which the function
C~1()\) — 1/2 must be strictly positive real. This has been used only in proving
Lemma 2, when it was necessary to show that the sequence 7, is a semi-martingale,
i.e. this condition is purely technical and we are forced to introduce it in all optimal
control problems connected with linear equations. In the simplest case, i.e. when
the noise in an ARMAX equation is a martingale-difference and C'(\) = 1, this
condition is fulfilled automatically. Later we shall see that the form of this condi-
tion is caused by the indentification method proposed. When using the stochastic
gradient method this constraint is imposed on the function C'(\) — 1/2 but not on
C~(\) — 1/2. Hence, the class of models considered depends on the identification
method used.

In conclusion we discuss the convergence of the estimates ;. This has not been
claimed in the theorems above because the necessary assumptions under which the
LSE are strongly consistent have not been formulated as well. This general remark
may be illustrated by concrete examples when these estimates are not consistent
under the assumptions stated above. Further, we consider this problem in detail.

10.4. Optimal Tracking and Consistency of Estimates
for ARMAX

The results of the previous sections give a solution of the adaptive tracking problem
in the framework of the assumptions stated there. But the results are incomplete
for the following reasons:

(1) we have used only one identification method which, generally speaking, is not
consistent;

(2) we have no estimates of the convergence rate for the considered functionals;

(3) the question of achieving optimal tracking and strong consistency of estimates
of parameters simultaneously has been left without answer.
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This justifies that the control aim be changed. In this section it takes the fol-
lowing form:

for a class K of ARMAX equations find an optimal adaptive strategy o® such
that for every equation from K the following conditions hold:

(@)

T
. —1 2 2 9
TILIEOT ;(thﬂ + lue]|?) < o0 aus.
V(0%) — min,
for any bounded path x;. Here
T

Vio) = T TS (@ — 23)" (e — 2°);
t=1

(B)
P{tlirgéet - 9} —1.

We denote this aim by OTJ and first consider a sufficient condition for (5) to
hold, i.e. consider strong consistency of the estimates. We will do this with respect to
two identification algorithms: the modified LSM (we keep the former abbreviation
LSM) and stochastic gradient method (SGM).

We now consider the following question. We have a control u? which is assumed
to be measurable with respect to the o-algebra F; generated by the history of the
considered process up to time ¢. The real control u; is formed with the help of two
components, namely, by the control uY and some stochastic component vy, i.e.

0
Ut = Uy + Vg

Sometimes the method that consists of randomizating the control is called the “trial
signal method” or the “damping excitations method”. More exactly it consists of
the following: let WW; be some sequence of independent (of each other and of the
noise ;) random vectors with continuous distributions satisfying the conditions

EW, =0, EWW/ =ul, pu>0, |[|[W|<W <oo, Vt.
The trial signal is formed by using these random vectors as follows
vy = p(t) W
where lim;_ o, ¢(¢t) = 0. Thus the control at time ¢ has the form
up = ul + p(t)Ws. (1)

For large t the vectors u; and ) differ slightly from each other and coincide in
the limit. The choice of the damping function ¢(¢) depends on the identification
method being used.



312 Control of Linear Difference Equations

The use of a trial signal leads, as we will see latter, to strong consistency of the
estimates for linear difference equations of ARMAX-type

where the matrix polynomials A()\), B(\) and C()\) of orders p, ¢ and r are
unknown.

First, we consider consistency of the LSE by choosing the damping function as
follows

ety =t"2 hel0,2x+1)7"], x=max(p,q,v)+np—1.

It remains to define the class of equations using conditions imposed on their coef-
ficients and the noise (;.

Definition 1. The class K5y (n,1;p, q,7) of ARMAX equations with dim X =n
and dim U = is defined by the following conditions:

A. The matrices A(X\), B(X), C(A) have no common left factors and the matrix A,
has full rank n.

B. The transfer matrix C~1(\) — 1/21 is strictly positive real (SPR).

C. sup, E(||G]|°|Fic1) = 0% <0 as. b>2.

D. There exists a matrix R > 0 such that

T
lim 7' " G¢f =R, as.

T—00
t=1

Condition A means, in particular, that the equation y;+1 = Ay + Buy + C(; is
controllable. Condition B will be fulfilled automatically if the random disturbances
are not correlated, and then C'(\) = I. The main result is formulated below.

Theorem 1. If the control (1) with ¢(t) = t="/? is applied to the equation from
Krsm(h,lip,q,r) and

T
1-2 1
TS ) = O(T?) as.de (o, M]
t=1

2x +3
as T — oo then the LSE will be strongly consistent and, moreover,
16, — 6]” = {O(t_alnt)’ ro=z
Ot *(Inlnt)9)Int VYg>1, ifb=2
for allae ((1+6)/2,1—(1+ x)(h+9)).

Section 6 is devoted to the proof of this theorem.

From this theorem it follows that the convergence rate of the estimates has the
order less than ¢~'/2*¢ without logarithm in the numerator, i.e. it is somewhat
worse than the usual rate t—1/2.
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We now turn to another method of estimating the parameters, namely to the
stochastic gradient method. We define the damping function as follows

p(t) = "%t Vt>2, he(0, Axi(n+2)7", x1=max(p,qr+1).

The control with the trial signal is defined in accordance with (1) but condition B
must be replaced by the following:

B’. The transfer function C'(\) — 1/21 is strictly positive real.

The main result concerning the SGM applies to the class of equations
Ksa(n,l;p,q,r) which is defined similarly to Kpsa(n,l;p,q,r) but with condi-
tion B’ instead of condition B.

Theorem 2. If the control (1) with p(t) = "2t s applied to an equation from
’CSG(na lapv q, T) and

1/4—(n—|—2)x1h
-1 Y9 =0n°T) as.
Zliu I=0m' ™) as.ae (0.

as T — oo, then the SGE are strongly consistent.

We give a sketch of proof in Sec. 6. The convergence rate of the SGE is not given
in this theorem. This is the price for the simplicity of this algorithm, i.e. difficulties
of its analysis prevent from obtaining the convergence rate of the appropriate func-
tionals. Let us return to the adaptive problem of optimal tracking when the OTJ
is the control aim and the LSM is in the extended form.

Let CGrsy denote an adaptive strategy which we are going to define. The
unknown parameter 6 is estimated by the LSM and A;;, Bj;, Cj: denote the current
(at time t) estimates of the parameters A;, B;, Ck. Assuming that the dimensions
of the spaces X and U are the same (n =) we define the control u; as follows

s By, (Biyuy — 07 ¢y + 27),  if det By, # 0,
t O, if det Blt =0.

It is easy to note that the right-hand side of the first equality does not contain wu;.
We define the sequence of non-Markovian moments ¢y, 7, by the relations:

=1

j—1
k = sup {t > > flulll? > (G- 1)+ |12, V5 € (Tk,t]} ;

7;:7']c

tp—1
Thi1 = inf {t >t > Jugl? > 2752 lug)® < t1+‘5}
i=k+1
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where the number § > 0 is chosen as in Theorem 1. We take the main control in
the form

(2)

o_ Juy, ift€ 7k, tk) for some £k,
P10, ift € [Thytgpyr) for some k.

We note that this definition involves a partition of the time axis into alternate
stages similar to those in Chaps. 7, 8, 9. Of course, this similarity is only visual.
The required optimal adaptive control u; is constructed with the help of u? and
the trial signal v, = (t)W; in the form (1) by the method described above. This
completes the description of the identification strategy CGgps. It remains to define
the ARMAX type equations. They form the class ICISM (n,1,p,q,r) which differs
from Krsp by the following two additional conditions:

D. There exist a number p > 0 and a matrix R > 0 such that

T
T3 GGl = R|| = o(T").
t=1

E. The functions det A(\) and det B(\) have no zeros in {\: |A] < 1}.

The last condition means that the equations considered are stable and minimum
phase.

Theorem 3. The strategy CGrsy is adaptive with respect to the class
ICZSM(n,l;p,q,r) under the given aim OTJ and

=o(T™4) +o(T™"),

T
T (- af) @ - 77)" — R
t=1

0: —0]> = O(t *(Inlnt)?Int), VYg>1, a=1—(x+1)h, as.

Proof. First, we prove the assertions relating to the estimates of the parameters.
Condition E implies that the matrix B; is non-degenerate. Hence, beginning from
some t its estimate By, is also non-degenerate. Thus for all large ¢ the control u} can
be calculated according to the first formula entering its definition. For all equations
from ICITSM (n,1;p,q,r) the assumptions of Theorem 1 are fulfilled except, maybe,
the following one: 71 Ele [uf]|? = O(T?) a.s. To verify this, we note that three
cases only are possible:

() o < 00, Tpq1 = 00 for some k;
(B) T < 00, 0} = oo for some k;
(7) ok < 00, T < 00 for all k.

In the first case, u? = 0 if t > o1. Then the required assertion is obvious. In the
second case, this assertion follows from the definitions of u? and . In the case v,
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the desired assertion follows from the arguments below.

t
sup ¢~ (0 Z ||

T <t<Tk41

_ (1+6) 02
= sup t Uu;

;H H

o1—1 o2—1 Ok—1—1

S Rank] OED SRR oS ) [T

TE<t<og Tho1

0’71 U}c_lfl
—1+5 —1+5
<7 ’Znuzn? o ST w2+ sup t“*‘”ZIImHQ
Th TE<t<op i=Ts
i —(146) (4146 2 [

g22 + sup t (0 + |l P <2+ H& <3.

: TE<t<ok Ty

So, all assumptions of Theorem 1 are fulfilled and, therefore, the estimates of the
parameters of the equations are strongly consistent. Since § = 0 the convergence
rate of these estimates has the claimed form.

It is important to know which of the cases («), (3), () are possible (maybe
two of them or even all three.) We show that only the case () is possible.

We consider first the case («): the control u; = vy at all ¢ > of. From the
stability of A(X) and the form of w; it follows that

¢
D lasll? + lluill?) = O().
i=0
We put ¢; = @0 + Gr, Where ¢ = [0 -+ @ psrul - Ul & -+~ €0,). It is easy
to verify that

t t
S UG = O((nr)(nlnr)?), Vo> 15 =1+ el
=0 =0

It follows that

t t ¢
=1+l Bl < 1H2 Y 1R+ Y Il
= O(t)Zj—OO((ln r¢)(Inlnr)9) - o
and, hence, 1 = O(t). Therefore
leell* = O(). (3)
We rewrite Eq. (2) in the following form

Byuy = (B1 — Big)uy — (0 o1 — Bre)us + o7y
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Hence, by using (3) and the convergence By; — Bj, we arrive at the estimate
lus]|? = O(JJu||?) + O(t) leading to ||u}||> = O(t'/?) for all sufficiently large ¢. But
the latter contradicts the assumption 7,11 = o0, i.e. the case («) is impossible.

We now consider the case (7). Making use of condition E and the arguments
used in the case («) we can prove the following relations

tr
Il =0&?), >0 ulP<o(t?), as.
=T, +1

which contradict the definition of the quantity ¢;. Thus () is impossible as well.

It follows that there exists a.s. some integer ko such that uj = u} for all t > 7.
From condition E it follows that the constructed control is admissible, i.e.

lim T~ 12 thHQ-i- ||Ut|| ) <

T— 00
t=1

It remains to prove that it is optimal. This can be done by directly estimating the
norm

t
E (¢ —xf)(ze —2)" — R

that leads to the result stated in the theorem. O

‘We now make some remarks on Theorem 3:

(1) The decreasing order of the tracking error is defined by the quantity o(t=*) +
O(t="). In the most interesting cases we have p = 1/2 and h < (2(x + 1))~}
x = max(p,q,r + np — 1). In the simplest case p = ¢ = r = n = 1 we have
p=1/2,h<1/4.

(2) The stability assumption in condition E is not natural but forced by the proof.
This assumption may be dropped by using a modified strategy (for example,
using at certain times the SGM as the identification algorithm).

(3) We have restricted attention to the case d = 1. In the general case d > 2 the
tracking error is O(t~"/2).

In view of the length of the proof we are forced to omit these important and
interesting details.

We now choose another identification algorithm for solving the optimal adaptive
tracking problem, namely, instead of the LSM we shall use SGM. The control aim
remains the OTJ. It changes the optimal strategy and the classes of the considered
equations.

To estimate the parameter § we can use the SGM in the form pointed to at the
end of Sec. 1. As usual, 0; denotes an estimate of this parameter at time ¢ and
denotes the history up to this moment. This information is used to calculate the
admissible control u? at time t by the following equation

07 o = Tf 1. (4)
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It remains to define the class of ARMAX-type equations to be controlled. Let
dimz; = dim{; = n, dimu; = [ and the powers of the matrix polynomials
A(N), B(\), C(X) be equal to p, ¢ — 1, r respectively. Let l@(n, l;p,q,r) denote the
set of all equations with the characteristics stated above which satisfy the additional
conditions:

K : the sequence (; is a martingale-difference such that a.s.

T
sup B(||Gi||*|Fi-1) < oo, lim T > Gl =R>0;
t=1

Ko: the transfer matrix C'(\) — 1/21 is strictly positive real;
Ks: det (B(A)[%“D £0 for [\ < 1;

Ky4: the matrix polynomials A()), B(A\), CX(A) have no common factors and
the matrix A, has full rank.

Theorem 4. For the equations from l@(n7 l,p,q,r) the strategy GS is adaptive, i.e.
it leads to the aim OTJ.

Proof. We prove first that Eq. (4) is solvable with respect to u?. To achieve this,
we rewrite this equation in the form
Buug + (07 o1 — Buuy) = a1y,

where Bj; stands for the estimate of the matrix By at time ¢ and

Op = [~A1r-- — Apt Bie- Byt Crp--- Cri].
We put

0F = [~Au--— Apt OBgy - By Crp -+ - Oy
and Eq. (4) takes the form

Bul = 2, — 0. (5)

First, we investigate solvability of this equation when n = [. It has a unique solution
if the initial values are chosen so that the matrix By; is non-degenerate. Indeed, if
this is true, then
0 —1 * *
uy = By, (v, — 0; " p1)-
The control uy is F;-measurable (here 7y = 0{(;,vj,j < t}). Using induction we
prove that in the case considered the matrix Bj; can be made non-degenerate with

probability one for all ¢.
Denoting y: = x1—(:—07_1p1—1 we have (taking into account the SGM relations)

Bit+1 = Bt + Tt_l(yt-i-l + Grp1)uy - (6)

It follows that Bj; is non-degenerate if Bjg is non-degenerate for ug = 0. Let
det Bi; # 0 a.s. We prove that det Bi;41 # 0 a.s. To achieve this, we put
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M = {w : detB;; = 0}, N = {w : det Bys+1 = 0} and show that P{M} = 0
implies P{NM°} = 0. Let the contrary hold, i.e. P{M} = 0 and P{NM¢°} > 0.
Then from (6) we have det [By; +7; *(ye11+ Cra1)ul] = 0 for w € NM¢. According
to our assumption det By, # 0 for the same w. We have

det(I + r; "By, (yes1 + Gr)uy) = 0 = det(I + ry "uf By, (yeg1 + Ga1)

which means

ui By (Yer1 + Gern) = =1t
and, hence, uf By;' 7é 0 for all w € NM*©.

Let a;(w) and <t+17 1 < i < m, denote the components of the vectors utTBft1
and (41, respectively. From the above it follows that

Zaz Ct+1+7“t+ut31_tlyt+1=() Yw &€ NM°€. (7)

Since uf Bf; # 0 and P{NM¢} > 0, there are some «;(w) and a set N' C NM¢
such that

a;(w) #0, Ywe N, P{N'}>0. (8)
Taking, for the sake of simplicity, ¢ = 1 we define the following r.v.

Zaj Y47 +ul Bty |, we N,
2(w) =

0, we N

which does not depend on Ct 1- Making use of the inequality
sup P{n 4+ n2 = 2} < min <supP{m =z}, sup P{n = x}) ,

which is true for all independent r.v. ; and 7,, we have P{ +1 + z(w) =0} =0.
From (7) and (8) it follows that P{Ct(i)l + z(w) = 0} > P{N'}, contrary to the
assumption. Hence the matrix By is non-degenerate.
Now let n < I. Denote
1 nr @*
Bi =B . Bin. uf = [ )
—~— ——
n l—n n l—n

The first components of these vectors are related by the SGM as follows

1 1 nr
B 2+1 = Bit) 7 e + Grn)ul

This equation coincides with (6). Therefore choosing the non-degenerate matrix
Bg(l)) and uf, = 0, we see that all matrices BS) are non-degenerate as well. So,
Eq. () is equivalent to

-1
Dy—1 (2 1 ” ”
I, (Bit)) 1B£t)}U? = (Bit)) (xt+1 - etTSOt)
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or, in a more detailed form,
1 \—15(2) (2 D=1, « "
ug ) + (Bit)) Bgt)uz(f = (Bgt)) (Ti1 — 0;" o).
Its solution is

0_ (Biilf))il(mr—i-l - GZTSDt - BS)UI(EQ))v
R BC)

2) . . . .
where ug )isanl— n-dimensional, F;-measurable random vector. Consequently, in

the case n < [ the admissible control u? exists but is not unique.

It remains to verify that the strategy GS obtained leads to the aim OTJ. We
now check that the strategy G5 is admissible (the first condition in the formulation
of the aim). From the minimum phase property of the equation it follows that

T T
TN ()P < T flal® + Co
t=1 t=1

for some (in general random) constants C7, Co. It follows that

T T T
Ty ue? <2C 77l +2C +2771 ) o,
t=1 t=1 t=1

with the last term tending to zero as T — oo. It remains to show that
limy o7 23:1 ||z¢]|?> = C < 0o. To do this we use the equation

C(V)ys = 01001

where y; = vy — ¢ — 0]_1¢1—1, 0+ = 0 — 0;. According to the following relations
((see 12) and (13) from Sec. 6)°

t t
. 1 . _ ~
Jim oty lyilP =0 lim ety 6] =0,
i=1 i=1
condition B’ implies stability of the matrix polynomial C'(\). This means that

T T
T e =0 o all> <CTHY |16i1peall® + C”

t=1 t=1

for some positive constants C’, C”. To use the relations mentioned above we should
replace the factor ¢t=1 by rt_l. This will be possible if we prove that limr;/t < oo,
which follows from (5) and the inequality

C <~ - I

t t

< > lbiial® = er_t 2 fipiall?.
=1 =1

-~ |3

©This is not a vicious circle since the proof of Theorem 2 does not depend on the facts and proofs
of the theorems which follow and, in particular, on the result proved here.
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Noting that 67 ;p;—1 = x*, we find

T
1._ —1 K2 /l.
Jm 771 o - 27| < C
t=1
In view of the boundedness of the sequence {x}}, we conclude that the outputs of
the equation are bounded in the mean square sense. i.e.

T
Tim 771 x||? < oo.
T 77
Hence
T T
. -1 2 T -1 0)12
TlLII;OT ;Hutﬂ < 00 TILH;OT ;Hutﬂ < 00.

Thus, the strategy GS is admissible. This and our assumptions imply the
assumptions of Theorem 2 and, hence, the SGE of parameters are strongly
consistent.

It remains to prove that the strategy GS leads to the minimum of the mean
square error of tracking. This fact can be verified directly by using the following
equality

«
T —xp =yt — G + Br—1vi-1

and the asymptotic properties of the sequences vy, (; and v;. O

So, both identification algorithms (LSM and SGM) enable us to solve the opti-
mal adaptive tracking problem but with different amount of information about the
properties of the solutions. The results above can be extended to the case of ran-
dom paths {z}} without difficulty. The boundedness condition is based on the fact
that P{||z;| < R,Vt} = 1. The variables z; and ¢; need to be independent but the
sequence x; must satisfy some non-singularity condition.

10.5. Adaptive Modal Control

The problem of modal control (or pole-zero assignment) plays a significant role in
classical control theory. For linear equations in the state space

Yi+1 = Ay, + By

it can be described as follows (see Sec. 1). We must find a linear feedback u; = Ly
such that the matrix A + BL has a given collection of eigenvalues A1, ..., A,. This
problem can be solved without difficulty if the proposed equation is controllable.
Then its solution has the desired transition regime and asymptotic behavior as
t — oo. We are concerned with the adaptive version of this problem. In the deter-
ministic case in Sec. 2, we have shown using the identification technique that it can
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be solved in a finite number of repetitions. For the equation in the “input-output”
form (discussed below) this problem can be solved by reducing to an equation in
the state space.
For the deterministic linear equation
with matrix polynomials A(V), B(V) of powers p and ¢ — 1 respectively, some
“reference” equation
A%(Vz,) = B (V)i

having the same type is given, where the matrix A%()) is stable and the “external”
control u; is ensures an aim defined for this equation. We need to find a control u;
which “transforms” the first equation into the second. This problem has an obvious
solution if we can find the solution u;_; of the following equation

B(V)us—1 = (A(V) = A°(V)a, + B%(V)ts-1.

We do not want to consider its solvability here. Instead, let us turn to the adaptive
stochastic version of the modal control problem. Consider the ARMAX equation

A(V)zy = B(V)ui—1 + C(V)(

with a priori unknown polynomials A(\), B(\) and C()\) (having degree equal to )
and some unobservable noise ;. Under these conditions there is no hope to find an
explicit solution of the problem in question. Some errors ¢; are inevitable. i.e.

A"(V)zy = BY(V)iay_1 + &4 (1)
where
ee = (A%(V) = A(V))a; + B(V)us—1 — B (V)1 + C(V)
We make the following two assumptions:

(1) the additional external control 4;_; is F;-measurable;
(2) the noise (; is a martingale-difference and a.s.

T
sng(||(t||b|.7-'t_1) <oo, b>2, lim T7'> (¢ =R>0.
t=1

T—00

Let us estimate the average error from below

T T
T 7S B{fePlFa) < T T ST B{(ANY) — AY))a + B(V)ur
t=1 t=1
=B (V)ae—1 + (C(V)DI* + G2 Fe-1}
> tr R.

The properties of the errors are described more fully by the matrix inequality
T
lim 77" "eef > R.

T—00
t=1
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We consider the following control aim.

(1) to minimize the mean error limy_ o1 23:1 lledl|?;
(2) to ensure the consistency of the estimates of parameters of the equation.

We denote this aim by PZA.

To solve this problem we use two identification strategies by combining the algo-
rithms LSM and SGM. This leads to different techniques of choosing the controls.

The first strategy uses both LSM and SGM. The first estimates the coeflicients
of the polynomials A(\), B(\), and

CN=I+CiA+---4+CA, r>0
forming the vector of unknown parameters
§=[-Ay---— A, By---By Cy---C,]".

Its estimates (we denote them by 6; at time ¢) can be calculated according to the
formulas

0111 = 0 + a: Pops (2] — 07 0:),  ar = (14 ¢f Popr) ™",
Piy1 =Py — atPoprpi Py, Po=dl, d=n(p+r)+Ir,
or = [x] - xtT—q+1 uy - 'utT—p+1 zy — o0t Xy — Of Ot —ry1]"
An initial value 6y may be chosen arbitrarily

90 = [—Alo o —Apo Bl(]' "BqO ClO" 'CTO]T'

We now consider the following three polynomials whose coefficients we wish to
estimate. The first of them is the matrix polynomial D(\) which is uniquely defined
by the relation

(det C(A\))I = (AdjC(N)A(N) + AD(N)
and has the form
D(A\) =Do+ DiA+---+ Dy AP, pp =max(nr —1,(n—1)r+p—1).
The second one has the form
E\) = (AdjC(M\)B(A) =Eog+ ExA+ -+ Ep, A2, po=(n—1)r+gq
with the non-degenerate matrix Ey = By. The third is the scalar polynomial
FA)=detC\) =14 fix+ -+ fur A"

The collection of coefficients of these polynomials forms an unknown vector of
parameters

9 = [Do-++ Dy, Eo-Epy f1++ far]
which we estimate by using SGM. Let us write down this procedure in the form

_ _ a I
Orr1 =0y + = Pt [T — @1 0]
t
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where we use the following notation

T T T T T
= [z} -z p Ut = Up_p, — Qi 1‘975 10— Pf 07, ]

=71+ [|@e)?, T =

SIS

An initial value 90 may be chosen arbitrarily but the matrix Fy must be non-
degenerate. We pay special attention to the fact that the sequences of estimates
{Bot} and {Ey} are different since they are calculated by different methods. But
their limits will coincide and be equal to By if the procedures LSM and SGM are
consistent.

We now come to the construction of the controls. At time ¢ the LSE 0; and SGE
0, are calculated simultaneously. By using these estimates, two controls ugl) and

ugz) are constructed. For ugl) we use the equation which is based on the LSE

Buu") = (det C,(V))(A°(V)) B (V) — O(V)(x: — 07 ] 01-1)]
+ Di(V)xy + (Adj C(V))B(V)ur + Brruy (2)
where the polynomial D;(\) is found by the equality
(det C(N)I = (Adj Ci(t))Ar(N) + AD:(N)
but not by its estimate obtained with the help of the SGM. The SGE are used to
calculate the control u§2)

E()t’u,gz) = _ét@t — E()tut. (3)

We have already met with this equation which determines the optimal control in
the tracking problem. Under our assumptions the trajectory found consists of one
point 2} = 0 only. Therefore we do not dwell on the solvability problem for Egs. (2)

and (3). We need only assume that the required modal control 4, is measurable.

(1)

We now state the alternation rules of the controls u; ’ and uff). To achieve this

we define the stopping times 0 < 7 < t; < 7o < - -- by the following inequalities:

—Sup{t>m lelel — 1) 6/2+||xrk||2,vj€(mt]}

7,7']c

tr—1
Tha1 = 1nf{t >ty : Z lail|® < 27FtInt, > [lai|* = 2 FtInt,

=ty 1=Tk

tr—1
Z|\ul||2<2 Mrint, > flug|® <27 ktlnt}

1=ty 1=Tg

where
5e0,2x+3) 1 1-2h(x+1)), x=np+max(p.ar), he (O0R(x+D]).
We also define the set

N = {z ||Uz('1)|\2 < i1+6}.
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The alternation rule of the controls ugl) and ugz) is determined by means of the
basic control uf as follows

ugl), if t € [, tp) NN for some k,
uy =< 0, if t € [, tr) NN for some k,

ugz)’ if ¢ € [ty, k1) for some k.

The more complicated structure of the control is connected with a necessity to
avoid the excessive increase of the output z; and input u;. For this purpose, we
make the output approach zero in one cases and choose input being equal to zero in
the other. The theorem below explains the efficiency of such actions. To complete
the construction of the desired strategy it remains to add the trial signal, i.e.

ur = uf + p(t)ve.
This strategy is denoted by CZ.

As concerns the excitation source and function (), we assume that the first is
formed by a sequence of independent (of each other and ¢;) random vectors with
independent components having continuous distributions such that

Ev; =0, Eow! =T ', v = got /2

and p(t) =t="/2,

We define a class of ARMAX-type equations as follows.

Let KC1(n,; p, q,r) denote the class of all equations such that dim X; =n <[ =
dim u; and the numbers p, g, r represent the degrees of their matrix polynomials
which satisfy the following conditions:

A. The matrices A(A), B(A), C()\) have no common left factors and rank of A, is
equal to n;
. The matrix C~1(\) — 1/21 is strictly positive real (SPR);

B
C. detC(\) —a/2 > 0;
D. All zeros of the function
det (B(/\) {ItD
0
lie outside the closed unit circle.
As usual, the noise (; is supposed to be a martingale-difference and

E. (|GI?[Fi-1) <b < oo,

71> G - R
t=1

—0, R>0 as.
T—o0

Before stating the main result about the strategy CZ we give an auxiliary assertion
of principal significance.

Lemma 1. The strategy CZ applied to the equations from the class K1(n,l;p,q,r)
has the following property: there exists an integer kg finite (a.s.) such that T, < 00,
th, = 0 and the set N°¢ = {i: [|ulV||2 > i170} is finite.
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The proof of this lemma is similar to that of Theorem 3, Sec. 3.

In view of this lemma, beginning from a Markov moment the control is realized in
accordance with the first condition entering into the definition of u{. So, beginning
from some finite moment 73, , both the control u§2) and the SGM are not used. This
gives ground to say that the strategy CZ is mainly based on the LSM.

Theorem 1. For the equations from the class K1(n,l;p,q,r) the strategy CZ leads
(with probability one) to the following relationships:

T
- —1 2 2
TIEI;OT ;(thll + [lug]”) < o0

T T
T71 ZEtEtT — T71 Z gtgtT
t=1 t=1

(Inlnt)91nt 12
||9—9t|=0<m , Vg>1

where g, = (A%(V) — A(V))xy + VB(V)u; — VBY(V)u? + C(V)(; means the error
in solving the control modal problem.

— o),

This theorem can be proved by the same methods as similar results given in
Sec. 3. So, we leave its proof to the reader. This theorem gives the convergence rate
of the estimates 6; and the mean square error &;.

The SGE are not, generally speaking, consistent with respect to the class
Ki(n,l;p,q,r) and play only an auxiliary role in the initial stage of control.

It remains to consider another approach based on SGM to the modal control
problem (or pole-zero assignment). It leads to other strategies and another class of
equations. The definition of this strategy, which will be denoted by GC*, is rather
simple. The parameter § = [-A;---— A, By -+ B, C1--- C,]" is estimated by SGM
and the estimates 6; are successively used to compute the control u by the following
relation

Bi(V)ui = (A(V) = A°(V)zi1 + B (V)ar — (Co(V) = D)(@e1 — 07 1) (4)
It remains to add to ugl) some trial signal vy with the properties:
Ev, =0, Evw! =1, supE|v]?® < oo
t

Let o(t) = In~"/2¢, t > 2, h e (0, [4c(n+2)]"Y), ¢ = max(p, ¢, + 1). Then the
required adaptive control has the form already known:

wy = ug + o(t)vy.

As concerns solvability of (4) new difficulties do not arise. So, we should define a
class of ARMAX-type equations Ka(n,l;p,q,r). Namely,

A. The matrices A(\), B()A), C(\) have no common left factors and the rank of
A, is equal to n;
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B. The matrix C(\) — 1/21 is strictly positive real (SPR);

D. All zeros of the function
det (B()\) {ﬂ)

lie outside the closed unit circle.

The aim of modal control is the same, i.e. PZA.
The external control u; is assumed to be F;-measurable and to satisfy the con-
dition limy—eoT 7137 ||| < o0

Theorem 2. For the equations from the class Ka(n,l;p,q,r), the strateqy GC*
leads to the following relationships:
T
. —1 2 — 12
Jim 770 ([lze® + [[ae]?) < oo,
t=1
T
; -1 2
dim 771 e|® = trR,
t=1
T—00
The inequality and two equalities in the formulation of this theorem mean admis-
sibility of the control and attainability of the control aim, respectively.

Proof. We first prove admissibility of the control. For this purpose, we transform
the expression for ;. Substituting in it the explicit form of the controls u; = u? +v;
and u) (see (4)) we obtain
e = (A%V) = A(V))zi1 + (B(V) = Be(V))ur + Byuy + By,
— B (V) + C(V)Gii1
= (AO - A)$t+1 + (B - Bt)ut + (At - Ao)xt+1 + Boat
— (C(V) = D) (@41 = Ospe) + Byoy — By + O(V) G

= 0101 + Byvy — (C(V) — Dyer1 + G, (5)
where y; = x — (¢ — 07_1p¢—1. After transformations we obtain
A (V)ze1 = BY(V)ae + Oy + Brvy — (C(V) = Dy + G (6)

At the end of Sec. 6, the following facts were stated

= Hyt+1||2 — ||9~t50t|\2 ]
Z < 0, Zi<oo, 0y =0 —0,.
=t = Tt

For the sequence r; = 1+ 30_, ||¢i[|? we have r, — oo (since r;, > Ethl lluel|? >
at(In" £)=1). So, due to the Kronecker lemma

T T ~
S lwll? =o(re), > 16iell* = o(re).
t=1 t=1

[
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In view of stability of A°(V), the boundedness of the SGE and preceding inequali-
ties, we have

Z lz[|* = o(re) + O(t) (7)

as T — oo.
From the minimum phase property of our equation it follows that (as T — 00)

Z luel® = o(re) + O(#). (8)

The following estimate is obvious

t t t
Dz =05 1onll> <2 llyall® +2 ) NG = o(re) + O(1).
n=1 n=1 n=1

From the definition of r; and last three estimates it follows that
re = o(ry) + O(1)
which means r;, = O(t). Thus (7) and (8) imply

T

D (llzel® + Jlue]®) = O(T)

t=1
and, hence, the considered control is admissible. This and the obvious equality

T
lim 7~ !n" Tthvt =1 a.s.

T—00
t=1

imply

T T
Do laflP <2 (uel® + [loe]®) = O(T).
t=1 t=1

So, A, B, D hold and the SGE are strongly consistent. It remains to show that
the mean square error is minimal. Taking into account the expression (5) for the
current error &¢, the limiting relations for v; and (; and the fact that r, = O(¢), we
have

lim 7! Z lec]|? = tr R

T—00
t=1

which completes the proof. O

Two adaptive optimal control problems have been investigated in detail by using
two identification approaches: tracking after some bounded path {z}} (Sec. 4) and
modal control. Moreover, the consistency of the estimates of parameters of the
equations has been obtained. In many cases the orders of convergence have been
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found as well. The following question is quite natural: is it possible to unite both
these problems into one? In other words: whether we can find a control u; acting
on an ARMAX-type equation and an external control @; in such a way that the
equation takes the desired form but the mean square error and the mean square
tracking error are minimal? We are also interested in the strong consistency of the
estimates of parameters of these equations. The answer proves to be positive. We
now consider this problem.
Let us define the control aim denoted by OTM.J:

find the controls uy and uy such that:

(1) for all matriz polynomials A°(\) and B°(\) and F-measurable control u; the
original equation can be reduced to the form (1) and

T
lim 77! Z led]|? =tr R aus.;

(2) for every bounded sequence {x;} the following equality

T
. —1 * (12
TILII;OT ZHmt—th =tr R as.
t=1
holds,
(3) the estimates 6; of the parameters of the ARMAX equation are strongly
consistent.

Let us describe the appropriate strategy GC**. The parameters are estimated
by the SGM, the controls u;, u? are defined by the relation u; = u? + vy, where

u? is a solution of (4) and 4, satisfies the equality

BY(V)ue = (A"(V) = Dzeyr + a7y (9)

Theorem 3. The strategy GC™* ensures the attainment of the aim OTMJ with
respect to the class Ka(n,l;p,q,1).

Proof. We verify that the given strategy ensures the fulfilment of (2). For this
purpose, we return to (6). Substituting in it the expression (9) for @;, we have
Tip1 — iy = 9~t50t + By — (Ce(V) = Dys + G = &4

It follows immediately that assertion (2) holds. We note that this equality
implies the mean square boundedness of z;. Hence, from Theorem 2, (1) and (3)
follow. O

10.6. On Strong Consistency of LSE and SGE of Parameters

In this section we prove Theorems 1 and 2 from Sec. 4. First, we need some auxiliary
assertions. Let (2, F,P) be a probability space in which a non-decreasing flow of
o-algebras F;, t > 0, is given.
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Lemma 1. Let (Wi, Fy,t > 0) denote a matriz martingale-difference such that
sup E(||Wiep |91 F) =7 <00, 1<a<?2
>0

and My denote the random Fi-measurable matrices having the same dimensions as
Wy and such that | M| < oo a.s. Then for all large t we have
t

> MW
=0

where Sy(a) = (Zle | M| o) e, ¢ > 1.

=0(Si(e) In'/ (S, (a) + e)), Ve>0, as.

Proof. We consider the set V = {w : S < o0}. By the Martingale Theorem on
series (or Local Convergence Theorem)? the series Efzo MW 41 converges on this
set. On its complement V¢ we have (we suppose that M; = 0 below)

- ’ My
ZE( / ><WZSQ1W+E (Sp +e)

=1
Sy

MW, 4
S Int/ o (S (@) + e)

s,
- ’YZ Salnl'me (x+e)

dz
o zIn'tT(z 4 e)

/°° dx -
=7 —gr——— < 0.
o i’ (z +e)

Using the Martingale theorem on series again, we conclude that

i MW
—1 S| lnl/a+6(Sl + e)

on the set V°. An application of the Kronecker lemma completes the proof. O
Lemma 2. Let (Wi, Fy) be an n-dimensional martingale-difference with bounded

a-moments, i.e. sup;so E(|[Wiy1||*|F:) = v < oo. Let Ty be random Fi-measurable
matrices of the same dimensions as Wy. Then for all t large enough we have

¢
Zm11ﬂTRl+1EWl+l
1=1

[ O(n(trR;Y), if a >0,

| O(n(trRyY)InIn(tr R0, v6 > 2, ifa=2, as.

where Ry = (31—} T/TF 4+ dI)~', d > 0.

dTheorem. (Local Convergence Theorem) Let {n;,F:;} be a martingale-difference and {4 =
> i mi. Then ¢ converges as n — oo on A = {w XL E(mlP|Fi—) < oo}7 1<p<a2.
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We omit the proof which is based on the Martingale lemma.

The following lemmas deal with properties of the LSE for the ARMAX equa-
tions. We show that strengthening the assumptions allows finding the order of
decreasing of the error of the estimates. Let Apnax and Ay, denote the maximum and
minimum eigenvalues of the matrix P,;rll = Zle o1pF +d =11 where d = np+lg+nr.
In what follows, these quantities play a decisive role.

Lemma 3. If for an ARMAX equation the following conditions hold:

() sup, B([Wiia[1F) < o0, a2 2
(b) the matriz C~1 — 2711 is strictly positive real.

Then for the LSM error we have the following asymptotic representations
(as T — o0)

o O <1 A I Ao)s Vg > 1, =2, s

min
Proof. We put ; = 6 —6,. From the explicit expression for Ptjrll (recall that Pq =
Pt — atPt(bt(I)?Pt) we have
[[0e411* < Amfntr 9t+1 t+19t+1
According to this inequality it remains to verify that
O(ln X! ,.) if > 2,

b0 Pt = {0((1n1nA§nax) NnAl, , Vg>1 ifa=2, as.
To do this we note that (see Sec. 1)

wiy = Of 01 = ar(afy — O70:), ar=(1+ @ P®,) " (1)
and

C(V)n1 = 0419 (2)

where 741 = Tep1 — & — t+1
Condition (b) implies the ex1stence of the numbers sz > 0 and s > 0 such that

t
_ 1
= Zq)iTaiJrl <77i+1 + 097,T+1q) ) + >0, t>0.
=0

With the help of (1) and (2) we obtain
tr 01 P Opr = tr 00 @r @ Oprn + tr 0, Pl b1
= [Pk O [I” — 2(ni s + Ei1) Orrr + Pre®r(nigy + &))" P
+ O Peoi |1 + g ||” + tr 0Py 0y
< tr 9k 19k 2q)£ék+1(77k+1 — 271(1 + %0)9,?4_1(1%)

- %0||0k+1(1)k”2 - 251?+1§l€+1‘1’k-
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Summing over k and taking into consideration the inequality S; > 0, we arrive at
the following inequality

tr étTJrl t+10t+1 < O — 0 Z ||‘91+1(I)l||2 2z:flTJrlelJrl‘I)l (3)
=0 =0

We define an F;-measurable random vector 7 = 11 — 07 ®; — (; and use Lemma 2
to estimate the last sum in (3).

t
011 = > &40 — ai&pr +m) @1 P)) @y
1=0
t to v
<Y a® P&’ + 0 <<Z |9lT+1(I)l||2> )
1=0 1

0
t
+o((z<al@wl ||&|2> )
=0
t B t
-0 <<Z 10,513y ) ) 10 <Z al(I)lTB<I>l||§l|2>, 1/2<v<1.
=0

=0
This and (3) imply

tr 07,1 Pifi < O(1 <Z al‘I’TPlCI’l|§z|2>

=0

=0

t
=0(1)+0 (Z £lT+1<I>lTB+1<I>z&+1> : (4)

Now Lemma 2 and the inequality d~! tr PHl1 <N L <tr PtJrl lead to the required
result. O

Let us write the estimate of the decreasing order of §# —6; in another form. Up to
now to estimate the random disturbances &; entering into @, i.e. finite history of the
control process or the stochastic regressor we have used the quantities z; — 07 z,_1.
Now, instead of these we use the disturbance &; itself. The stochastic regressor takes
the form

q)t = [mtT e mtT—p—i-lutT T utT—q-i-le T ftT—T‘-‘rl]’ (I)J = 07 J <0.

Let \Y, . and A%
"o @9®9" 1 d~'T which is analogous to P;'. The next lemma demonstrates
the relation between these eigenvalues and the estimates of the decreasing rate of

the errors 6 — 0.

denote the maximal and minimal eigenvalue of the matrix
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Lemma 4. Under the assumptions of Lemma 3 we have

1641 — 6]
o (ln/\i)f:x) ’ if a>2,In A% =0\ ),
=30 <1n Aﬁfax()l\l(f)lt-ln )\gfax)g> , Vg > 1, dif a=2,In ), (Inln XYY, )Xo
min — 0% ), ¢> 1, as.

Proof. From linear system theory it is known that the strong positive reality of the
matrix C~1(\) — 2711 implies stability of the matrix C~*()). So, from (2) to (4)
it follows that

t t t
D lmal* =0 (Z |9f+1¢’z||2> =0(1)+0 (Z al¢’?ﬂ¢’l|§z+1|2>
=0 =0

=0
O(In A% ) a.s., if a > 2,
C | O, (InIn X%, )9), Vg > 1 as., if a=2.

For a > 2 we have X!, = O(\%, ) and A% < 2X! . 4+ O(\Y ) which lead to the

min

first assertion of the lemma. The second one is proved similarly. O

The stated results reduce the estimation of the convergence rate of the LSE (and,
in general, their convergence) to that of the maximal and minimal eigenvalues of
the matrix Py ! which must be non-degenerate for all sufficiently large t. With this
alm in view we use the randomized control described in Sec. 4. We can now prove
the main result of this chapter.

Proof of Theorem 1 from Sec. 4. First, we note that the parameter a varies in some
non-empty interval. Indeed, it is easy to verify that (c+1)(1+9)+3/2 < 1/2. Since
1< (1-h)~t <2(1+¢)(2¢+1)"1 < 2 we can choose some number f € ((1—h)~!, 2)
such that

MBI ol — 5 I || F ) < oo

j=1

Due to properties of Martingales we have

¢
: h—1 r_ M |
Tan;oT tE_l vy = m[, a.s. (5)

This equality will be used later on.

From the assumptions it follows that r) = O(t'+?) where ) = 1+ S"1_ || ®Y||?
and it remains to show that for all sufficiently large ¢ (> t9) we have
)\Ot

min

> Cota, co > 0.
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In turn, this is equivalent to lim,_, ¢t~*A% > 0 a.s. To prove this inequality, we
put f; = det A(\)®Y where
det A(N) =ag + a1 A+ + anp AP, anp #0.

The last relationship holds because the matrix A, has full rank and the degree of the

polynomial A(A) is equal to np. If )‘min[Z;ﬂ fif'] denotes the minimal eigenvalue
of the matrix Zle fif" then

t t /np 2 np
Amin fiff| = inf ai(z7)Y | <(mp+1 a?\o% .
o] = (Seeear) <omen3

It is clear from the above inequality that lim, , t=*A% > 0 a.s. We put

E = {w: li_mt_aAmin [Z flflT‘| = 0} .
=1

t—o0

To prove that P{E} = 0 we suppose that the contrary holds.
We write the ARMAX equation in a new form

vy = ATHV)B(V)V'z; + ATH(V)C(V)V'E

where B(\) = By + BiA + -+ + B,A? (within the current proof). From this it
follows that the vector ¢ can be represented as follows

Fi (V) Y
= || ] (6)
Fy(V) | b5
where
AT [BOY) O] i O]
AATH)  [B(Y) O] AL O]
() = ANATLN) BN eV, (A = N[ 0],
LAPTEATE (N [B(Y) C(V)] anilae]
r O I,
NO I,
F3(\) = N[O I,)
V10 1)

Here, Ij; denotes the identity matrix of order k.

By our assumptions, for any w € E there exists a sequence of unit vectors
from R¢

_[,07 p—17 f0T q—17 _oT r—1T
rr]tk_ atk ...atk Btk ...ﬂtk fytk ...f}/tk
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such that

123
Jim 60> (m, f7)? = 0. (7)
j=1
This leads to a contradiction. To show this, let us define the following sequence of
matrix polynomials (they are generated by (6))

p—1 qg—1

Gr.(\) = ai, NAdjAN[B(N) CN)]+ > B, Nldet AN, O]
i=0 =0

r—1 -
+ > 9 N[O det AN)I,]

1=0

[(hi, gil]NT, s =max(p,q,r) +mp — 1
i=0

where k] , g are some sequences of bounded (in both k and w) vectors of dimen-
sions [ and m, respectively. Obviously, in terms of this notation, equality (7) can
be represented in the following form

tr

. _ T T T T 2
lim ¢, (R w4+ by v+ g9 Wi+ g5 Wis) =0 (8)

k—o00 ‘
=1

with u; = 0 at ¢ < 0. We consider the expression under the symbol lim on the
left-hand side of (8). We have

i=1
T 2 r & b g [k
+otgs tl‘,s) ] + Qh?k (Z u?vf) hgk +2 Z hi, (Z uijviT> h?k
i=1 j=1 i=1
s o Tk
+2) g, (Zfiﬂ}f) h(t)k} —0
j=0 i=1

as k — oo. From Lemma 2 applied to %%, &_;v7 when a = 2 it follows that

tr
—a T T T T s T
t {Z[(h?k R AR TR RN A e i

— . _a T s 0 2\ 2 7. —a 1/24 1/2+ _
khjgotk lggk (2&'—3‘“?) htk] < (1+s%)c khjgotk O(tk In'/ n(tk+€))—0

where we have used the uniform boundedness of the vectors h%k and gék. Similarly,
we can verify that

tr s tr

-, T iT

klirgo e hgk (E u?zﬁ) hgk + E hi, ( E uijviT> h?k =0.
i=1 j=1 i=1
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Both these limits are equal to zero on E a.s. Now, we can rewrite (8) in the form
lim tk Z [(h?k vt) (hgk u; + htk T htk Ui_g

2
et rael)] =0

This equality is equivalent to

k—oo

hm t, Zh?kvt )° =0,
j=1

T . T T 2
klirgotk Z(h?ku +htkuz 1+ R g 5+g?k§¢+~-+gfk§tfs) =0.
j=1

From (5) and the assumptions it follows (w € E) that

ty
1,12 = o5 7), i g S () <0,

hee i=1
lim ¢ (ath+o) Z (htlk Wit 4B i+ ) gf:fifs)g =0.
i=1
Since a <1 — (s 4+ 1)(h + J) the first of these relations means
Jim [hi I°=0, 0<i<s. 9)

From the second relation at 7 = s + 1 it follows that

T 2
lim £ DN (076 b gi ) =0,
i=1

k—oo

Acting in the same manner, we find the following pairs of equalities

||h;kH2 _ O(tk—:(l—h—a—j(h-i-cs)))7 0 é] < s,

lim ¢, “ ikt )Z(hikul G+ +hfkuifs+g,?k §i+ -+ 95, fi—s) =0,
i=1
1< <s+1.

By condition C of the theorem, we have
Jim_ |7, || = 0. (10)
From (9) and (10) it follows that (the function G was defined after formula (7))
klir& Gt (A) =G =0.
Let {n,,} be a converging subsequence of {7}, i.e.

. Y p—1T 407 a—17 o7 T
lim ntm_n_(a yeees & 76 a"')ﬁ » Y
m—o0

ST,
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The identity G = 0 implies

Z_:aiTAi(Ade()\))[B()\) C(A)]z—iﬂiTV[detA(A)Il 0l
i=0 =0
r—1
=Y 4N[O det ANL]. (1)
=0

According to condition D, there are three matrix polynomials M(\), N(X\), L(\)
such that

ANM(N) + BAAON(A) = 1.
Making use of this identity, on the left-hand side of (11) we obtain
p—1
> a N (A AN))
i=0
p—1
= Z aiT)\i(Adj AQ){ANM(N) + BONA) + C(N) LN}

=0
p—1 qg—1 r—1
= det A()) (Z aNMA) =D BTNN() - Z«fo(x)) :
=0 =0 =0

We estimate the degree of the polynomial on the left-hand side of this equality

deg li o N (A A(N))

=0

< p— 1+ deg (Adj A(N))

=p—1+mp—p=deg(AdjA(N)).
This means that the left-hand side of the preceding equality is equal to zero and,
hence, o’ = 0 for all i € [0,p— 1]. From (11) it follows that 8° =0,i=0,...,q—1,

and v* =0, i =0,...,r — 1. Hence = 0 which contradicts the equality || = 1.
So, P{E} = 0. O

We now turn our attention to the proof of Theorem 2 about the strong con-
sistency of the SGM. Since this theorem does not give an estimate of the 6, — 6
convergence rate we only give the main steps.

We start by writing the SGM in the form

t
Orir = 0+ 17 ®yfaly — ®70], ro=14Y > ro=1, t>0,
=1

where 0y is an arbitrary initial value. The history of the process up to time ¢ (the
stochastic regressor) is the vector
Dy
_ [af - wf gl uf gy e — O 10y e xf — @70 ], ift >0,
0, if t <0.
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If the random actions &; are observable then the real history of the process up to
time t is the vector

ot — { sl g Sl 20
t 0, ift <0.
We put
D=0, — ), 6, =0—0,.
Then the initial recurrent equation for the SGM can be written as follows
0111 = 0 + 77 Oy (DT, — D,0 + & — BTO;)
or
Ori1 = (I —rp @ 07)0; + 17 007 — 17 0,67

The last equation shows the important role of the matrix I — r. 1<I>t<1)tT for study-
ing the consistency of the SGE. We define successively the following sequence of
matrices F(t,1):

F(t+1,i) = (I —r ' ®®7)F(t,i), F(i,i)=1.

This and the previous relations lead to the following form of the SGM

t T t @ T
~ o . ”’A j . 255+1
9t+1—F(t+1,z)9l+z:1F(t+1 ;+1 Z t+1,g+1)—rj (12)

j= j=1
which is convenient to analyse. Here 6 denotes the true value of the parameter.
Let us find a relation between the asymptotic behavior (as ¢ — o0) of the
matrix F(t,7) and the maximal and minimal eigenvalues pl .. and pl. of the

matrix d—17 + Y0, &L,

Lemma 5. Assume that lim;_,oo ¢ = 0o and there exist numbers a € [0, 1/4],
b>0,tg > 1 such that for all t > tg

[t < b(lnrt)®, % < b(Inr,)t/4e,
Tt Hnin

Then lim;_,o F(t,0) =

Without going into details of the proof we only mention that considerable growth
of the ratio u! .. /pt ., has to be excluded. The conclusion of Theorem 2 may fail
if we replace (Inry)*/* by (Inr,)'*t*, o > 0.

We introduce the sequence of matrices

POPY”"

Tt

FOt+1,0) = (I— )Fo(t 0), F°0,0)=1

t .
where r) =1+ 3., [|[®9]|2, i.e. instead of regressors ®;, we have used @Y.
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Lemma 6. Let the following conditions be satisfied for a linear ARMAX equation:

(a) B(ll&]?Ft-1) < oo;
(b) the function C(\) — 2711 is strictly positive real,

Then the following assertions hold for SGM:

() limy_oo 0 = 6 a.s. if limy_ o F(¢,0) = 0;

(B8) at r = 0 we have limy_oo 0y = 6 a.s. for any initial 6 if and only if
limy_ o0 F(t,0) = 0;

(7) limg_00 FO(t,0) = 0 a.s. if and only if limy_.o F(t,0) = 0.

The proof of this lemma is based on relation (12), where we should show that
the terms on its right-hand side tend to zero as t — oo. The detailed arguments
(based on martingale considerations) are omitted but we would like to note one
important fact.

The final steps of the proof of Theorem 4 are similar to the proof of Lemma 4.
They differ in the two relations

¢
lim 771 lnhthivf =pul, W =0@m’t) as.
i=1

t—o0

which imply (by the same arguments as in Lemma 4)

0
T _ o((lnr9)"*) as.

ry
t
lim 77 (In )42\ i <Z P9V + d‘1]> 40 as.
e i=1

It is easy to show that C(V)y, = 6;_1¢; 1, where
Y=o — & — 01011

By condition (b) there are constants k1, k2 > 0 such that
t ~
Sp=2> & (07 10i1 =27 (1+k1)&) + ks > 0.
i=1

We put

. 8 -
V, =tr076, + = + o’E <Zm2||¢’i|2/ft>

Tt—1 im1

t—1 t—1
= 0P + kY el
i=1 i=1
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This gives EV; < oco. The fact that (V;, F;) is semi-martingale can be verified by
standard arguments. Hence lim;_,o, V; = V < oo a.s. This implies the convergence
of the series S°°° 7, '||lyi11]|? and, according to the Kronecker lemma,

t
R 12 —
Jim v 3 =0 (13)
Similarly, one can verify that 350, r; ! 16;pi1]|*> < oo. Therefore

hm 7nt Z||9150l 1|17 =

10.7. Linear-Quadratic Problem (LQP)

We start by listing the main results on the LQP in the framework of classical theory.
They will be used for the aims of adaptive control later on.

We consider a discrete time dynamical system. Let its evolution z; € R™ be
modeled by the linear equation

CL’t+1 = AfEt + But + CCt+1; Yt = Di[,'t (1)

where u; € R is a control, (; € R" is a random disturbance (a noise). We assume
that the disturbances (; are unobserved and only the variables y; are observed. The
random process (; is defined on a probability space (2, F,P). In the simplest case
(¢ is a sequence of independent, identically distributed random variables with zero
mean and finite variance. Let some non-decreasing flow of o-algebras F; be fixed.
We assume that ({;, ;) forms a martingale-difference and

T
E(|G|°|Fi-1) =0 <oo, b>0, lim > (¢ =R>0. (2)
T—00
t=
The control wu; is assumed to be “admissible”, i.e. to belong to the following set

T
U= {ut, £>0: Tm 770> (Jlal® + ue?) < 00, lim T~ |la]|> = 0
T—00 P t—o0

uy is Fr-measurable, Vt} (3)

The o-algebra F; is usually generated by (;, j <t,ie., Fy = o((;, j <1).

We define a bounded deterministic sequence {x}} that represents a model ref-
erence and two matrices: the n-matrix Q1 > 0 and the [-matrix Q2 > 0. The aim
of control is:

to find a strategy u°Pt under which the functional

T
W(u) = lim T~ 12 (2 — 2))T Q1 (e — o)) + uf Qauy]

T—00
t=1
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takes the minimal value, i.e.

W (uPt) = 1r61fUW(u)
u

This aim is strong (see Chap. 1) and, in fact, it is a combination of optimal
tracking after a model reference and minimization of the control.

The solution of this problem involves solving the matrix algebraic Riccati
Equation:

S=ATSA— ATSB(Q, + BTSB) 'B"SA+ H"Q, H. (4)

If the triplet (A, B, D) is controllable and observable and the matrix D satisfies
D™D = H"Q,H, then there is a unique non-negative definite matrix S satisfy-
ing (4). It has the property that the matrix A + BL is stable, where

LY _(Qy+ B"SB)"'B"SA.
The optimal control has the form
’U,tOpt = Ll‘t + dt. (5)

The first term on the right-hand side of (5) corresponds to the optimization problem
in the case zj = 0, i.e. in absence of the model reference. The second term is a
“correction” to account for the path zj. The quantities d; are defined by

dt - —(QQ + BTSB)_lBTbtfl,

;T * T T * 6
by=—Y (A+BL)" H"Qz} ;= (A+BL) b1y — H Qua}. ©)

i=0
Due to stability of the matrix A + BL, the set {b;, ¢t > 1} is bounded.
Under these assumptions the minimal value of the functional W (u°P*) is equal to

W (u°P*)

t
=tr SCRC™ + Tim 7Y [x;‘Tle;‘ + b1 B(Q2+ B"SB) 'Bbya|.  (7)

T— 00
t=1

This completes the solution of the stated problem. The optimal strategy proves
to be simple, i.e. it is Markov, stationary, and deterministic. For such a strategy
the calculation consists of solving the nonlinear Eq. (3). It is convenient to use the
following recurrent procedure

Sk+1 =A"SL A — ATSkB(QQ + BTSkB)_lBTSkA + HTQlH, k>0 (8)

with an initial Sy > 0 being arbitrary. Under the assumption stated above this
procedure converges and its iteration kg corresponds to the strategy uEkO) which is
suboptimal, i.e.

W (uF0)) < W (u®Pt) + e (ko)

where e(kg) > 0 and (ko) — 0 as kg — oo.
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The above sketch of the classical theory of LQP is based on the assumption that
all parameters of Eq. (1) are known. The remainder of this section will be devoted
to the case when this assumption fails.

There are two approaches to solving the LQP in the framework of the adaptive
concept. The first of them is identification. It consists of solving two subproblems
simultaneously. The first is the evaluation of the unknown parameters of Eq. (1).
The second subproblem is to determine the control at every time t in the form
@y = Lyz; + d; when the unknown parameters A, B, C' are considered equal to
their estimates A;, B;, C; but the matrix S; serves as the solution of the Riccati
equation (4) calculated by using the estimates obtained. Here L; and d; are defined
through A, B, C; and S; in the same way as L and d through A, B, C' and S.
This results in a non-Markov, non-stationary strategy. We still have to prove that
it in fact leads to the given control aim.

Another approach called “direct” uses the direct estimation of the parameters
Ly, d; of the control defined by (5). The estimation algorithm is usually based on a
possibility to measure the gradient of the functional W (u) by observing it after the
solution x;. In the LQP we can measure this gradient due to the linearity of the opti-
mal control u{®" in x; which implies the finiteness of the set of arguments (the ele-
ments of the matrix L) of the functional W (u). We now consider the Riccati Equa-
tion in the adaptive version of the LQP. We assume that the matrices A, B, D are
controllable and observable correspondingly. In addition, let the matrix A be stable.

Let A; and B; be some consistent estimates of the matrices A and B. Then,
for all sufficiently large t the pair (A¢, B;) is controllable and the pair (A, D) is
observable. We write down the Riccati Equation

St - AzStAt - AZStBt(QQ + BzﬂStBt)ilBtTStAt + HTQlH. (9)
According to our assumption this equation has a unique positive definite solution S;.

The following question arises: what is the relation between the solution S; of (9)
and the solution S of (4)?

Lemma 1. Under the stated assumptions lim; .o, Sy = S.

Proof. First, we assume that sup, ||.S¢|| < co. By the assumptions, there is a ¢ > 0,
p € (0,1) and to such that

JAZ]] < cp® Vs, t > to.
According to (9) we have

S < ATS A+ HTQUH < - <Y Al H'Q HA].
§=0

Hence
LlHTQuH|

oo
1Sl < GIHT QU Y | p* = =

J=0

for any t > 0.
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Next, let R(A, B,S) and R(A, B, S¢) denote the right-hand sides of (4) and
(9) respectively. We put Ey = R(A, B, S)— R(A¢, By, St). Making use of the bound-
edness of Sy and convergence of A, — A and By — B one can easily prove that

ATStA - AistAt = (AT - A;F)StA + A;FSt(A - At) — 0,
(Q2 + B"S;B)™' — (Qa+ Bl S;B;) " = (Q2 + B™S;B)" " (Bl S; B;— B" S;B)
X(Q2+ By SiBy)~' — 0

as t — oo. Hence
Jim [A'S;B(Qs + B™S;B) ' B"S;A — AT S B(Q2 + Bf S:B;) ' B S; A;] = 0
and lim;_ ., F; = O. It follows that

1St — R(A, B, Sp)|| < || E¢|| -0

In view of boundedness of ||S¢||, there is a converging subsequence S;,, such that
lim,;,— 00 St,, = S’. Then S' = R(A, B, S’) and the uniqueness of the solution of (4)
implies S’ = S. Hence S, - S. O

Another condition for the S; — S convergence does not involve the restrictive
stability condition for A.

Lemma 2. Let (A, B) be controllable, A be non-degenerate and (A, By) P
—00

(A, B). Then sup, || St|| < oo (provided Q2 > 0 and Py > 0). If (A, D) is observable
then Sy converges to S.

We introduce the statistical analogue of the vector b; defined through the esti-
mates A¢, By, S; as follows

by =—H"QiHzxj — > [Ar — By(Q2 + Bf $:B:) ' Bf Sy A" H™Q1z7,,.  (10)
=0

Arguments similar to those in Lemma 1 lead to the following result.

Lemma 3. If (A, B) is controllable, A is stable, Q2 > 0 and Ay — A, By — B as
t — oo, then

Jim [|b, - be| = 0.
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We now study the adaptive version of the LQP for a concrete classes of
equations. We start with the simplest case of an equation given in the state space
in the form

Ti41 = AfEt + But + gt (11)
and
L t
W(u) = Tim_ T [ Qure + uf Qaus], Q1 >0, Q2> 0. (12)
t=1

As concerns the random disturbance we make two additional assumptions:

sup B([§11 1 7,) < oo, = o(T™") (13)

T
7'y &R
t=1

where b > 2 and p > 0. We consider the class K of equations of the form (11)
satisfying the following conditions:

(a) the triplet (A, B, D) is controllable and observable with matrix D satisfying
D™D = Qu;
(b) the matrix A is stable.

The strategy described below is based on the estimates of the parameter 6 =
[A, B]" by means of the LSM. At time ¢ the estimate 0; = [A¢, B;]” is obtained by
the already known recurrent procedure

Or41 = 0 + ay By (ﬂftT+1 - SDtT@t)7
Piyr = B — aPrprpr Py

with Py = dI and an arbitrary 6y. Here we have used the notation

t—1 -1
ot = [v{uf], Pt:<Z%sﬁiT+dlf> , d=n+I,
i=0

ay = (]. + SﬁtPtQQtT)
If it turns out that estimates A; and By are such that the triplet (A4;, By, D) is
controllable and observable then we construct S; as the solution of the Riccati
equation (9). Further we put

Lt = —(QQ + BtTStBt)ilBtTStAt.
Let us define the following sequence of [ X n-matrices Kj.
Ly, if || L] < /2t and (A4, By, D) is observable,
K = and controllable
K;_ 1, otherwise.

Here h € (0,1/5) and K is any initial matrix. We define the trial signal V;. First,
consider a sequence of independent, identically distributed random [-vectors W;
which do not depend on {&} and have continuous distributions such that

EW, = 0, EWtWtT = Iv E||Wt||4 < Q.
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We define the trial signal as follows

1-5
V, =t72W,, V=0, ¢ (0, Tg) .

We define the stopping times 3 = 7 < t; < 75 < --- by the relationships

j—1
o {t s S il < (= DM o Pt Ve (rk,d}

=T}

t
Test =inf{t>tk: Do lall? <27k, ||£Ct||21nht<t1+h/2}.
i=tp+1

We put

KO — Kt,ifté [Tk,tk),
t O, ifte [tk;TkJrl)-

We can now explicitly give the form of the required adaptive control

Ut = K,?xt -+ V¢. (14)
This strategy is denoted by o(C'). We show that it solves the problem above, but
first, we give the minimal value of the functional W (u) in this situation. Instead of
(7) we have (if 7 = 0) min, W(u) = tr SR.
Theorem 1. The control strategy o(C) applied to the equations of the form (11)

from the class KC secures the minimizing of the functional (12) and the strong consis-
tency of the estimates 0; of the parameters of the equation. More precisely, we have

TS @ Quat + uf Qaug] — tr SR| = O(T~ ™n(1/200)), (15)
t=1

10, — 0] = 0@™"), Bel0,1/2-al, as. (16)

where o € ((§ + 3h)(1+ h)~1,1/2).

Proof. We first prove (16). Using it, we prove (15) and (16). The first will follow
immediately from Theorem 3, Sec. 1 if we show that the use of the strategy o(C)
with respect to the equations from K leads to the relations:

(a) limy—oo 1t = 00,

(b) M Cre= 1.0 >0, (6+3h)(1+h)<a<l.

max
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It is easy to verify that r, = 1 + Ef;i loil|> — oo as t — oo. Indeed, by
Lemma 1 from Sec. 6 we have®

t
res 2 Y |l
1=1

: t
In 1= Az + Bui_
= E |Az;y1 + Bu; 1 ||> |14+ 0 Zt:zA Azt 1l
=1 D icq 1Az + Bui—q||

—_

2 S
This proves (a). We obtain the estimate r; = O(t'*" In" t) from the above later on,
but now turn to the inequality (b), where A% .. means the maximal eigenvalue of
the matrix P,. We prove that

t—(A+h)(1=a)
lim ————— i Zaplcplm—)\>0 (17)

t—oo In"1-W ¢ HrH

Suppose that (17) fails. Then we can find two sequences «,, and f;,, of n-vectors
and [-vectors, respectively, such that

lleve,, I* + 118e,, 1> =1 ¥m (18)

and
t—(1+h)(1—a) tm 5
T T —
fm S Ay 2_% (af,, i + B, us)” = 0
or, which is the same,
—(1+h)(1—a) tm

i e — > [af, + 80, KD)wi + BT v]® = 0. (19)

m— oo h’lh(l a) tm e

We now show that equalities (18) and (19) contradict each other.
It is clear that Ef:o x;v] forms a martingale. According to Lemma 1 from Sec. 6
we have

tm

t ¢ 1/2
m m
ot St =0 [Shat (z nmﬁ)]

=0 (t = pl/2 tm)

°In the present section we use this lemma in the following version:

271/2

t t t
S g€ =0 | |3 lgil1n (Z ||gz-||> . as.
=1 =1 i=1

as t — oo where g; is an Fy-measurable random vector and &; is a martingale-difference with
bounded a-moments (a > 2).
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where we have used the relation
t
T ayl? = o) (20)
=0

which will be proved later on. Similarly

tm
1+h 1+h
ﬂtTm Z KloxiviTﬁtm = O(tm2 In"z" tm).
=0

Since the number a has been chosen such that (1 + h)(1 —a) > (1 + h)/2, we can
rewrite (19) as follows
“(1+h)(1—-a) tm o ,
. m T T T
T LGRS I S EC)
1=

It follows that

tm

4~ (Fh) (1—a)+o-1

. /8 m
lim t1t_6 Z viv! By, = 0.
m

m—oo 1nh(1—a) tm et

From the properties of v; it follows that

t
1
li t*1§ Wl =——1>0
s 1ﬂ““f 1—0o

and, taking into account the preceding equality, we obtain

(1+h)(1—a)—1+6
15t |I” = O

lnh(lfa) tm

It remains to note that (14 h)(1 —a) — 14§ + 2h < 0 due to the choice of a.
Hence lim, .o B¢, = 0. This and (21) imply

tm tm

t,_nl Z(atmxi)Q = t,_nl Z [oztm (Ax;—1 + Bu;—1 + @)]2 ——0. (22)

m— 00
=1 i=1

Making use of Lemma 1 from Sec. 6 again we obtain

tm

1-h .
b Z(Aﬂ?z'—l + Bui1 + &) = O(t;nT In'% tm) ——0.

— m—00
1=

This and (22) imply

tm
Jim 1,3 (e, 2 =0
i=1
By the conditions on the martingale-difference &;, we have lim,, . |4, || = 0.
But from (18) it follows that lim,, oo |Jov,, || = 1, since limy,—o ||B2,, | = 0. This

contradiction proves (17). Now, from (17), for all sufficiently large ¢ we have

/\;;tx—i-l) > %)\t(l-l—h)(l—a) hlh(lfa)t > C_lrtl_;f
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where ¢ > 0 may be some r.v. This completes the verification of the relations (a)
and (b) which, in turn, lead to (16). To complete the proof of the last relation we
have to prove (20). To achieve this, we use the random variables 75, and t;, from the
definition of the strategy o(C). If t, = oo for some ko < oo then (20) is obvious
(according to the definition of ¢;). So, we can assume that ¢, < oo for all k.

In view of stability of the matrices A and A+ BL, there is a c and a p € (0, 1)
such that for all

A" < ep's [[(A+BLY| < cp.
From the definition of the matrix K° it follows that

tr+i
Ty = Alzg + Y AT (B + &)
Jj=tr+1
for ¢ € [1, Tr41 — tx]. So,
. 202 teti o
e 4ill* < 26207 |l 1+ — Y p* T Buj + &
j=ti+1

Hence, for any t € (t, Tk+1) we have

t t—ty

Sl =0 el
i=tpt1 i=1
2¢2 TR S
<1 e, 1> + T > By + 1P (23)
P p J=tetli=j—tx
2c? !
<7 > IBvj1 + 11 (24)
pj:tk+1

This and the definition of 73 imply the finiteness of 7, for all k. So, for any n, there
is a 7, such that 7, <n < 7,41. From the definition of 7; it follows that

Tj+1

—(1+h i
AN a)? <27
i:Tj+1

and this inequality is used in the following reasoning

t k—1 Tj4+1 t
OS] = 0(1) + NN a2 N a2
=1 j=li=7;+1 i=Tp+1
k—1 t
<O+ 277 40T N a2

i=1 =T +1

t

=0()+ sup Nl ?

T <t<Tp+1 i=ret1

tp—1

t
+ osup RN iz P Y P

U <t<Tpt1 P—,] =ty
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By the definition of 7, ¢ for ¢t € (7x,t;) we have
t
Sl < e 2" e+ 2, g Pl e < 2,
i=tp+1

From the listed inequalities it follows that

t t
N P = 01) + sup O Y a2,
i=1 te <t<Tp41 =ty

Now, by inequality (25) and the easily verified relation

t
. —1 , 2
Tim 3| Buy o+ ]2 =0, (25)

j=1
we find

t
- 2¢2 -
N R e K
i=1

2¢2 i
sup ¢~ | Buy o + &)

+
1—p tet<Tr41

i=ty
= O(1) + 1 ||z, ||t .

If we prove that the last term here is finite we will complete the proof of (20).
Indeed we have

@, )1* < 20| A+ BEy, 1| [lze,—111* + 2| Bog,—1 + &, ||
< O(In" (t, — 1) [In" miflar, [ + (8 = D3] + O(t)
< O(n" 1) [rt "7 + 1,72) + O(ty).

Thus, the consistency of the parameter estimates is proved. Moreover, the conver-
gence rate has been obtained as well. We now want to give the upper estimate
of Tt.

t t
reen =1+ (lzl? + w]?) = 0 ") + 0 (ZHK?W + ||m|2]>

1=0 1=0
= Oty + ot In" t) = Ot I t).

It remains to prove that the strategy o(C') is optimal with respect to K. Consistency
of the estimates gives a basis for this. Since (A, By) —— (A4, B) we can assert that

the triplet of matrices (A, B, D) is observable and tcoﬁ?rollable for all sufficiently
large t. So, for the same ¢ there exists a solution S; of the appropriate Riccati equa-
tions but the matrices L; (the “gain factors”) are stable. According to Lemma 1,
L; —— L. Thus K; = L, for all sufficiently large . We now prove a fact which will

t—o0

be of great significance later on. Namely, there is an integer Tj such that

u = Lyxy +vy,  as. (26)
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for all t > Tp. Obviously, this is true if there is an integer ko such that ¢;, = co. Then
To = tg,. Suppose that ¢ < oo for all k. According to (20) this implies 7 < oo for
all k. We show that this leads to a contradiction. From the definition of ¢, we have

Z i) > flry |12 I 7+ 72, (27)
i= Tk

On the other hand,
ty—Tk

Z il = llar, |1 + Z [

= Tk
th—Tk

= an P+ 3
=1

[
(A4 BL)'w+ Y (A+BL) I B(Lyyj1 — L)ar 1

j=1
i 2
+ Z(A + BL)iij(BkaJrjfl + 5Tk+.j)
j=1
J .
< ctf|an|* + e max || Ly — Ll Z lzil® +es Y [Buj—1 + &l
I=Tg Jj=7r+1

where the definition of the “gain factor” K and stability of the matrix A + BL
have been used. Since 7%, tg k—>oo and L; t—>L we can choose k such that

c2||Ly — L|| < 1 for all t > 73,. Then

ZH | < 1H$m|\ +tesd i o 1Buj &l
7, = .

28
— comaxysq, ||[Le — L (28)

=T}

Hence, for all sufficiently large k, we have the inequality

tr
Sl < flan |2 " 7 + 6272,

ZTk

which contradicts (27). So, (26) is proved. To complete the proof, it is necessary to
use two auxiliary facts:

t
T +—1 12 i 41 2 _
(A)  lim ¢ ZIH%H <oo, as, (B) lim ¢t~z =0, as. (29)

For (A) we can use arguments similar to those which led to (28). Then

Z il = O(1) + O <Z(Bvi1 +§i)> =0(1).

i=tg i=tg
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To prove (B) we note that stability of A + BL implies
t
2]l < epllzoll + ¢ p'HIB(K] ) — L)|l[|zi1 |

i=1

t
+e) p T Buia + &
=1

and, using the Schwartz inequality twice, we obtain

' 12 54 1/2
[zl < O(1) + csup IB(KY — L) <Z(,02)H> <Z |in|2>
i> i=0

=1

¢ /2,y 1/2
+e <Z(02)t_i> <Z [ Bui—1 + &'IZ)

i=1

Thus
le]|* = O(t/?) (30)

and (B) is proved.
Finally, we can prove optimality of the strategy o(C) with respect to K.
We put

Ney1 = Tf Qg +uf Qouy —tr SR+ xf, | Swiq — of Sy

and show that ¢! Zi:o 7n, — 0. If this is true then

t—1 t—1 t—1
1
tt E [ Q1 + u)Qouy] = tr SR+ 3 E Myt +17" E [z} STy — 1 STrg1]
n=0 n=0 n=0

=trSR+o(1) +t ' (xf Sxg — 2] Sxy) — tr SR,

which is equivalent to optimality of the strategy o(C'). Moreover, we want to find
the convergence rate of this functional to its limit. As usual, we have to find the
convergence rate of the terms entering it.

We transform 7, into a more convenient form. Note that —(Q2 + B"SB)L =
BT S A and the Riccati equation looks as follows

S=(A+BL)"S(A+ BL)+ L"Q2L + Q1.
Since u; = Lyxy + vy for t > Ty we obtain

N1 = 2y [Q1 + LiQ2Ly + (A+ BLy)"S(A+ BLy — Sy
+ (Bu + &41)" S(Bot + &41) — tr SR + vf Qavy + 2 LiQavy
+ 227 (A+ BLt)"S(Bvt + &t41)

= 2T [LTQaLy + 2L4Qo Ly + LiB*SBL; 4+ 2(A + BL)"SBL;)x;

+ (Bug + &41)TS(Bog + &€41) — tr SR + v] Qav;
+ 227 L Qovy + 22 (A4 BL)"S(Bvt + &i41),
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where L, = Ly — L. We put S, = S, — S. Then
Siy1=(A+ BK;)"S;(A+ BL) + E;
where K; = —(Q2 + B7S;B)"!B”S;B. Knowing the rate of §; — 6 convergence

we can conclude that ||Ey| = o(]|6;]|) = o(t~'/*) and K; — L as t — oo. Since the
matrix A + BL is stable, we have
IS¢ = Sl = o(t™/%),  |[Ke = L|| = o(t™/*).
Now,
-1 ) ) } ) )
TN af (L QaLy + 2L4Qa Ly + Ly B"SBLy + 2(A + BL)"SBLJx, = o(T~'/?).
t=
Next,
T

|
-

T71 (B’Ut,1 + gt)TS(B'Utfl + gt) =trSR + O(Tip),

T v Qave = o(T70),
t=0

o+ o+
I vg

t—1
TN [l LT Qv + 27 (A + BL)"SBuy] = o(T~/?).
t=0

Finally, using Lemma 1 from Sec. 6 and formula (29), we obtain

T-1 T—1 T—1
TP af (A4 BL)"S& =0 [T [ D 22y |2
t=0 t=0 t=0

= O(T~%?).

From these asymptotic estimates it follows that
T-1 T-1
71 Z me=T"" Z[x{@lmt +ulQauy] — tr SR
t=0 t=0

=O(T V241774779
or
T—1 '
T (2] Quae + uf Qoug] — tr SR| = O(T (/209
t=0
This is the desired estimate of the convergence rate of the functional to its
minimum. O

The general form of the LQP for (1) can be studied by the same techniques. The
difference is the form of control. If the parameters are known exactly, it is defined
by (5) again, but in the adaptive version we have, instead of (14),

ut:K?xt—l—dt—l—vt
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where
di = —(Q2 + BtTStBt)_lBtTBtH

and b, is defined by (10). This leads to the strategy &(C) which is a modification
of o(C).

Theorem 2. The strategy 6(C') applied to the equations from IC secures minimiza-
tion of the functional W (u) and strong consistency of the estimates of parameters.
The convergence rate for both functional and the estimates remain the same as in
Theorem 1.

The proof of this theorem is the same as that of Theorem 1. Therefore, it is left
to the patient reader.

10.8. LQP for ARMAX-type Equations
In this section we deal with the ARMAX model of the form

A(V)ye = AB(V)u + C(V)G, (1)

where A(X), B(\) and C'(X) are polynomials having the same form as in Sec. 3 and
the orders p, ¢ — 1 and r, respectively. The noise (; is assumed to be a martingale-
difference (under the given flow of o-algebras F;) and

sup E([|G[[*F1-1) =7 <00, a2,

=O0(T"), p>0, R>0.

7'y GG - R
t=1

For an appropriate class of such equations the following problem is considered:

find a strategy minimizing the following functional

Wi(u) = T@T_l Z[(yt =) Qilyr —yf) tug Qawe], @120, Q2>0

t=1

for any equation from this class and a bounded deterministic reference path {y;}.
The required strategy is based on one of the identification algorithms. The

parameters of the equation form the vector § = [—-A---— Ay, By--- By Cy---Cy]"

and the vector 0, = [~ Ay -+ — Ay Biy -+ By C1p - - Cye]” is its estimate at time ¢.

By means of 6; the desired adaptive control will be constructed. The first step
consists of passing from Eq. (1) to some equation in the state space. It has the form

Tpp1 = Az + Buy + CCy, 2 = Huy, (2)
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where dim z; = nm and

AT 0 By
Ay O 1 0

A=l , B=
~Asq O O I 3)
~A, 0 O 0 By,

C=[ICT---CI,]", H=[LO - Oln

SzmaX(p,q,r—l),
Ai=0, Bj=0, C,=0 fori>p, j>q, k>

From the preceding section we know that the optimal control has the linear form
ut = Lay + d, where L and d are expressed in terms of parameters of Eq. (2) and
the solution of the Riccati equation. The minimal value of the functional W (u) is
know as well. But the case under consideration is complicated by the fact that x;
is unobservable. Hence it cannot take part in forming u, directly. For this reason
we introduce an estimate ¢; of the state y; as a solution of the following equation

Z)t-‘rl = A:l)t + But —|— C(Zt—',-l — HA:()t — HB’U,t)

which is, in fact, an analogue of the Kalman filter. We also take into account that
the matrices A, B and C' in (3) are unknown.

Let A, Bj; and Cy be the estimates of parameters of Eq. (1). Replacing A;,
B; and C; by these estimates in (3) we obtain the estimates A(t), B(t) and C(t)
of A, B and C| respectively. Now, we can write down the recurrent procedure of
constructing the estimates of the solution of the Riccati equation

Sy = AT(1)S_1A(t) — AT(£)Se_1 A(t)(Qa + BT (1)S,_1 B(t)) " BT (t)S,_1 B(t)

+H"Q1H
with an arbitrary initial Sy > 0. The state y; is estimated by means of the filter
Jee1 = A)Ge + B(t)ue + C(t) (2041 — HA()§e — HB(t)us)

(4)

At time ¢ the control is expressed in terms of the measurable and observable quan-
tities by the following equality

up = Lyfjy + dy,
where L; = —(Q2 + BT S;B;) ' BT S;A; and the matrix A, = Ay + ByLy is stable.
The vector d; has been defined above (see formula (6), Sec. 7). Its estimate is
obtained by replacing A, B and C by their estimates in the mentioned formula. For

by this has already been done in Sec. 7. To complete the description of the adaptive
strategy it is necessary
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(a) to add some trial signal vy to the control
u = Lyfjy + dy + vg; (5)
(b) to define the random times ¢y, 7%, k > 1.

We do this separately for each algorithm.
The following principal condition is assumed throughout this section:

C.. the triplet of matrices (A, B, H), where H is such that H'H = DTQD, is
controllable and observable.

Due to this condition there exists a unique solution of the Riccati Equation in all
adaptive optimization problems considered below. Hence the proposed procedure
of control is correct. This condition implies that

m = max(p,q) >+ 1. (6)

Indeed, the requirement of controllability of the pair (A, B) means that
rang [B AB... A""'B] = n and, hence, the matrices A,, and B,, cannot be zero
simultaneously. This is equivalent to (6). We note that

det A = (—1)’det A,

for p > ¢ and the matrices A, A, are invertible or degenerate simultaneously. This
suggests the following condition.

C>. The matriz A, is non-degenerate.

This condition implies the following important equalities which have been used
in the proof of Theorem 3, Sec. 4.

deg A(\) = p, deg[det A(\)] = np, deg[AdjA(N)] =n—1.

Both conditions above define a wide class of ARMAX-type equations. However,
this class may be narrower in the problems of adaptive optimal control. Keeping in
mind the least square method to be used later on, we introduce one more condition.

Cs. The matriz C~1 — 271 is strictly positive real and A()) is stable.

The condition on C~ — 2717 implies stability of C'(\). This fact is proved in
the theory of linear systems and we shall not dwell on it.

Let K'(n,l; p,q,7) be the class of ARMAX-type equations satisfying conditions
C1— C3. The problem consists of finding an adaptive optimal strategy to minimize
the functional W (u). We first consider the case y; = 0.

We emphasize that the LSM is used to estimate the parameters of the equation
in question. Now, let

1 ] 5 {071—2h(1+x)

2x + 3 } @

szax(p,q,r)—i—np—l, h e |:Oa
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We define the random times

t1 =1

j—1
t = sup {t >t S Ll < G = D + | Lognl, Vi€ (m]}

P=Tg

t
i1 = inf {t >t S 32 < €2, L2 > 1+,

1=ty
tr—1
DLl < 2’%““/2}-
1=ty
At time t the control is defined as follows
Uy = ngt + V¢, (8)
where

0 Ly, ift € [mp, tr) for some k,
L0 = ,
0, ift€ [ty,mh41) for some k.

As concerns the excitation source we assume that it is formed by a sequence of
independent (of each other and of &) random vectors such that

Evi =0, Evo] =t™"I, v <t™"p.
This completes the description of the desired strategy which will be denoted by
o(Acg).

Theorem 1. The strateqy o(Aca) applied to the equations from the class
K'(n,l,p,q,7) ensures minimization of the functional W(u) (with y; = 0) and
strong consistency of the estimates of parameters. Moreover,

Wi (1) — tr SCRC™| = Ot~ ™in(rh)),
16— ] = O(Vt=2Tnt, ifb> 2,
| o(vneInt(nlnt)y, Vg>1 ifb=2

where

Wi(u) = T71 Y i Quye + uf Qaue),  a € (1/2,1 = h(1 4 x))
t=1

Proof. First, we show that the estimates of parameters are consistent. From con-
dition Cy it follows that the matrix polynomials A(A) and B()) have no common
left factors. To apply Theorem 1, Sec. 4 we should verify that

T
T e = O(T°)  as. (9)

For this purpose, we have to prove that 7, < oo, tx, = oo for some kg < ooc.
This can be done by the same arguments as in the previous section. Then we can
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conclude that LY = L for t > 73,. The estimate (9) and the admissibility of the
strategy o(Acq), i.e

Y Ul + lluall?) = 0(1)

can be obtained without difficulty.
The estimates

1Se = S|l = ot |IL§ = LIl = o(t~*/*)
can be obtained by arguments similar to those in Sec. 7. To find the convergence
rate for the functional W;(u), we write it in the following form

t—1

tWi(u) =Y (U Quyn + uh Qaun)

n=0

t—1 t—1
= agSzo — 2} Sz + Y En 1 CTSCl1 +2 Y (Azp + Buy)SCnpa

n=0 n=0
t—1
+ > (un — Lan)"(Q2 + BTSB)(up — Lary).
n=0

The properties of the noise & and the trial signal v; imply the following estimates:

t
t—1||a;‘tH2 =0t ") 1 Z(Aﬂ?n + bup)SCEp i1 = O(t—l/z)7

n=0
t t
t! Z &1 CTSCE 1 —tr SCRCT =tr [t} Z fnt1&ppr — R =0(77)
n=0 n=0

t t
> (un — Lzn)"(Q2 + B"SB)(un — La,,) = 0<tlz|un - an||2> = o(t'7h 4 1/2)
n=0 n=0

E:IILO n— o) ||* = o(t"/?), ZH L)zn||* = ot'/?).
These estimates lead to the final result

Wi(u®) —tr SCRC™ = O(t™" +t~ " +t71/?)
= Ot +t ") = o mneh),

This completes the proof of the theorem. O

In the case of the general LQP the reference path y; is not zero. This case can
be studied without difficulty and so we leave it to the reader. In the framework of
the LSM we can require stability of the matrix polynomial B()\) instead of that of
A(N). We shall not consider this problem here.
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Let us discuss the problem under consideration from the standpoint of the
stochastic gradient approach.

We denote by K" (n,;p, q,r) the class of ARMAX-type equations satisfying the
conditions Cy, Cs, C4 where the last condition means

Cy. The matriz C(N\) — 1/21 is strictly positive real and B(\) is stable.

We define a strategy for the class K”(n,l;p,q,r) which is optimal in the sense
of the functional W (u). Here we keep the notation introduced above. Unlike the
previous case we now have two types of controls:

U? = L@y + Czt;

expressed explicitly in terms of the quantities to be estimated and another control
uj which represents the solution of the following linear equation already familiar
to us

Buug + (07 pr — Biyug) =0
where 6; is an estimate of the parameters at time ¢ but ; is the observable history
Pt = [Zg U ZtTprrl utT U utquJrl ZtT - 90175;1915*1 T Z?7r+1 - (pifrgtfr]'

In Sec. 3 it has been proved that for n = [ this equation has a unique solution. In
the case when n < [, the solution of this equation is defined in a non-unique way.

Before writing down the final expression for the strategy desired, we define the
following random times

j—1
te = sup {t >y lzl? < G- DG - 1)+ [lz, 17 Vi€ (Tk,t]} ;
1=Tk
t t
Thi1 = inf {t >ty P <27k’ > lg]? >t
i=tg =0
tp—1
Dl < 2_ktln5t}
1=ty
where
1/4 —2(m +2)mh 1
§ = h=(0,——).
€ (0, S r T m ) m = max(p, q), (0, 4(n+2)m>

The trial signals are independent of each other and of & and have continuous
distributions. Moreover, vg = v1 = 0 and

Ev; =0, Evwl =In"tI, | < >ln "t
The required strategy has the form

a
Ut = Ut + vt
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where the control u; has a different form on different time intervals

0, ift e [m,tx] N M for some k,
ug =13 uf, ift € [, tx] NN for some k,

uj, ift € [ty,Tey1)  for some k.

Here M = {t : [uj| < tInt}. So, the desired strategy, which is denoted by
0(ACG), is specified. The next theorem describes its main property.

Theorem 2. The strategy o(ACG) applied to the equations from the class
K" (n,l;p,q,7) implies strong consistency of the estimates of parameters (obtained
by SGM) and fulfilment of the following relations:

T
lim 7! z:(HytH2 + [Juel|?) < oo,  (with probability one),

T
Wi(u®) = tr SCRC™ + lim 77! Z[yZ‘TQwZ‘ +b{, 1 B(Q2 + BTSB)leth]
e t=1

The proof of this theorem does not contain new ideas in comparison with
Theorem 1. In fact this proof is even simpler because it does not obtain the esti-
mations of the convergence rate.

We note that adaptive optimal strategies for linear stochastic difference equa-
tions are complex. They are non-deterministic, non-stationary, non-linear and non-
Markov, i.e. they depend on the whole past history. Only in absence of noise, i.e.
when the equations are homogeneous, these strategies have simple form. Namely,
in the initial step when we have to estimate the unknown parameters, this strategy
is a programmed one. Thereafter it takes the classical form defined by the algo-
rithm studied. Apparently the fundamental difference between deterministic and
stochastic problems of adaptive control is connected to this fact.



CHAPTER 11

CONTROL OF ORDINARY DIFFERENTIAL EQUATIONS

We study the basic problems of ordinary differential equations such as tracking,
stabilization and optimization from the point of view of adaptive theory. We con-
sider nonlinear equations, equations with delay and equations in Hilbert space.
The Direct Lyapunov Method is the principal tool throughout this chapter. Note
that the control problems mentioned above belong to the so-called “deterministic
adaptive theory”. This topic is undoubtedly worth a special chapter.

11.1. Preliminary Results

First of all we are interested in some stability properties of solutions of ordinary dif-
ferential equations. Further, we use the terminology of the Direct Lyapunov Method
(DLM) to describe them.

We consider a vector autonomous equation

T = f(])(t)), Z‘(to) = o, t Z th (1)
with z € R™. In more detailed form,
i = fi(x1,. . xn), wi(te) = b, i=1,...,n.

We assume that the functions f;(-) satisfy the well-known conditions for the exis-
tence and uniqueness of solutions of the given equation. Let g(z) be a continuously
differentiable function.

Definition 1. The expression

N9, N9
=1 =1

() fi=((grad 9)7, f)

is called the derivative of the function g(x) with respect to Eq. (1).

Definition 2. A function V(x) is called a Lyapunov function for Eq. (1) if:

(1) it is defined for all x € R™;
(2) V(z) >0,z #0, V(0) =0;
(3) there exists the derivative V' with respect to Eq. (1) and V(z) < 0.

First, we focus attention on stability in the Lyapunov sense with respect to
disturbances of the initial conditions. Assuming that f(0) = 0, we consider the
stability of the trivial solution z(t) = 0, i.e. the equipoise point.

359



360 Control of Ordinary Differential Equations

Theorem 1. If there exists a Lyapunov function V(z) for Eq. (1) such that

V(z) <0, then its trivial solution is stable.

Theorem 2. If there exists a Lyapunov function V(z) for Eq. (1) such that

V(z) <0, x # 0, then its trivial solution is asymptotically stable.

The theorems cited above show that for either stability or asymptotic stability
the initial values of the disturbed trajectories must belong to a small neighborhood
of the initial value of the undisturbed trajectory. The case when initial values may
be arbitrary, however large, is very important. We then say that asymptotic stability
on the whole space takes place.

Theorem 3. If there exists a Lyapunov function V(x) for Eq. (1) such that

V(z) <0, x#0, lim V(z) =00

l|lzl|—oc

then the trivial solution is asymptotically stable on the whole space.

Definition 3. Equation (1) is called dissipative for t > t if there exists a number
p such that
lim [|(t)[| < p

t—o00

for every initial value x(t¢).

Theorem 4. If for Eq. (1) there exists a Lyapunov function V(x) such that
V(z) < —aV +b, a,b>0, lim V(z) =00

l|lzl|—oc
then this equation is dissipative and lim;_,o, V(z(t)) < b/a.

The previous results were concerned with stability of solutions when the initial
values can deviate from the nominal values. Apart from these noises, let us consider
the disturbances which influence the solution at each moment of time. The detailed
description of this problem is based on the following.

Consider the equation

&= f(z) + g(x). (2)
Suppose that this equation has a unique solution just like Eq. (1). More exactly,
the functions g1 (z1,...,Zn), ..., gn(x1,...,x,) forming the vector g(z) and being

continuous guarantee the existence of the unique solution of (2) (at a given xg).
These functions need to take rather small values and not to vanish as x; tends to
zero for all i.

Definition 4. The trivial solution of Eq. (1) is called stable under constantly acting
disturbances if for every € > 0 there exist d1 (), d2(e) > 0 such that every solution
x(t) of Eq. (2) with the initial value 2o and an arbitrary disturbance g(z) satisfying
the conditions ||z(t)]] < d1(e) and |[g(x)|| < d2(e) on the set {t > to,||z| < e},
respectively, satisfies the inequality ||z(t)]] < e for ¢ > to.
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Theorem 5. For stability under constantly acting disturbances to take place, the
following conditions should be fulfilled:

(1) the trivial solution of Eq. (1) is asymptotically stable;
(2) the equality lim;_.o x(t) = 0 holds uniformly with respect to the set {||xo|| < c}.

The above results will be used mostly for linear equations with constant coeffi-
cients. For the standard linear equation in the state space R"

&= Ax, x(to) =xo
we have the explicit form of its solution
z(t) = eAt ) g,
In coordinate form this equation and its solution have the form
T; = ap®1+ -+ i, t=1,...,n,
xo = (xh,...,2),

and

g
xi(t) = Z(pij (t) cosw;t + gi;(t) sinw;t)e™’.
j=1
Here, the complex numbers o; + iw; = A; are the eigenvalues of the matrix A, g
is the number of different eigenvalues, p;;(t) and g;;(¢) are polynomials in ¢ whose
degrees are one less than the multiplicity of the corresponding eigenvalues A;. From
the last representation we have the following results.

Theorem 6. (a) The trivial solution of a linear equation is stable if all eigenvalues
of the matriz A have non-positive real parts, i.e. a; < 0 and the eigenvalues having
zero real parts have multiplicity one. Otherwise this solution is not stable;

(b) the trivial solution of a linear equation is asymptotically stable if and only if
all eigenvalues of the matriz A have negative real parts, i.e. the matrixz A is stable
(A is a Hurwitz matriz).

DLM allows to judge the stability of the solution of the simplest (& = Ax) and
more complicated linear equations without using their explicit form. As proposed
first by Lyapunov, it is necessary to consider the quadratic form V(z) = z" Px
with P = P” > 0 some positive definite matrix. Its derivative, with respect to the
equation & = Az, is equal to V(z) = 27 (A" P + PA)x and if the matrix P satisfies
the matrix equation

ATP+PA=-Q<0, (3)

then V(z) = —2"Qx < 0, & # 0, i.e. the matrix of the quadratic form V(z)
is negative definite. The following theorem gives the conditions for Eq. (3) to be
solvable.
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Theorem 7. Equation (3) has a unique solution in the class of positive definite
matrices for any Q from this class if and only if the matriz A is stable. If this is
true, then P = [° esA" QesAds.

For the matriz A to have stability level a > 0, i.e. Re A\;(A4) < —a, it is necessary
and sufficient that there exists a positive definite matriz P satisfying the matriz
equation

ATP+ PA+2aP = —Q
for every positive definite matriz Q.

We now consider the equation containing controls v € R!, 1 < [ < n. The
simplest equations of this type have the form

&= Ax + Bu (4)
where A and B are some constant matrices of the corresponding dimensions.

Definition 5. Equation (4) is called controllable if for all points zy, 2 € R"™
and all ¢y, 7 > 0, there is a piecewise continuous function u = w(¢) such that
the corresponding solution of this equation satisfies the conditions z(tg) = x; and
x(to + 7) = xa.

Equation (4) is controllable if and only if the “controllability” matrix has full
rank, i.e.

rank [B AB A’B ... A" ! Bl =n. (5)

It follows that the set of all controllable pairs of matrices (A, B) is open and every-
where dense in the space R"QJ”””, the points of which are identified with such
pairs of matrices. This means that however close to an uncontrollable pair there
are controllable ones (but not vice versal).

There are other equivalent definitions of controllability. The next definition is
also useful.

Definition 6. Equation (4) is called controllable if there does not exist a non-
degenerate transformation of coordinates in R™ which leads Eq. (4) to the form

Y = Auy + A2y’ + Biu,

y'l/ — A22y/l,

(6)

where v = (z1,...,2), ¥’

controllable.

= (Tkt1,---,2n), k < n, and the pair (A1, B1) is

In other words, a controllable equation cannot be reduced by a linear transfor-
mation to the form in which several variables are out of control.

An important fact is related to this. Suppose we have probability measures with
continuous densities in the space R Hmm of all pairs (A, B). Then for any of these
measures the probability of choosing an uncontrollable pair is equal to zero. This
follows evidently from representation (6) because all such pairs form a set having
smaller dimension than the whole space.
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The most widespread (and convenient) tool of control is the linear feedback
having the form

u(t) = Kaz(t)
where K (the “gain factor”) is a constant [ X n-matrix.

Definition 7. Equation (4) is called stabilizable if there exists a linear feedback
such that the matrix A + BK is stable.

As to Eq. (6) with k£ < n, the notion given above means that the uncontrollable
(n — k)-dimensional component y” is defined by the stable (n — k) x (n — k)-matrix
Ass. A controllable equation is stabilizable. Moreover, the following result holds.

Theorem 8. For every polynomial x(\) = A" + ay \" "' + - + a,, with real coef-
ficients and any controllable equation (4) there exists a feedback w = Kx such that
X(A) is the characteristic polynomial of the matriz A+ BK.

There are several algorithms for calculating the matrix K mentioned in the
theorem. The corresponding problems belong to the so called modal control.
The following description of controlled objects

& =Ax+ Bu, z=L"x (7)

is more realistic than the description in (4). The m-vector z = z(t) (a vector of the
“observations”) entering into the considered description is interpreted as a result
of some linear transformation given by the n x m-matrix L. The “observability”
notion is introduced because of impossibility to measure directly some components
(maybe all) of the state vector.

Definition 8. System (7) is called observable (or, equivalently, the pair of matrices
(A, L) is called observable) if for some 7 > 0 the identities u(t) = 0, z(t) = 0,
t € [0,7) imply z(t) = 0.

Observability is dual to controllability, i.e. a pair (A, L) is observable if and
only if the pair (A", L") is controllable. This means that there exists a matrix K
such that the matrix A+ KL (or A" + L"K™) is stable. Equality (5) can easily be
transformed in the present case.

The next notion is related to observability as stabilizability controllability.

Definition 9. The pair (A,L) is called detectable if the pair (A",L7") is
stabilizable.

This means that there exists a matrix K such that the matrix A+ K L is stable.
It is said that a triplet (A, B, L) is stabilizable and detectable if the pair (4, B) is
stabilizable and the pair (A, L) is detectable simultaneously.

Definition 10. A triplet (A, B, L) is called non-degenerate (or minimal) if the pair
(A, B) is controllable and the pair (4, L) is observable simultaneously.
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It is convenient to study the dependence of the solution of (7) on the control
with the help of the transfer matriz (or function)

W(A) = L™(M — A)"'B.

This matrix describes the relations between the Laplace transform of the “output”
z and that of the “input” w under zero initial values. Its elements are some rational
functions. Consider the scalar equation of order n

y™ +ary™ Y 4 any = bou® + b 4 by, 1<n
and define the following operators
Alp) =p" +ap" '+ A+ an,
B(p) = bop' + -+ by
where p = d/dt. Then the above equation takes the form

A(p)y = B(p)u (8)

and its transfer function is W(A\) = B(A)/A(N). The case when this ratio presents
a regular rational function is very important.

The controllability and observability criteria for the system of linear equations
can be described in terms of their transfer functions.

Definition 11. A transfer function W(\) is called non-degenerate if it is repre-
sented by a ratio of two irreducible polynomials.

System (7) is observable and controllable if and only if its transfer matrix is
non-degenerate.

Definition 12. Equation (8) is called minimum phase if the polynomial B(\) is
stable (Hurwitzian), i.e. its roots have negative real parts.

The last definition can be extended to vector equations of type (8) whose coeffi-
cients a;, b; are n X n-matrices. In this case we consider the roots of the polynomial
det B(\).

If the dimensions of the vectors of controls and states do not coincide, then the
minimum phase notion can be defined by various means. For Eq. (7) we consider
the transfer m x [-matrix W(\) and form a numerical | x m-matrix G. With the
help of these matrices we form the new [ x l-matrix Q(\) = GTW (). Let:

(1) the matrix I' = limy oo AQ(\) be symmetric and positive definite;
(2) the polynomial ¢(\) = det Q(A)det (A\I — A) be stable.

In the case when the conditions stated above are satisfied the matrix Q(\) is
called strictly minimum phase. For such a matrix the polynomial ¢(\) has degree
n — [ and its leading coefficient is equal to detI'.

The minimum phase property means neither controllability nor observability of
the corresponding equation, since the numerators and denominators of the elements
of the matrix can possess Hurwitzian common factors.
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Definition 13. Equation (7) is called strictly minimum phase with respect to a
constant matriz G (or just strictly minimum phase) if the corresponding matrix
Q(A) is minimum phase.

We consider the stability problem for solutions of equations of type (7). On
the base of DLM, the proper Lyapunov function will be sought in the class of all
quadratic forms V(z) = 2" Pz. The positive definite matrix P must be chosen so
that the derivative V() = 27 P(Az 4+ Bu) should be non-negative (in the case of
stability) and negative at x # 0 (in the case of asymptotic stability). We cannot
do this without additional constraints on the equation in question. The desired
conditions are given by the “frequency theorem” the general formulation of which
exceeds the demands of further applications. For this reason we restrict attention
to two corollaries from it. The second of them is given at the end of Sec. 3.

Here we are interested in solving matrix equations connected with the stability
problems we shall deal with in Sec. 5. Let five matrices be given, namely, A, R
be n x m-matrices, B, L, G be matrices of dimensions n x [, n x m and m x [,
respectively (n > I, n > m). The matrix R is symmetric and positive definite. It
is required to determine the conditions under which there exists an n x n-matrix
H =H" >0 and an m x [-matrix C such that

AT(C)H+ HA(C)+ R <0, }

HB=LC ©)
with A(C) = A+ BCTL".

Theorem 9. Assume rank B = [. There exist matrices H and C satisfying the
condition (9) if and only if the matrix GW () is strictly minimum phase.

As for the relation between the sets of controllable and minimum phase systems
we remark once more that these sets do not coincide but intersect.

In conclusion we mention one fact concerned with the differential equation of
general form (1). Let x(t,z(s)) denote the solution of (1) for ¢ > s and x(s) the
value at time s. By the definition of a solution the following equality

z(t,x(s, (1)) = 2(t + s, 2(71)), t>s>r,

follows. This demonstrates the so-called semi-group property of the solution of (1).
This fact will be used in Sec. 7.

11.2. Control of Homogeneous Equations

We consider adaptive control problems for homogeneous linear autonomous
equations

&= Ax + Bu, x(tg) =xz0, to=0 (1)

with an initial condition x(0) = xo and matrices A, B having the dimensions n x n,
n x [, respectively. A control v = wu(t) is assumed to be a piecewise continuous
function with a finite number of skips on any finite time interval. We assume that
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these functions are continuous on the right at the points of discontinuity (i.e. u(t) =
u(t40)). The matrices A and B are unknown. To estimate them we use information
accessible to direct measurement. Namely, it is assumed that the trajectory (the
solution) = of (1) is observable, i.e. at each moment ¢ the vector z(t) is known.
According to (1) there are no external disturbances (or noise) acting on the control
and observations. First, we estimate the matrix A.

For this purpose, we set a number ¢’ and put u(t) = 0 for ¢ € [0,¢']. Then Eq. (1)
takes the form & = Ax and, hence,

z(t) = ey, (2)

If 29 # 0 then z(t) is associated with some curve in the space R™. The following
two cases are possible:

(1) the vector zg is in general position (with respect to the matrix A), i.e. the
vectors xg, Az, ..., A" 1z generate the whole space;

(2) thereis an nq such that ny < n and the vectors x¢, Az, . .., AF=1g0 are linearly
independent only for k < n;.

To understand these cases we have to choose some points 0 < t; < --- < t,
in the interval (0,¢') and to consider the vectors x(t1),...,z(¢t,). The number of
linearly independent vectors among them is equal to the dimension of the space
generated by the vector xy and the matrix A. This follows immediately from the
definition of the matrix exponent

At tnil n—1 " n

et =I4+tA+ - —= AT AT

(n—1)! n!

This, in turn, means that the expression e
.., A" 1z for any t > 0.

Let case (1) take place. Then for the vector z(¢) we have, in the component-wise
form (see Sec. 1),

Aty includes the vectors xo, Axg,

9(4)
2 (t) = Z (pij(t) coswjt + q;j(t) sinw;t)e®t, i=1,...,n. (3)
j=1
Putting here t = t1,...,t, we obtain a consistent system for finding the values of

the unknown quantities, namely, «;, w;, g(A) and the coefficients of the polynomials
pi;(t), ¢ij(t). By using them the matrix A is determined uniquely.

To find the matrix B we have to activate the control, i.e. to set the control
to nonzero values in an interval. This can be done easily when the control is one-
dimensional, i.e. [ = 1. Indeed, B = b = (by,...,b,)". Putting u(t) = 1 for t €
[t',t"], t"" > t', we obtain

t

z(t) = etay + eAt/ e bu(s)ds, teltt"]. (4)
tl

Fixing t and knowing the matrix A, we obtain n linear equations defining the
vector b. If [ > 2 then the control should be activated [ times component-wise.
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Let now case (2) take place. Then the vectors zg, Az, ..., A" lxzg generate a
proper invariant subspace of the operator A on R", i.e. the vector g is not that of
the general position. By putting successively in the equality (3) t = ¢1,...,t, and
using ny groups of the equations obtained, the matrix A is defined on an invariant
subspace R"'. To find this matrix on the complementary space R"~"1 we have
only ! columns of the matrix B = [b(l)7 ceey b(l)] and their iterations. It is only the
question of making the rank of the composed matrix [B AB ... A"~"~1 B] equal to
n—mn1 on the space R™™"t. If this is not possible then it will be impossible to obtain
the estimate of all elements of the matrix A. Otherwise, we act as previously, i.e. we
choose in the interval [t”, "), ¢ > t", some points and compose the appropriate
equations by using equality (4). It remains to solve the obtained linear system to
find the elements of the n x [-matrix B. This completes the description of the
identification procedure.

The linear operator defined by the matrix A is considered in the space R".
Let R™ be the linearly invariant subspace generated by the vectors g,
Axg, ..., A" 1zq and R"™™ be its complement to R™.

Theorem 1. FEquation (1) is identifiable at any fixed initial value xo if and only if
there exist n —ny columns of the matriz [B AB --- A"~™~1 B] whose projections
on the subspace R™"™" form a basis.

Now let the vector zy be arbitrary. Then this vector is either that of the gen-
eral position (with respect to the matrix A) or it generates a non-trivial invariant
ni-dimensional subspace (n; < n) or else it belongs to the kernel of the operator
(i.e. Azg = 0). Therefore, among the projections of the columns of the composed
matrix [B AB ... A""! B] on the complementary subspace R"~", there must
be n — ny linearly independent vectors. If we make the identification® at an initial
value z( such that either zg = 0 or zy € Ker A then we obtain the following

Corollary 1. Equation (1) is identifiable at an arbitrary initial value xo (including
xo = 0) if and only if rank [B AB --- A"~™~! B] = n, i.e. when this equation is
controllable.

The use of the identification procedure described requires spending time to
compute the matrices A and B. That time can be made arbitrarily small because
for t > 0 the series for e? contains the matrices A, A% ..., A»~! with positive
coefficients. Hence the vector x(t) = ez, in “general position” with respect
to the invariant subspace R™ (n; < n) for all ¢ > 0, generates the vectors
xo,x(t), ..., x(t,) which are linearly independent for arbitrarily small ¢1,tq,...,,.
For these reasons the following assertion is evident.

2 Apparently, there may not be such a necessity in the stabilization and optimal control problems
(with the quadratic objective function). Indeed, putting u(t) = 0, we obtain z(¢) = 0 and, hence,
the control is attained without any expenditures.
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Theorem 2. The identification procedure for Eq. (1) can be realized on an arbi-
trarily short time interval.

The practical use of this result is limited by the observation accuracy of the
vector z(t) at close moments of time and by the methods of calculation.

Obviously, this procedure is simplified when the derivative @(t) is observed. We
now consider the main problems of control connected with Eq. (1).

a. Problem about transfering the solution of Eq. (1) from an arbitrary initial state
x(t1) = x1 into an arbitrary final state x(t3) = xo where to = ¢t; + N, N > 0.
We can assume that t; = 0 and x2 = 0 due to linearity and stationarity of the
equation considered and because it is controllable. Thus the required control
(within the framework of classical theory) is represented by the following formula

u(t) = —BTeAT(tl_t)W_l(tl,tg)[xl — e A=t )

where

t
Wt t) = / e BB e ds.
t1
There are various forms of the desired controls. In the adaptive approach we
use the identification procedure to start with. Hence, we take some finite time
interval that has, for example, length N/2 and compute the matrices A and B.
Then we fix the state x at time ¢; + N/2 and find the desired control by using
the above-mentioned formula.

At present the considered problem is the only adaptive problem known of
this type which can be correctly formulated and solved on a finite time interval
fixed beforehand.

b. Modal control consists of constructing a linear feedback u = Kx so that the
closed loop system # = (A + BK)x has the given collection of eigenvalues
A1, ..., Ap. For controllable equations this can always be done and the calcu-
lation algorithm of the matrix K is known. Sometimes we are interested in
changing a part of the eigenvalues, for example, one or two of them. The solution
of this problem enables us to obtain both the desired dynamics of the transition
processes and the required asymptotic behavior of the solution (as ¢t — o).

In the adaptive version the construction of modal control is obvious and we
do not go into details.

c. Control of Eq. (1) with a model reference means that there is a desired “model”
of the equation z = A,z + Byu, where z(t) is the trajectory reference, A,,
and B,, are some known constant matrices, A,; is usually stable, and u is a
piecewise continuous function interpreted as an external influence on the model.
The controlled object is described by the equation

&= (A+U®)z + (B+W(t)i
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where A and B are some unknown matrices, U(t) and W (¢) are the parametric
controlling actions on the object, & coincides with u outside an initial finite
interval which can be taken to be arbitrary. It is required to find the controls
U(t) and W (t) so that the error e(t) = x(t) — 2(t) tends to zero as t — oo.

A common approach to solving this problem (see Sec. 3) is based on the
DLM and on the assumption that the matrices U(t) and W (t) are differentiable.
If we assume that the pair (A, B) is controllable then, in fact, the solution of
this problem is trivial, namely, we put U(t) = W (t) = 0 and find the matrices
A, B by the method described above. In what follows we put

Ut)= A, — A, W(t) =B, — B.

Thus, we obtain the equation ¢ = A,;e with respect to (¢) with the stable
matrix A,,. Hence e(t) — 0 as t — oo.
d. Optimal control consists of minimizing the functional

T
B(u) = /0 W (a(s), u(s), s)ds.

The case T' = oo is not considered. Within the framework of classical theory the
case ¥ = 27 Q1x + u” Q2u has been well studied. In the adaptive version this case
creates no problems provided the pair (A, B) is controllable. If this is true, we
estimate the parameters of the equation on the interval [0,¢'] and, later on, use
the methods of optimal control theory. These methods give the minimal value of
the functional ®'(u) = ftl,v Wds. In solving the initial problem the possible error

is equal to fot / Wds. For a stable matrix A this error is arbitrarily small provided
identification is done in a short time. Thus the described approach is e-optimal
with respect to the functional ®(u). Although the controllability property is, to
some extent, artificial for finite values of T', it is almost necessary in the case
T = oco. Indeed, among conditions providing existence of optimal control in the
linear-quadratic problem the stabilizability condition of the pair (A, B) near to
controllability is required.
The above is also related to minimization of the “average loss per unit of
time” functional
t
®(u) = lim t* / Wds
t—o0 0
and, moreover, the described control guarantees the achievement of its global
minimum which is equal to zero.

The approach stated above can be extended to equations described by the
“input-output” relationship

y(n) + aly(nil) + e+ any = bou(l) + blu(lil) + 4 blu’ l < n.
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For finite time T the coefficients (a;, b;) are computed and, later on, stabilization
or optimization control problems are solved for these equations. We shall not discuss
these problems here.

11.3. Control with A Model Reference

The problem of tracking a discrete sequence of points has been thoroughly studied
in the previous chapter. It has been formulated in the adaptive version for linear
difference stochastic equations without any assumptions about the structure of the
sequence {x;} except boundedness. Now, we consider this problem in continuous
time without requiring the fulfilment of the optimality conditions.

The trajectory z*(¢) in R™ is continuously differentiable and is generated by the
model reference

¥ = A, 2% + Byu. (1)

Here A,, and B,, are matrices of dimensions n x n and n X [, respectively, u = u(t)
is a bounded continuous vector-function of order ! which signifies the control (it
gives the solution x*(t) the desired properties). These are supposed to be known.
The matrix A,, is also assumed to be stable. The model reference is pursued by the
controlled object of the form

&= A(t)r + B(t)u, (2)

where z(t) € R™ and w is an external influence which is the same as in (1), but A(%)
and B(t) are matrices of the corresponding dimensions having the form

Alt) = A+ A(t)+U(t), B(t) =B+ B(t)+ W(t).

Here A and B are unknown constant matrices, A(t) and B(t) are unknown unob-
served parametric disturbances and, finally, U(¢) and W(t) are the parametric
controls. The matrices A(t), B(t), U(t), W(t) are assumed to be continuously
differentiable.

We denote by K(A,,1) the class of equations of the form (2) with parameters
satisfying the conditions stated above.

We define the control aim for the class K(A,,, 1) as follows:

find matrices U(t) and W (t) so that

lim [x(t) — 2" (¢)] = 0.

t—oo
This aim does not require that lim; .o, A(t) = A, and lim;_,o, B(t) = By,.
We introduce the following notation:

e=x—x", H =A—A,+Alt)+U(t),
Hy = B — B, + B(t) + W(t)
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and assume that the quantities e(t), (), u(t) are observed. Using this notation,
from Egs. (1), (2) we obtain the following system of differential equations

é =Aye+ Hyx + Hau,

1, =U+ 4, (3)

Hy, =W +B
with the initial values eg, H1(0) and H5(0). First, we assume that the parametric
disturbances A(t) and B(t) are constant. We would like to find conditions ensur-
ing asymptotic stability of equations from the class IC(A,,,[) with respect to the
variable e. Let P denote the positive definite matrix which is the solution of the
Lyapunov equation AT, P + PA, = —Q with @ being a positive definite matrix.

According to the assumptions on A,, there exists a unique matrix P satisfying the
matrix equation considered.

Theorem 1. The control of the form

= —%/ Pe(s s)ds + Uy,
(4)
= —%/ Pe(s s)ds + Wy

provides stability of the trivial solution (e =0, Hy = 0 and Hy = 0) of system (3)
as well as asymptotic stability of this solution in the variable e(t) with respect to
the class (A, 1) under constant parametric disturbances.
Proof. We choose the following quadratic function

Ve, Hy, Hy) = »e" Pe + tr(H1H] + HoHj ), »x>0

as a Lyapunov function for system (3). Its derivative, with respect to Eq. (3), is
equal to

V = %" (AT P 4+ PA, e + 2tr[(scPex” + U)HT + (3cPeu” + W)HT).
If we put
U= —xPex”, W = —sxPeu” (5)
and take into account the definition of the matrix P, then we obtain
V = —xe"Qe.

This function, treated as a function of e, Hy, Hs, satisfies the inequality V < 0.
This implies the stability declared in the theorem. Treating this derivative as a
function only of e, we remark that V' < 0 for e # 0. Hence e(t) —» 0 ast — oco. O

Strategy (5) is of the direct type. It has all the “good” properties of an adaptive
strategy, namely, it is nonlinear, non-stationary and non-Markov (depends on the
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whole past history). It is interesting to take a look at the original equation by
substituting the obtained parametric control (4) on the right-hand side of (2).
Indeed,

() = {A s /0 t Pe(s)a:T(s)ds} (1) + {B o /0 t Pe(s)uT(s)ds} u(t),

e=x—z".

Although the original equation was simple, the obtained solution is rather
complex.

The properties of the solutions of (3) under the control (5) can be improved if
we restrict the class of the equations considered. If the parametric disturbances are
constant and the control has form (5), then system (3) takes the following form

é=Aye+ Hix + Hou,
H1 = —xPex", (6)
H2 = —xPeu”.
From the ith rows of the matrices H; and Hs we form the row-vector h; =
(hl(.l), hl(.z)) of order n + [ and introduce the following column vectors ¢ = (x*, u)”

and ¢ = (z,u)”. From Theorem 1 it follows that ||¢(¢)|| < C and ||y (t)]] < C for
some C' > 0 and all ¢.

Theorem 2. Assume that the matriz A,, is stable and the derivative u(t) exists.
Moreover, assume that there exist numbers o, T such that

y < >
i) <€, max[hp(s)] > allal

for all t and any vector h. Then the trivial solution of system (6) is asymptotically
stable on the whole space and uniformly with respect to to, eo, H1(0), H2(0) on any
bounded domain.

Proof. Integrating the second and third equations in (6) we find that

(1) — hy(KT)| < P N =
Iha(t) = (kD) < | x| Ple()leN = pi

for all t € [kT, (k+ 1)T], k = 1,2,.... According to Theorem 1, p, — 0, and
to complete the proof it is sufficient to show that ||h;(kT)|| — 0 as k — oo and

i=1,2,...,1. By the assumptions of the theorem for any k we obtain
al[hi (KT < kTSSIg%;(H)TIhz(k )" (s)] < |hi(KT)" (k)| + [|hi(KT)[[[e(tr) |

and t; means the moment equality is reached at, i.e.

kng?ﬁrl)T'hi(kT)“” ()] = |hi(KN )™ (tr)]-

The second term on the right-hand side of the inequality tends to zero but for the
first one we have the following estimate
[hi(KT)" (t)] < [(i(tr) — ha(KT)[ + [ha(tr) 0" (tk)]
< peC + et + [ An|l[leCtr)l-
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The first and third terms on the right-hand side of the last inequality tend to zero
for known reasons. The second one vanishes according to the Landau—Hadamard
theorem.? Indeed, [le(t)| — 0 and from Eq. (6) it follows that ||é(t)] < ¢ < co. O

By this result it is possible to answer not only the question of approximating
the coefficients of Egs. (1) and (2) but also of sensibility of algorithm (4) to vary-
ing parametric disturbances when the matrices A(t) and B(t) are not constant. Of
course, these disturbances must satisfy some restrictions. This is true in classical
control theory and, even to a greater extent, in adaptive control theory where it
is either rather difficult or impossible to propose algorithms for arbitrary homo-
geneities. For these reasons, we demand that the functions A(t) and B(t) vary
rather slowly. Now we are going to expound the above formally.

The controlled system with disturbances has the form

é =Aye+ Hyx + Hou,
Hy = —xPex™ +A(t), (7)
Hy = —xPeu” +§(t),

i.e. we add the terms fl(t) and B(t) on the right-hand side of the second and third
equations and also additional terms A and B have appeared in the representations
of H; and H,. The notion of “constantly acting disturbances” signifies that the
parametric disturbances A(t) and B(t) are varied “slowly” (i.e. their derivatives
are rather small). From Theorem 3, Sec. 1 and Theorem 2, the next result follows
immediately.

Theorem 3. By the assumptions of Theorem 2, control (5) provides stability of
the trivial solution of Eq. (6) under constantly acting disturbances.

Adaptive control (5), which is the same for all equations from K(A,,,[), allows
not only to track the reference trajectory with an increasing accuracy, but to do it
in the presence of “constantly acting disturbances”. This means that the proposed
control has the robustness property.

If the object is not described by Eq. (2) but by a scalar differential equation of
order n, then the algorithm of control can be defined in a similar manner. However,
when reducing an equation of higher order to a system of equations we have to
observe not only the phase coordinate but all its derivatives up to n — 1-st one. In
many practical cases this demand is unrealistic but we will repeatedly meet with it
within the framework of the applied concept.

Assume that the structure of the equation is known both for the model reference
and for the controlled object and that the parameters entering into the description
of the object are the only unknowns. It is required that the trajectories of the object

PTheorem (Landau-Hadamard) Let g(t) be twice differentiable and My = sup;>q g(t)], M1 =
sup; > |9(t)], M2 = sup,>( |G(t)|. Then we have the following inequality

My < 2v/MoM>.
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and the model reference should approach each other in time. This can be realized
for scalar equations of higher orders (n > 2).
Let the object be given by the “input-output” relationship

a(p)x(t) = Blp)u(t), t>0 (8)
with
a(p) =p" +onp" T+ + o,
B(p) = bp" "+ 4 Bu1p + Bn,

p = d/dt. Here the function u(t) = f(t) + y(t), represented as the sum of some
external disturbance f(t) and the control y(t), is assumed to be smooth so that its
image under the operator 3(p) is a continuous function of ¢. Let the polynomial

B(-) be given, i.e. the integer n and the coefficients 1, ..., 5, are known.
The evolution of the model reference is described by the equation
Ap)zn (t) = p(p)u(t), ¢=0, (9)

in which the coefficients of the polynomials
Ap) =p" +up" ™ 4
w(p) = map" -+ mpap 4 my

are unknown. No additional restrictions on Eqgs. (8) and (9) are imposed.
It is required to find a control y(¢) so that
e(t) = x(t) — zp(t) o
for every smooth function f(¢) and arbitrary initial values (" (0), 2\ 0) (h =
0,1,...,n—1).
Let the following vectors of length n

a:(ala"'aan)a ﬁ:(ﬂlw"aﬁn)a
A:(llv"'vln)a M:(mla"'vmn)

correspond to the polynomials «(p), B(p), A(p) and u(p) respectively. In the case
when some coordinates of these vectors are equal to zero the orders of the polyno-
mials G(p) and u(p) may turn out less than n — 1.

Let us rewrite Eq. (8) in terms of the state space. We introduce the column
vectors v = (v1,...,v,)" and 6; = (6j1,...,0;0)", j = 1,...,n— 1, (;; is the
Kroneker symbol) and define the following matrix

A(I/) = [—V 51 52 5n71]~

We write down the rational function s(p)/v(p) with v(p) = p" +v1p" L+ + 1y,
»#(p) = kip" ' + .-+ k, (v, s are the corresponding column vectors of length n)
in the form

X

W) _ sr(pr — Aw)) s, 6= 6.

v(p)

—
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For the transfer function of (8) this means that

@_ T _ «a -1

It follows that x(t) satisfies the following system of equations
2= Ala)z + Bu, x(t) =0"2(¢)
with respect to z = (21,...,2,)". We choose the vector s so that the matrix A(x)
is stable (i.e. has all eigenvalues belonging to the left half-plain). Then, by using
the matrix identity A(a) = A(3¢) + (3 — a)d” we arrive at the equation
z2=A(x)z + Pu+ (5 — a)x.

Let us choose n linearly independent vectors {ei,es,...,e,}, where e; =
(€i1,...,€n), and define polynomials e;(p) = eap" ' + e, + - + e;, and
v(p) = p" +v1p" !t + -+ + v, which are stable (i.e. Hurwitz) with the help of the
relationships

¢i(p) =47 — A e, i= n
I/(p) —(5 (p[ A( )) 79 1,..., .

From the last two equalities and Eq. (8) we have
z(t) = Z ¢ {eyz((]]j))a:(t)] + %u(?ﬁ) (10)

Further, we employ the next result which follows from the “frequency theorem”
mentioned in Sec. 1.

Lemma 1. For every Hurwitz polynomial v(p) of degree n, there exists a Hurwitz
polynomial p(p) of degree n — 1 and a number h > 0 such that for all A\ > 0 the
following inequality (the “frequency condition”) holds
. 2
Ref LU < | £GA)
V(i) V(i)

Let p(\) be the polynomial given in accordance with Lemma 1. We put

(= @) oGP oy €i(P)
“(1) = @) “(1) = @)

and rewrite the equations of the object and model reference in the canonical form

P [N . .
x(t) = % <Z cja;(t) + 7 (t) +y (ﬂ)v (11)

j=1

p n
T (t) = (— Z 0@ (1) +w; f5(1)) - (12)

7j=1

The coefficients ¢; in (11) and the coefficients v;, w; in (12) are the unknown
components of the vectors —a+v and —\+ p in the basis (eq, ..., e, ), respectively.
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According to (11) and (12), we can find the value of the error

e(t) = (t) — 2u
Ep; {Z[Cﬁj (t) = vjmar(8) — w; f3 ()] + () + y*(t)}' (13)

») =

Tb

We now define the 3n functions &;(t), n;(t), ¢i(t), i = 1,...,n, as follows
gz(t) = —OQ;T;E, nz(t) = _ﬂixkﬁev (14)
Gi(t) = —vifie, ai, Biyvi > 0.
They can be rewritten in explicit form
t

&i(t) = —a / wi(s)e(s)ds, mi(t) = —B; / Fari(s)e(s)ds,

0
—%/0 fi(s)e(s)ds

n

y (1) = Y [&zi(t) + mi(t)wani () + G fi(8)] — £7(0)

i=1

(15)

We choose

as the control law for the object or, which is the same,

n

Z Gi(t)zi(t) +mi(O)zai(t) + G4 fi(D)] — f(D). (16)

i=1

We can write the equation for the error e(t) in the form

v(p)e = p(p) 3 [(&(1) + en)as(t) + (m(t) = viewi(t) + (G(1) = wi) filt)]

In a standard way we can verify that this equation of order n is equivalent to a
system of n differential equations of the first order with respect to the collection of

functions w(t) = (w1(t),...,wn(t)), v(t) = (71(t),...,v3n(t)), namely,

3n

& =Pwtaqy wlt)(), e=rTw, (17)
1=1

i = —piXie, 1=1,...,3n, p; >0,

where P is a Hurwitz matrix, ¢ and r are some column vectors. The second sub-
system in (17) corresponds to the collection of 3n equations of the form (14).

We can now formulate the main result.

Let IC(n, 3; F') denote the class of linear differential equations of order n hav-
ing the form (8) with a fixed polynomial §(p) and a set F' of admissible external
influence. Relation (16) together with (14), (15) defines the strategy o(B).

Theorem 4. The strategy o(B) realizes the control aim lim;_. e(t) = 0 for arbi-
trary initial values and external influence f € F with respect to the class K(n, 5; F).
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Proof. The transfer function of system (17) is given by the formula W(\) =
r"(A — P)"1q. By Lemma 1 it satisfies the frequency condition

ReW(i)) > AW (N2, h >0, YA >0.

The matrix H = (H” > 0), being the solution of the appropriate linear equation,
exists. By using it a Lyapunov function of the system (18) can be given as follows

3n
V(w,v) =w"Hw + Zp{lﬁ > 0.

j=1

Its derivative, with respect to the above equations, is negative, i.e. V < —he?.
Therefore for the output e(t) of the system (17) the assertion of the theorem
holds. O

An estimate of the rate of vanishing of the function e(¢) must be uniform on
the class K(n, 8; F'), i.e. it must hold for every equation of form (8) or, at least, on
a large subclass of such equations. Up to now such a uniform estimate is unknown.

The adaptive control procedure described will be simplified if we know exactly,
at least part of the coefficients of the equation of the object.

We now consider the problem of control with a model reference for the differ-
ential equations with constant concentrated delays.

The following equation

N L
Ear(t) = Aogza () + Y Ay (t—7)+ Y Ciang(t—hs)+ Bu(t), 7,hi >0  (18)
i=1 i=1

with the initial condition
2u(0) = ¢(0) € O, 0 €[-n,0), 7= max{r,hi}

as the model reference. As before we assume that dim z = n, dimu = [. The external
action u(t) is bounded and continuous. The control satisfies the following condition.

Condition AS: For arbitrary fized h; the trivial solution is asymptotically uni-
formly stable on the whole space.

Let Amin(M), Amax(M) denote the minimal and maximal eigenvalues of the
matrix M and opmax (M) = [Amax(M7M)]'/? denote the maximal singular number
of the matrix M. The following theorem gives sufficient conditions for the property
AS to take place.

Theorem 5. Assume that u= 0. Condition AS holds if:

(a) the matriz 27];\;() A; is stable;
(b) the inequality
N N
)\min(Q)
Sy /D) max Ai 1Y max A’L
L (Z; ) > w4 4

N L
1+ ZTiJmax(Ai) Zamax(ci)
i=1 i=1
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with symmetric positive definite matrices P and Q of dimensions n X n related by
the Lyapunov equation

N T N
> Al P+P|) Al =-Q
1=0 =0

is satisfied.

The proof of this assertion is based on standard arguments of DLM and omitted.
Notice two special cases of condition (b). If C; = 0,4 = 1,..., M, then this
condition takes the form

Amln(CQ
P (P > Omax <Z Ai ) D Tiomax(A

If A; =0,i=1,...,n, and Ap is stable then (taking into account that AJP +
PAy=-Q)

mm :
> Jmax

max

Concerning the delay, we note that {7;} and {A;} are included in condition (b) of
Theorem 5 but the constraints on the collection {h;} are not imposed.
Let us consider the tracking problem of the trajectory x,, by the solution x(t)
of the following equation
N

i(t) = A®)O(t) + Y AV (W)t —7) +ZC” )+ B,
i=1

1’(9) = ¢(9)7 NS [_777 O]v n= m?x{n, hz}

where the initial values are assumed to be continuous on the interval [—7, 0]. The
matrices in the above equation have the following form

AR)D = A; + A;(t) + Ui(t), i=0,1,...,N  B(t) = B+ B(t) + W(t);
CONt) = Cy+Ci(t) + Z;(t), j=1,...,L,
where the matrices Al, B, C; coincide with the corresponding matrices in (18)
but the terms A;(t), B(t), C;(t) are unknown and unobserved parametric distur-
bances. The matrices U;(t), W (t), Z;(t) are continuously differentiable parametric
controls. The delays 7; and h; are identical in Eqgs. (18) and (19) but the initial

conditions may be different. To state the control aim the following notation is
introduced:

Aty =AY +UD (@), i=0,1,...,N;, B(t) = B(t) + W (t),
Cit) =COt)+2;t), j=1,...,L, e(t) = z(t) — .. ().
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These quantities satisfy the equation

é(t) = Apelt +ZAet—n +ZCet— B(t)u(t)

N L 5
Z z(t — ) ch(t)x(t—hj) (20)

with the obvious initial condition. The solution of this equation is also obvious,
namely,

e(t)=0, A;(t)=0(i=0,...,N), Blt)=0, Cj(t)=0 (j=1,...,L).

Let (Ao, ..., An;l; (15, hj)) be the class of equations of the form (19) with = € R™,
u € R! and the same values of the delays {7, h;}. The control aim is

to design a strategy which guarantees both the stability of the solutions and
the fulfilment of the condition lim;_,~ e(t) = 0 for arbitrary initial values and all
equations from this class.

Now, we study the possibilities of the following algorithm which, in prin-
ciple, coincides with the one described at the beginning of the section. It is
defined by

Up = —Pe(t)z"(t), U; = —Pe(t)a™(t—7), i =1,...,N

: : (21)
Z = —Pe(t)u”(t), W;=—Pe(t)z"(t—h;), j=1,...,L.

Here we have used the notation
N

)+ Y A e(s)ds.
Y

—T;

We recall that the matrices A; (the parameters of the model) are known and P is
the solution of the Lyapunov equation.

If the structure of the equation of the model is simplified then some obvious
simplifications can be done in the algorithm (21) as well.

Theorem 6. The control (21) provides stability of the trivial solution of equa-
tion (20) (satisfying conditions (a) and (b) from Theorem 5) and asymptotical sta-
bility in the variable e(t) with respect to the class of equations K(Ag, ..., An;l;
(Ti, hj)) under constantly acting parametric disturbances and bounded continuous
action u(t).

The proof of this theorem is similar to that of Theorem 1. The distinction
consists of selecting a Lyapunov function and estimating its derivative. We explain
these details in short.
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We choose a Lyapunov function as follows

V() = e(t)" Pe(t +Zal/ /|| )| dsdz+Zﬂl/ ()] 2ds

t—; hi

L

ZA t) + B(t)B"(t Z

+tr

Here the values of the constants «; > 0, 3; > 0 should be chosen properly. The
derivative V', with respect to Eq. (20), is equal to

L
()P Cie(t — hi) +2€7( ZATPZA/ e(s)ds

j

L
t)-‘rZZeT(t—Tj)CiTPZAi/t_ ds+2nazll @®)1?
—Zal/ H2ds+25z (@) = fle(t — ha) ]

—T;

+ 2tr{ [Pe(t)a™ (t) + Ao (1) AT (t) + > [Pe(t)2” (t — 7;) + At ) AT (¢)
i=1
+ Z [Pe(t hi) + Cy(t NCT () + [Pe(t)u™(t) +£§(t)]BT(t)}.

The term 2tr{...} is equal to zero due to (21). The other terms can be estimated
as follows.

27 Qr > Auin(Q)|1?,

N
<Z AT> PA; Z‘ = )\mmx( )Umax O'mmx <Z Ak) ”x H2 + ”x( )”2],

k=0
20" (t = hj)C] PAix(s) < Amax(P)0max(Cj)omax (Ai) [ 2(t — hy)|* + 2 (s)]1%]
227 () PCw(t = h;) < Amax(P)omax (C) [l®)* + [l=(t = h;)IIP].

The numbers «;, §; are chosen as follows
N L

A ) Omax (Z Ak) + Omax <Z Ck) )
k=0 k=1

N
1+ Z Tkamax(Ak) .
k=0

Q; = )\max(P)Umax(

51' = )\max(P)Jmax(Cz)

Elementary (but rather combersome) transformations lead to the desired
inequality

V< e’ 8> 0.
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Hence, using the same arguments as at the end of proof of Theorem 1, we complete
the proof. O

The construction of strategies for solving the problem with a model reference
may be based on other principles differing from those stated in Theorem 5 but
which guarantee the fulfilment of the condition AS. It is important to note that
the property AS implies stability under the constantly acting disturbances both for
the equations with a delay and for ordinary ones.© Thus control (21) will guarantee
successful tracking after the “reference” if the parametric disturbances vary slowly
and are not too large.

The distinctive feature of the problem considered of adaptive control is the
coincidence of the delays 7;, h; for the “reference” and the object. This restriction
is unreasonable in a number of cases. Some elements of the control should enter
into the arguments of the functions x(t — 7 + u,) on purpose to approximate the
delay of the “reference” and the object with each other in time. This problem is
not likely to be solved soon.

11.4. Steepest Descent Method

We consider a general method of constructing control algorithms for many adaptive
control and identification problems concerned with ordinary differential equations.
The results obtained give a uniform solution of the corresponding problems provided
the appropriate assumptions are satisfied.

As before, x € R” and u € R' denote, respectively, a state of the object and a
control. Let the evolution of the state of the object be described by the differential
equation

&= f(z,u,t), xz(tg) = xo, (1)

where f is a continuous function with respect to all arguments and has continuous
derivatives with respect to the components of the vector u. The control aim is
expressed in terms of a functional ®; given on the trajectories of (1). Here we
consider two types of such functionals:

() local functional

q)t = L(:L’(t),t);

(8) integral functional

B, = / T(x(s), uls), s)ds.

where L(z,t) and J(z,u,t) are non-negative continuous functions and the latter
has continuous derivatives with respect to the components of the vector u. Fixing

°In definitions of different types of stability for equations with an afteraction there is an initial
function ¢ given on the interval [—n, 0] in contrast with the case of ordinary differential equations
when there is a fixed initial point xg.
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the control u, we find the derivatives of these functionals with respect to Eq. (1).
In the case () it is equal to

b = (0, OV Lo 1) + O L)

and in the case (/) it is equal to
= J(x,u,t).

For short, in both cases we use the notation ®, = @(x(t), u(t),t) not to distin-
guish the types of functionals considered.
We define the control in the form of a differential equation

= —TVyp(z,u,t) (2)

with T'(= T'" > 0) a positive definite n x n-matrix. Sometimes it is convenient to
take T' = I, v > 0. The procedure of control (2) is called the steepest descent
method (SDM for short) because in the case T' = I the vector u is moved in the
direction of the gradient of the varying rate of the functional ®.

Let us consider the properties of the functional ®; given on the paths (z(t), u(t))
in the space R"*!, provided the SDM is used. Initially, this is not connected with
adaptive problems, but later on the obtained result will be treated as a control aim
secured by the SDM. The above breaks the habitual order of discussion when the
control aim had been specified before the appropriate strategy was sought. Here,
we study the possibility of using a strategy after it has been constructed.

Theorem 1. Let the following conditions hold:

(1) there exists u, such that p(x,us,t) < 0,Y(x,t);
2 x,u,t) is a convex function in u, i.e. for any u', u”’, x, t the inequality
P

oz, u',t) — p(z,u” 1) > (0 —u")Vyp(x,u” t)
is satisfied. Then along any trajectory of (1) and (2) the following inequality
Oy < Do+ 27 u(t) — wa] "THu(t) — us] (3)
holds.

Proof. We use the following Lyapunov function
Vi =&y + 27 u(t) — wa] T Hu(t) — ual.
Its derivative, with respect to (1), is equal to
V = o(z,u,t) 4 [u(t) — u] T a(t).
Taking into account the assumptions we obtain the following inequality
V < [u(t) — w]"Vaup(, u, t) + @(2, u, t) + [u(t) — u) T 4
= [u(t) — ue]"(Vup +T7H0) + (@, us, t) <0
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which leads to the following
Dy <V, < Vo =P+ 27 uw(0) — u] " T Hu(0) — wl. O

Corollary 1. If the assumptions of Theorem 1 hold and the local functional ®; =
L(x(t),t) satisfies the condition

lim inf L(xz(t),t) = oo, (4)

2|00 20

then the paths of (1) and (2) are bounded.

Indeed, the point (z(t),u(t)) belongs to the domain defined by the inequality
0

V(x,u,t) < V(x(0),u(0),0). This domain is bounded uniformly in ¢.

Corollary 2. Let the assumptions of Theorem 1 be satisfied. For the integral
functional, the equality

tlimtl/j ds—mmt 1/j ,8)ds =0
holds.

This corollary follows from (3).
The next lemma will be used later on.

Lemma 1. Let y(t) be a bounded solution of the equation y = F(y,t), where
I1E(y,t)|| < a(r) < oo fory € Sr = {(y,t) : |ly|| < r, t >0}, and let the function
L(y,t) be uniformly continuous in any domain S, so that fooo L(y(s),s)ds < oo.
Then, lim;—,o L(y(t),t = 0.

This fact follows from the Barbalat Lemma.d

Theorem 2. Let the following conditions hold:
(1) for everyr >0

sup  ([[f(z, )l + IVup(z,)[) <00, 2= (z,u);
lz<rt>0

(2) the local functional ®; = L(x(t),t)
in every domain S, the equality (4) and inequality
t) < —

oL(z,t), 6>0 ()

is convex and uniformly continuous in (x,t)
oz, us,
holds. Then lim;_, o L(z(t),t) = 0.

Proof. Let the Lyapunov function be the same as in Theorem 1. Its derivative, with
respect to Eq. (1), satisfies the inequality

V < —6L(z(t),t) <O0.

dyf g(t)dt < oo and g(t) is uniformly continuous for ¢ > 0, then lim;—,~ g(t) = 0.
0



384 Control of Ordinary Differential Equations

Hence 5f(f L(xz(s),s)ds < Vo — Vi and [;° L(2(s),s)ds < 6~ 'Vy. The assertion
follows from the boundedness of the solution of the system (1) and (2) which has
been proved before. O

Corollary 3. If condition (2) holds for the integral functional then lim;_, . J (2(t),
u(t),t) = 0.

Let us examine the sensitivity of the SDM to the disturbances of the equation,
i.e. we consider the following equation

&= f(x,u,t) + h(x) (6)

with h(x) treated as an unobserved noise and satisfying the condition ||h(z)| <
X < oo. The SDM is unstable and, moreover, the control u(¢) can increase unlim-
itedly in time. Therefore, it is desirable to modify this method so that it would be
insensitive (robust) to, at least, small disturbances. This can be done by regularizing
the functional in question, namely,

. A [t
Oy = Py + 5/ llu(s)||?ds, X > 0.
0
Acting as before we obtain the regularized procedure

U= —T(Vup(z,u,t) + M) (7)

containing negative feedback.
We consider the disturbed system (6) and (7) and study its stabilizing
properties.

Theorem 3. Let the functional ®; be locally conver and satisfy the conditions:

lim inf L(z,t) = oo,
el —o0 £>0

IVoL@, ) < all + L], >0,
o(z,ust) < —BL(x,t) +v, B,y>0
with some us. Then the system (6) and (7) is dissipative.
Proof. We choose the Lyapunov function shown above. Its derivative, with respect
to (6) and (7), satisfies the inequality
Vi < o, s, t) + Vo L(z, ) h(x) — Mu(t) — u)u(t)
with p(z,u,t) = f*'V, L+ 0L/0t. Making use the following simple inequalities

V.L"h < 2a||V,L|* + —||h|?,

L)
2a

(=

1
=) € (= ) T = ) +

[\
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where a = 8/« > 0 and b is the minimal eigenvalue of the matrix I', and the second
and third conditions of the theorem, we arrive at the inequality

. bA
Vi < —gL(x,t) - E(U —u,) T N u—uy) +d < —cV +d
where
. (B b B ax A 2
= —, — d = — e — * .
c m1n<2,2 , 7+2+26—|—2Hu||
From this the inequality lim; . V; < d/c follows. By the first condition of the
theorem we obtain the required assertion. O

We would like to notice that the constraints on the level of the disturbance
h(t) are absent. In consequence of this procedure (7) provides dissipativity for any
bounded disturbance. The diameter of the limiting “sphere” increases unbound-
edly together with the level x but it does not depend on the initial values of the
system (6), (7).

The above can be extended to the case of random noises. Two variants of such
a noise can be considered, namely,

(1) its mean is bounded, i.e. E||h(t)[|? < x < oo;
(2) it is the white noise with bounded intensity.

For both cases the analogue of Theorem 3 holds, i.e. for any initial condition
Jim E(flz(t)* + Ju®)]*) < d < oo,
—00

i.e. dissipativity in the mean square sense takes place.

The general results stated above allow solving many concrete problems of adap-
tive stabilization. We only mention two problems.

First, we turn once more to the control problem with a model reference. We
examine its solution by the SDM in comparison with the solution obtained by the
Lyapunov method in Sec. 3. As before (see Sec. 3) the model reference is defined
by the equation

Ty = Axy + Bu
with a stable matrix A and a bounded and continuous control w. The controlled
object is represented by the equation
= (Ao +U(t))z+ (Bo+ W(t))u. (8)

There are no parametric disturbances but the matrix Z = (U(t), W (t)) serves for
the control. The quantities x, x,,, u are observed. The control aim is to secure the
fulfilment of the condition lim; .~ e(t) = 0, e = & — x), or, in the form of a local
functional, to minimize (in the limit as ¢ — oo) the functional ®; = e”(t)He(t),
H = H" > 0. According to the SDM we should first find the varying rate in time
of the functional

®y = p(x, Z,t) = 2" H[(Ag + U)x + (Bo + W)u — Az,, — Bul.



386 Control of Ordinary Differential Equations

Further, we compute the derivatives ¢ with respect to the matrices U and W. These
derivatives are some matrices composed of the derivatives 0/0;;, where s;; are
the elements of the matrices U and W. We obtain

Vve=Hexr, Vwe=Heur.
For our problem the SDM has the following form (with I" = ~T)
U=—~yHex,, W =—~vHeur, (9)

or, after integrating,

Ut)=Uy — 7H/0 e(s)xr(s)ds, W(t) =Wy — 'yH/O e(s)ur(s)ds. (10)

It remains to verify that the assumptions of Theorems 1 and 2 hold. Being linear
in Z, the function ¢ is convex. Having the stable matrix A we can find a matrix H
from the condition A, H + HA < 0 and put Z, = (A — Ay, B — By). Then

olx, Ze,t) =e"THAe < —Xe"He, X >0.

If the external action w is bounded then z,,(¢) will be bounded as well. Hence
infiso Py — 0 as t — oo.

Finally from Theorems 1, 2 and Corollary 1, the boundedness of the trajectories
of the system (8), (10) follow. In other words, we have the achievement of the desired
aim at arbitrary unknown parameters of the system and arbitrary initial conditions.

Another problem is concerned with nonlinear controlled objects.

Let the evolution of the object be described by the equation

X = Az + k(x)bu

with u a scalar control, b a constant vector of length n, and a continuous function
k(z). It is assumed that the function k(x) is measured at each moment of time and
k(z) > k > 0. The quantities z = L™z € R™, m < n are observed. The matrices A,
L and vector b are unknown. Let the control u be linear in z, i.e.

U=C"L"z

with C' = C(t) = (C1(t),...,Cn(t))". Tt is required to define the control law C' so
that the given aim should be reached. The control aim is to implement the equality
limy_,oo 2(t) = 0. In terms of local functionals it can be stated as minimization (in
the limit) of the functional ®; = x(t)" Hx(t) with H = H" > 0. According to the
SDM we have to find the derivative of the functional, i.e.

®, = p(x,¢) = 2T H(Azx + k(z)bC7 2).
Further we obtain
Veoo(z,C) = k(z)z" Hbz.

The control must depend only on the observed variables. Therefore, we have to
eliminate = from the previous equality. We assume that the equality Hb = Lg,
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where ¢ is some vector, is fulfilled. Then the desired procedure of control based on
the SDM can be written in the form

O(t) = —k(z)g™ 2Tz

or, after integrating,

C(t)=Co —/0 k(x(s))g" z(s)T'z(s)ds.

The obtained algorithm of control is again nonlinear, non-stationary and
non-Markov.

To realize the control aim we have to verify the assumptions of Theorems 1
and 2. This is true for Theorem 1 and for the first condition of Theorem 2. It
remains to provide the implementation of condition (5). For this purpose, we choose
a matrix H from the condition ATH + HA, < 0, where A, = A + bCTL" for
some vector C. Adding the equality Hb = Lg, we obtain the modified problem of
constructing a Lyapunov function (see Sec. 1). According to Theorem 8 stated there,
the transfer function W (\) = LT(M — A)~'b must be such that the numerator of
the rational function g”W(\) is a stable (Hurwitz) polynomial of degree n — 1 with
positive coefficients. We can give this polynomial in explicit form, i.e. it is equal to
X(AN)g" W (A), where x(\) = det (A — A).

The stated condition describes the class of equations for which the given aim
of control can be attained by using the SDM. This class is specified through the
parameters of the control algorithm.

11.5. Stabilization of Solutions of Minimum Phase Equations

In this section we consider two adaptive stabilization problems of solutions of linear
equations

t=Ax+ Bu+f, z=L"z, xz(0)=ux (1)

where x € R", u € R!, 2 € R™ are the solution (the state), the control and
the observation, respectively, A, B and L are some constant matrices having the
dimensions n x n, n X [ and n x m, respectively (n > max(l,m)), and f = f(t) is
an external disturbance. The following m X [-matrix

W(A\) =L"(\M — A)"'B

is the transfer function of (1). Now we define the class of equations considered.

The class L£(I,m,G) is composed of all linear equations of the form (1), so
that for each of them the matrices SGTW () are strictly minimum phase with
respect to the matrix G given beforehand by some positive diagonal | x m-matrix
0 = diag{d1,...,0;} > 0, (i.e. 6; > 0 for all j). The dimension n of the vector =
may be unknown but the condition n > max(l,m) is assumed. The external action
f = f(t) is assumed only to be continuous in ¢ > 0.
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The desired control will be sought in the form of a linear feedback
U=C"(t)z = (LC(t))"z, C =F(z0C) (2)

where C(t) and F(-) are an unknown m X [-matrix (the gain factor) and some
continuous functional, respectively. Thus the original equation takes the form

t=(A4+BCTW)L")x+ f, z=L"z, x(0)=x. (3)

Further, we consider only stabilizational aims of control. Our investigation is based
on using the Direct Lyapunov Method. Hence, we have to construct the appropriate
Lyapunov function V' (z,C). For linear equations it is represented by the following
quadratic form

l

V(z,C)=a"Hr+ Y (Ci—C))"Hi(C; = C), H=H">Q0, (1)

i=1
H; =H! >0,
satisfying the conditions
[ >0 forxz#0, C #CY,
V(m’c)_{:o forz =0, C=C° (5)
Viz,C) <0

where the derivative V' should be computed with respect to Eqgs. (1) and (2). Obvi-
ously, the function V' from (4) obeys the first of these conditions. Before verifying
the second condition from (4), we calculate the derivative V, where the columns of
the matrices B, C, C°, F are denoted by b;, C;, C?, F;, respectively. We obtain

! 1
V =22"H <Am +) biCl 2+ f) +2) (C; — C))"HF,
i=1 i=1
Making use of the equality
l
2"HB(C = C%) "z = (z"Hb;)(C; — C9)" =
Jj=1

and the notation A(C?) = A+ B(C%)TL", we transform the right-hand side of the
above equality. Hence

l
V =2 [HAC?)+A™(C%)~ Hlz+22"Hf +2) (C;—C))"[H,F;+(«"Hb;)z]. (6)
i=1

The fulfilment of the third condition in (5) is related to the linearity in C; of the
second term in the expression for V. It is possible to overcome these difficulties for
the concrete forms of the function F for every problem considered. The formula (6)
will be used later on (in the Sec. 2 of the next chapter).

Passing to the problems of adaptive control, we assume that matrices A, B, L
are unknown and the function f(¢) is unobserved.
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The first aim of control usually called dissipativenes is the existence of the
solution of (3) for all ¢ > 0 which satisfies

Jim (lz@)] + [C @) < d < o0

for arbitrary initial conditions x(0), C(0).

In connection with this aim we consider the class of equations LO(I,m;G)
(a subclass of L£(I,m;G)) such that the external disturbance f is bounded, i.e.
IIf(t)]| < 3. Here, the constant s may depend on the function f.

To define the required strategy we have to give the algorithm of calculating
the matrix C' = C(¢). Let C = (C1,...,C1), G = (g1,--.,91) be the column-wise
representations of the m x [-matrix C' and [ x m-matrix G, respectively. Let the
columns of the matrix C be defined by the equations

Ci=—aiCi — (gf2)Pz, i=1,...,1 @

with the matrices P, = P > 0 and numbers «; > 0. Explicit form of the columns
of the tuned matrix C(t) is given by the formula

Ci(t) = Ci(0)e ! — / e~ =) (T 2(s)) Pz (s)ds. (8)

The control again proves to be nonlinear, non-stationary and non-Markov. Substi-
tuting (8) in (1) we see that the final form of Eq. (1) with control (8) activated is
rather complicated.

The constructed strategy is of the direct type. In designing it the identification
is not used and, moreover, there are no estimations of parameters of the equation.
The structure and the numerical coefficients of the rules of calculating the controls
are known from the very beginning and not corrected during the process.

Theorem 1. The strategy (2), (7) ensures dissipativity of the solutions of equations
from the class LO(I,m; G).

Proof. Let us construct a Lyapunov function for the system (3), (7) and show that
it satisfies the inequality V' < —aV -+ b(a,b > 0). Then from Theorem 4, Sec. 1 the
desired assertion follows. We choose the Lyapunov function in the form (4) and, in
view of (6), we obtain

V=a"(ATH + HAo)x + 22" Hf
l
+ 22 (Cz — C?)T [Hz{— (ngZ)PzZ — Oézcz} + (JﬁTHbz)Z}
i=1
where Ag = A+ B(C*)"L". We put H; = P, ', i=1,...,1
For the inequality
V(z,C) <0 whenz#0, f=0,
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to be satisfied (we already have V(z,C) > 0, z # 0,C # C°) it is necessary that
the matrix H should be such that

HAy+ ATH =-Q <0, HB=LG.

These restrictions have been met in Theorem 8 from Sec. 1. The assumptions of
that theorem coincide with those of this theorem. Hence the required matrices H
and C° exist and for V' we have
l
V = —JjTQJ) + 2$THf +2 Z (Cz — CZO)THz(—OQCz)
i=1

For the terms on the right-hand side of this equality the following inequalities hold

1
20"Hf < \e"Ha + T fTHf, YA>0,

2

T T (o T
—20;(C; = CF) H;Cj < —pu(Cj — CF) H;(Cj = CF) + 5——(C7)" H;C

205 — puj
Vpe (0,205), j=1,...,L
Putting here p; = p € (0,2 min ;) and, moreover, choosing A and u so that (A +

w)H < Q, we substitute the estimates obtained in the expression for V. This leads
to the desired inequality V < —aV + b, with

2 l

IH|| a
a=p, b= 3 X2+ 2a—u;(C?)THjC?’ = max
which completes the proof. O

This result allows consideration for the adaptive stabilization problem for linear
scalar equations of order n given by the “input-output” relationship (p = d/dt)

A(p)r = B(p)u + f
where A(p) = p" + an_1p" "t + -+ ag, B(p) = bpp® + -+ bip + by (k < n).
The control is sought in the form

-1

u=clpyr =3 ct)pa

i=0
which means that the vector z = (z,4,...,2(!"1)7 is observed. The transfer func-
tion (from wu to z) is represented by the vector
B -1
W) = —=(1,A,..., 7).

Ifl—14+k <n-—1orl+k < nthen the power of the nominator will be less than
that of the denominator and we can reduce our equation to the canonical form

Z=Az+bu+h
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where the n x n-matrix A and the n-vector b have the following forms

0 1 0 0 0
0 0 1 ... 0 0
A = . . . ... . ? b:
0 0 0o ... 1
—ap —a; —az ... —0p_-1 1

We now consider the following question. For the above equations, what does it
mean to be strictly minimum phase? For an equation to have this property it is
necessary that the polynomial g” a(\), where a(\) is the denominator of the transfer
function, should have the degree n — 1, positive coefficients and be Hurwitz. Since
in our case

a(N) = BO)(1, A, ..., A7 D7

we obtain
-1
g"a(X) = B(A) Zgi/\i = BAN)G(N).

Hence this polynomial is stable if and only if B(XA) and G(X) are stable simultane-
ously. The polynomial B(\), in turn, is stable if and only if the equation is strictly
minimum phase.

In this version of the dissipativity problem the algorithm of control, i.e. the
strategy has the form

u=c(p,t)z, C=—-G(p)zPz—aC.

Here G(p) is an arbitrary stable polynomial, P = P > 0, a > 0. The dissipativity
of the solutions is guaranteed with respect to the class of strictly minimum phase
equations which satisfy the additional conditions: k + [ = n, the values of the
polynomials B(\) and G(\) take the same sign for all A and the external disturbance
f(t) is bounded. Information about the coefficients of the equation is not necessary
to construct the control algorithm.

We now focus our attention on the second problem. The control aim called
stabilization consists of the existence of the solution of (3) for all ¢ > 0 which
satisfies the conditions

lim z(t) =0, lim C(t) < oo
t—oo

t—oo

for arbitrary initial (x(0), C(0)). In connection with this aim the class of equations
LN (I,m; @) (a subclass of L(I,m;G)) is considered. The external disturbance f is
supposed to be damping in the integral sense, i.e. [~ [ f(t)||?dt < oo (from this
damping in the common sense, i.e. lim;_ f(t) = 0 follows only under additional
assumptions, for example, f(t) is uniformly continuous for all ¢ > 0).

To describe the strategy in accordance with definition (2) we have to specify
the function F. The calculation rule for the tuned matrix C = C(t) is defined as
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follows
Ci=—(gf2)Pz, P=P">0 o;>0, i=1,...,1 (9)

where C; and g; are the columns of the matrices C = (C4,...,C;) and G =
(91,---,q1), respectively. From (9) it follows that

Ci(t) =CY — /0 (97 z(s))Piz(s)ds, «a; >0, i=1,...,1 (10)

To demonstrate the fact that the proposed algorithm guarantees adaptability with
respect to the considered class (i.e. it secures stabilization with respect to this class)
we have to find a Lyapunov function of the form (4) having properties (5).

Theorem 2. We assume that rank B = [ for all equations from the class K. A
Lyapunov function of the form (4) having properties (5) for the system of Egs. (1)
and (2) from the class IC exists if and only if the algorithm of tuning the matriz
C(t) can be described by Eq. (9) with some m x m-matric P = P > 0 where the
matriz G = (g1,-..,q1) s such that K C LN (I,m; G).

Proof. Let us assume that for any equation from K there exist matrices H, Hy, .. .,
Hj, C° such that the Lyapunov function (4) has the properties (5). Then the matri-
ces H, (H;) are symmetric and positive definite. Supposing f = 0 (see (6)) we
calculate the derivative

L
i=1
For conditions (5) to be satisfied it is necessary that the following equalities
AfH+ HAp=-Q <0, (1)
HlFl(Z)-i-({ETHbl)ZEO, i=1,...,1

take place. The second of these conditions appeared due to linearity of the right-
hand side of the expression for V with respect to C.

We assume that W (A) # 0. Then there is an = such that z = L"2 = const # 0
and, in view of the second equality in (11), we obtain x” Hb; = const. This means,
in turn, that there exist vectors g; such that Hb; = Lg;, i = 1,...,l. Appealing
again to the second equality in (11) and putting P; = H[l we see that

Fi(2) = —(xTLgi)Hflz =—(g"2)P;z.
Thus, the required derivative is defined (when f = 0) by the formula
V(z,C) = —2"Qu.

Here we have applied the first equality in (11). Let us write the equality Hb; = Lg;
in the unified form HB = LG. Using Theorem 9 from Sec. 1 we conclude that the
conditions of the theorem being proved are necessary.
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We now focus attention on the proof of sufficiency. According to Theorem 9
from Sec. 1 there exist matrices C° and H = H™ > 0 such that the first equality in
(11) and the equality HB = LG takes place. The algorithm of tuning the matrix C'
has the form CzT = —(g]2)P;z and a Lyapunov function can be defined by equality
(4) with H; = 6; P;'. Since H; > 0 and the second equality in (11) takes place and
the mentioned function satisfies conditions (5). m|

Using the result above, let us consider adaptive properties of the control algo-
rithm (2), (9) we are interested in.

Theorem 3. The strategy (2),(9) ensures stabilization of solutions of equations
from the class LN (I,m; G).

Proof. Due to the previous theorem, for every equation from LN (I, m; G) there exist
matrices C°, H, (H;) such that the Lyapunov function V(x, C) having properties
(5) has the form (4). Its derivative, with respect to the equation, is given by the
formula

V(z,C) = —2"Qx + 2" Hf.
Hence there are A > 0, ;¢ > 0 such that
V(2(t), (1) < =M@ + pll=(®)[1£(2)].
Integrating this inequality from 0 to ¢t we obtain
pl? — \XI;N — V(2(0),C(0) < =V (x(t),C(t)) <0 (12)
where I; = fo [|x(s)]|?ds and N? = [° || f(s)||*ds. Thus

I < 2/\N—i— 4—/\2N2+ /\V( z(0),C(0)).

It signifies the boundedness of fo |lz(s)||?ds. It follows that fo lz(s)||?ds < oo.
Moreover, equality (12) leads to the inequality V (z(¢), C(t)) < V(x(0),C(0))+uIN.
Therefore the solution of the system (1), (2) being bounded can be extended to the
half-axis (0, c0).

On the right-hand side of (10) some quadratic forms of the components of the
vector z(t) appear. As seen from the above this implies the existence and finiteness
of lim¢ o, C(t). According to Eq. (1) the equality

lz@)1I* = =) + 2/0 2" (s)[Ax(s) + BC" (s) L a(s) + f(s)]ds

takes place for all ¢ > 0. From the established properties of C(s) and x(s) it follows
that the integral in the last formula converges and, hence, lim;_,  [|z()[|? = w > 0.
It remains to note that w = 0 because [ [|x(s)||*ds < . m|
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The deviation of z(t) and C(t) from their limiting values can be estimated by
using the inequality
V@@%C@)SV@®%C®D+4AN2
which, in turn, follows from (12).
Let us consider once more the scalar equation of order n:

A(p)x = B(p)u + f. (13)

By analogy with the previous arguments (given after Theorem 1), we conclude that
in the case of a damping disturbance f, the considered equation must be strictly
minimum phase, the values of the polynomials B()), G(\) must have the same sign
for all A and the number of observed derivatives (I — 1) must satisfy the inequality
I+ k < n. Moreover, the polynomial G(\) enters into the description of the tuning
algorithm. Indeed,

C; = —%vG(p)xpix —aC;, 1=0,...,1—1.

We note the case when the class of equations can be described without diffi-
culties. We have in mind the case of the vector equation (13) of order n for which
the equalities dim z = dimu = n hold and the matrix polynomials A(p), B(p) have
the form

n—1 k—1
=p"T+ Y Ap', Blp)=Y_ Bip"
i=0 i=0
The transfer matrix of the equation A(p)z = B(p)u is given by
W) =AY (N)B).
According to the condition stated above we see that
det (6G"W()\)) =det§ -det G - det B(\) -det A1 (\),

and the minimum phase property we are interested in signifies that det B(\) is a
Hurwitz polynomial. According to the equality limy_,oo AW(A) = B,,_1, we con-
clude that the matrix 0G” B,,_1 must be symmetric and positive definite. If B, _1
is a diagonal matrix, i.e. B,_1 = diag(by,...,bx) then we can put 6 = I and
G = diag (g1,-..,9k). It means that we have to know only the signs of the ele-
ments of the matrix B,,_1.

We would like to emphasize once more that the adaptive stabilizing strategies
studied above do not require to know the dimension of the state space for the
controlled equations.

We consider the quadratic form Q(x,u) = 27 Px + u” Ru with some non-nega-
tive definite matrices P and R and set up the linear-quadratic problem that consists
of minimizing the functional

@(xu—hmtl/Q
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Theorem 4. The control (2),(10) gives the global minimum of the functional
O (z,u), i.e. min ®(x,u) =0 for all equations from the class LN (I, m,G).

Proof. By Theorem 3 the equality
lim Q(a(t), u(t)) = 0
t—oo

holds. From this the required assertion follows immediately. O

11.6. Stabilization of Minimum Phase Equations
with Nonlinearities

Linear equations considered above are the simplest mathematical models of con-
trolled objects. However, in theory and practice of automatic regulating we are
forced to deal with more complicated (nonlinear) equations. In this section we are
interested in controlling equations whose descriptions include two parts: a linear
part with a transfer function W(A) and a nonlinearity with a characteristic ¥(-).
Within the framework of the adaptive concept, the structure of the equation is only
known but not the transfer function. As concerns the nonlinearity, it is assumed
that only the qualitative characteristics of the function ¥ are known. We now dis-
cuss briefly the stabilization problems for such models using the Direct Lyapunov
Method introduced earlier.

We are concerned with equations which contain a nonlinearity in the “direct
chain” or in the “chain of feedback”. For these cases the structures of the closed
loop systems are shown schematically in Figs. 4(a) and 4(b) where the notation
“AR” means an “adaptive regulator” and the other notation should be clear (but
will be explained below).

The above can be expressed analytically as follows

t=Ax+Bv+ f, z=L"x, (1)
I }!
U() o W(p) — Y() e W(p)
z z
7 C"z fe— — C7z 7
C C
AR | L AR

Fig. 4.
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where x € R™ is a state, v = v(z,u,t) € R™ is the vector obtained by the nonlinear
transformation of a control u € R!, the variable z € R™ is an observation and f is
an external disturbance. The control u has the usual form

u=C"(t)z = (LC(t))"z, C=F(z,C) (2)

where C(t) is the matrix of tuned coefficients.

First, we consider equations containing a nonlinearity in the “direct chain”,
ie. v = ¢(u,t). The admissible types of nonlinearities are considered below. The
function 9 (y, t) at the moment ¢ is assumed to depend only on the control at time ¢,
ie. ¥(u(t),t) is an inertia-free function. This function need not be continuous in w.
We assume, however, that its discontinuities (if they exist) are isolated and the
function ¢ is stationary (i.e. ¥(u,t) = ¥(u)). In this case the solution might not
exist in the usual sense. Here the “solution” signifies the generalized solution in the
Filipov sense.

Definition 1. A scalar function v (u,t) satisfies the condition of linear growth if
there exist numbers h # 0 and A > 0 such that

| (u,t) —hu| <X Yu,t >0.

A vector-function ¢ (u,t) = (¢1(u1,t),...,¢¥i(u,t)) satisfies the linear growth
condition if the above is true with respect to the functions 1; for some numbers
Ry Ag

Let NLO(l, m; G) denote a class of equations of the form (1) having the following
properties:

(1) the disturbance f is bounded (||f]| < x);

(2) the nonlinearity ¢ satisfies the linear growth condition;

(3) the numerator of the rational function det G* W () is a stable polynomial (here
G=(q1,-..,q:) is some m X [-matrix);

(4) G"L"B = diag(d1,...,d;), signd; = signh;.

The dimension of the state vector z(t) can be unknown.
The dissipativity is the aim of control. The algorithm of calculating the matrix
C(t) = (C1(t),...,Ci(t)) is as follows
C'j:—(gfz)sz—aiCj, jZ].,...,l (3)

where P; = PjT > 0, a; > 0 and g; are the columns of the matrix G.

Theorem 1. The control algorithm (2),(3) secures dissipativity of solutions of
equations from the class NLO(l,m; G).

The proof of this result is based on the Lyapunov function of the form V (z, C') =
x"Hx + Zi:l (C; — C’?)THi(Ci — (?) and Theorems 4 and 9 from Sec. 1. It is
analogous to Theorem 1 from Sec. 5 and hence the proof is omitted.

As concerns the scalar equations of order n

A(p)z = B(p)v + f, (4)
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with a nonlinearity v = (u), the signs of the numbers h; in the linear growth
condition are required to be known.

According to the result proved, Eq. (4) must be strictly minimum phase and
the equality k + ! = n should take place with k¥ = deg B(p) and [ equal the number
of observed derivatives of z(t).

We now consider equations of the form (1) with a nonlinearity in “the chain of
inner feedback” (see Fig. 4(b)). This nonlinearity is expressed analytically as follows
v = u+V(z,t). Here the vector-function ¥ depends on s = Q"2 = (s1,..., s;) where
Q@ is a constant m x [-matrix whose columns are denoted by ¢;. This means that
sj = q; z and we should write W(z,t) = (¢1(s1,t),...,%i(s1,t)). Let us introduce
the class of equations NE(I,m; Q) having the following properties:

(1) the disturbance f is damping, i.e. [ || f(t)||*dt < oo;
(2) the components of the vector ¥ satisfy the inequalities

Si\I/i(Si,t) ZO, i=1,...,l;
(3) the matrix —0QW A is strictly minimum phase for some diagonal matrix § > 0.

The stabilization (as stated in Sec. 5) is the control aim and the algorithm of
tuning the matrix C(t) is chosen in the form

CiZSiPZ‘Z, i:1,...,l (5)
with P; = P > 0 again.

Theorem 2. The control algorithm (2),(5) provides stabilization of solutions of
equations from the class NE(I,m; Q).

The proof is similar to that of Theorem 3 from Sec. 5.
The next result is a combination of Theorems 1 and 2.

Theorem 3. The control algorithm consisting of (2) and the following algorithm
of tuning Cj = sjPjz — o;C; secures dissipativity of solutions of the equations

t=Ax+ Bu+Y(s,t))+f; z=L"z, u=C"(t)z,

where the disturbance f is bounded, i.e. ||f(t)]] < x, the nonlinearities W;(s;,t)
satisfy the conditions s;¥(s;,t) > 0 and the matric —6QW (\) is strictly minimum
phase for some diagonal matriz § > 0.

11.7. Stabilization of Linear Minimum Phase Equations
in Hilbert Space

First, note that at every moment ¢ the solutions of the equations considered here
are not vectors as usual but elements of some function spaces.

In the Hilbert space H we consider a one-parameter family S(t) of bounded
operators. It is a semi-group if the equality S(¢)S(s) = S(t + s) holds for every t,



398 Control of Ordinary Differential Equations

s > 0. The semi-group S(t) will belong to the class Cy (or Cy-semi-group for short)
if it is strongly continuous at ¢t = 0, i.e. for every x € H

ltlfg I1S(t)x — x| = 0.

Such semi-groups are strongly continuous on the right for each ¢ > 0. For norms
of the operators of the semi-group considered the estimate ||S(¢)|| < e®* for a > 0
takes place.

Definition 1. The generator (or the infinitesimal operator) of the semi-group S(t)
is the linear operator A defined on the set D(A) C H by the equality (convergence
in the norm)

Az = lim 75(75)% i
10 4
The generator need not be bounded but for any Cp-semi-group its generator A
is closed and its domain D(A) is dense in H. For ¢ > 0 the equality dS(¢)/dt =
AS(t) holds. In most cases generators are differential operators. The shift-semigroup
S(m)z(t) = z(t + 7) in the space La(—o00,00) may be regarded as the simplest
example of a Cp-semi-group. Then A = d/dt and its domain is given as follows

D(A) = {x(t) : %x(t) € Lo(—o00, 00); a(t) € Lg(—oo,oo)} .

Very often the generator is represented by a differential operator of the second order
in the partial derivatives.

An original semi-group can be expressed explicitly by using its generator. For
the finite-dimensional Hilbert space H = R™ the equality S(t) = exp{ At} is valid.
Without going into details we only note that this equality holds in the general case.

Now, we deal with linear equations in a Hilbert space

t=Azx+ f(t), z(0)=uz0 (1)

where A is the generator of a Cy-semi-group. The solution of this equation is under-
stood in the generalized (or “weak”) sense, namely,

9 @lt),9) = (1), A9) + (F(1),), s for 1 € [0,00),

ltllr(r)l z(t) = g
for every® y € D(A*). If o € D(A) and f(¢) is a continuously differentiable function
and f(0) € D(A), then x(t) will be a continuously differentiable solution in the usual
sense.
The solution z(t) considered as a function of time can be interpreted as a curve
in the infinite-dimentional space H. We will need to integrate this function (with

®Here A* means the operator conjugate to A.
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respect to t). Hence, the function z(¢) must satisfy the following conditions:

(1) z(t) is weakly measurable with respect to ¢, i.e. for every y € H the scalar
product (z(t),y) is measurable with respect to ¢;
2) [o° lz(t)]|2dt < oo.

In other words, if the solution of Eq. (1) satisfies these conditions, then it will
belong to the Hilbert space L£5([0,00); H) of functions taking values from H.

By the remark at the end of Sec. 1, a solution of the equation & = Az, z(0) = x,
where A is a generator of a Cy-semi-group has the semi-group property and can be
expressed uniquely by the formula x(t) = S(t)xo. Thus the solution of Eq. (1) has
the form

x(t) = S(t)xo +/0 St —7)f(r)dr

Here S(t) denotes the strongly continuous semi-group of operators in the space H
whose representation is well-known in the case of a finite-dimensional space H.

Let the Hilbert spaces H,, H, and H, be the spaces of states, of controls and
of observations, respectively. We consider the linear equation

t=Ax+ Bu+f, x(0)=uz9, z=L"x (2)

where z € Hy, u € H,, z € H. and the operators A, B, L are defined as follows.!
Let A be the generator of the Cy-semi-group, B € L(H,, H,), L* € L(H,, H.).
We study the stabilization and optimization problems for the above equations.
Naturally, their solution is more complicated than that in the finite-dimensional
case. It requires using the functional analysis approach. The importance of these
equations consist in enabling to consider problems of control for equations with a
delay, for partial derivative equations and others.

Definition 2. An equation (or a pair of operators (A, B)) is called stabilizable if
there exists an operator K € L(H,, H,,) such that any solution z(t) of the equation
& = (A+ BK)z belongs to the space L3(]0,00); Hy).

The meaning of this notion is the existence of a linear feedback u(t) = Kux(t)
that generates the “damping” solution of the given equation in the sense that its
norm squared is integrable on all semi-infinite intervals. It is possible to prove that
in this case the estimation

lz@®)]| < ae™|z(0)l, a>0, A>0

is valid.
Let @y, (7) signify the state reached at time 7 under the control u(t) €
L5([0,00); H) provided the initial state was . The set of all states reached at

fThe set of all bounded linear operators mapping a Hilbert space H; into a Hilbert space Ha is
denoted by L(H1, H2).
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time ¢ under admissible controls w is called the set of T-attainable states and
denoted by Q(7). The sets Q = [J..,Q(7) is the set of all attainable states or
the attainability set.

7>0

Definition 3. Equation (2) (or the pair (A, B)) is called controllable if the set
is dense in H, or, which is the same, the domain of values R(B) of the operator B
lies inside the set (), D(A™). Moreover, the set | J,- ; A"R(B) is dense in H,.

Definition 4. Equation (2) (or the pair (A, L)) is called observable if the pair
(A*, L) is controllable.

Definition 5. The triplet (A, B, L) is called non-degenerate (or minimal) if the
pair (A, B) is controllable and the pair (A, L) is observable, simultaneously.

We now restrict attention to a particular case of Eq. (2). Namely, let the fol-
lowing equation

t=Ax+bu+f, z=L"z (3)

be given. Here, the control u = u(t) is a scalar function, b € H is a constant vector
and the disturbance f = f(t) satisfies the conditions:

(1) f(0) € D(A);  (2) f € L([0,00); Hy) N C' ([0, 00); Ho). (4)

The observations z are assumed to belong to the finite-dimentional space R!. The
operator L is bounded and L : R — H,.

The resolvent of a linear operator A is the operator Ry(A) = (Al — A)~! defined
for any complex number A not belonging to the spectrum o(A) — the set of all
eigenvalues of the operator A. It is a quite continuous operator. We assume that this
spectrum contains only a finite number of points from the half-plain {\ : Re A > —¢}
for some § > 0. Under this assumption the collection of operators A described above
will include strongly elliptic differential operators provided the space H is a space
L2(@Q) of functions defined on a bounded set G C R”™. In this case Eq. (3) represent
parabolic equations. If the spectrum o(A4) = {\:Re A < —4d}, for some § > 0, then,
naturally, the operator A is called a Hurwitz operator.

Definition 6. The vector valued function of the complex variable A
W(\) =L*(M\ — A)"'b= L*Ry(A)b
is called a transfer function of Eq. (3).

The components of W (A) are meromorphic functions and W () can be written
in the form

W) =x"1(NTM)

where x(A) is an entire function and ¥(\) is a vector of entire functions with x(\)
and ¥ () having no common zeros.
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These notions enable us to formulate the minimum phase property for Eq. (3).
It has a more complicated form than in the case of a finite-dimensional space.

Definition 7. Equation (3) is called strictly minimum phase if one of the following
two conditions is satisfied:

(1) The triplet (A,b, L) is non-degenerate and
W(A) #0 for Re A > 0;

(2) The triplet (A, b, L) is degenerate but there exists a vector b’ and an operator
L’ such that the triplet (A4,d’, L’) is non-degenerate and for Re A > 0 we have

X' (MW (A) #0
where x/()) is the denominator of the function W'(\) = L'*(\ — A)~¥ =
X))
Let Ky, 4 denote the class of equations having the form (3) where the disturbance
f satisfies condition (4), the function g” W (\) is minimum phase for some vector g
having order [ and g”L*b > 0.8

The control is chosen in the form of a linear feedback u = k”(t)z, k € R!, where
the vector of the tuned parameters k(t) is defined by the equation k = h(z) or

k(t) = ko —1-/0 h(z(s))ds.

The choice of the strategy for any control aim consists in specifying the function
h(-) to reach the given aim.

The control aim is

to find a strategy such that

oo
(1) / la(®)? di < oo; (2) Jim k(1) < oo (5)
0 —
for any equation from K, , and any initial values zo, ko.

This aim is regarded as stabilization. The tuning procedure of the parameter
E(t) is similar to that used in Sec. 5:

k=—(g"2)Pz (6)

where ¢ is the parameter of the class K, , and P = P* > 0. The appropriate
strategy with a linear feedback is denoted by o(®)g,».

Theorem 1. The strategy o(®)y » guarantees the attainment of the stabilizational
aim (5) with respect to the class Ky 4.

&Here L*b = a € R! and, hence, g L*b = gTa = (g,a), where (-,-) means the scalar product
in R
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Proof. 1t is based again on the Lyapunov method. The verification of the existence
of a function with the desired properties is based on the frequency theorem in an
infinite-dimensional space. We will not state this theorem, but we state one of its
corollaries leading to the desired result.

Let A, = A — (ab)d*, o and d being a number and a vector, respectively.

Lemma 1. Let the triplet (A, V', L") be non-degenerate, d*b > 0 and
W(A) #0 for Rex >0
where
W(A) = X' (Nd"Ra(A)b,  W'(N) = L' Ry(A) = (X' (X)) 12\

Then the operator A, has the properties stated after the description of Eq. (3) and
there is a bounded operator Q@ = Q* > 0, mapping H onto H and a number ¢ > 0
such that

Qb=1Lg, x*HA,x < —¢|z|?, =€ D(A).

The proof of this lemma is omitted.

The operators A, b, L' (which enter into the definition of the minimum phase
property for the function g”W(\)) and vectors b, d = Lg satisty the conditions of
the lemma stated above.

A Lyapunov function is chosen as follows

V(z, k) =2*Qz + (k — ag)" P~ (k — ag).
Its derivative, with respect to the closed loop system, is equal to
V((t), k(1) = 22" QAsz + 2" Qf < =8]x(®)|I* + QI =Bl £ ()]]-
Integrating from 0 to ¢ we obtain
eui — Qv = V(2(0),k(0)) < V(x(t), k(1)) <0
where pi7 = [ |lz(s)||?ds, v* = [, ||f(s)||*ds. From this it follows that
oo
i = [ (o) ds.
t—o00 0

In view of (5) we have

k(1) = k(0) — / (472(s)) P=(s)ds,

and since the right-hand side of the last equality is a quadratic function in x(t), we
draw the conclusion that lim; . k(t) < oco. m|

A simple example demonstrating the application of the theory above is given
below.

We consider a heated rod of finite length as a concrete example of a controlled
object. The heat transmission in this rod is caused by two factors. On the one
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hand, it is the source of heat which either adds or consumes the heat at point y
proportionally to the local temperature T'(y,t). On the other hand, it is a source of
the controlled power w(t) which either adds or consumes the heat uniformly with
respect to the length of the rod. The flow of heat through the ends of the rod is
assumed to be equal to zero.

The mathematical model of the considered controlled object (one-dimentional
with respect to the space variables) is defined as follows

oT 0T !

O g 9T GyT + 0yu, =(t) = 0 / T(y, 1) dy,
oT

T(y,0) = ¢(y), 8_y y=0.y=1 =

where 6y, 01, 05, 03 are constants satisfying the restrictions
Oy < 71'291, 01 > 0, 0263 > 0.

Such a collection of parameters defines a class of equations of the form (7). These
equations, in particular, have a non-stable solution (at 6y > 0). This gives an
occasion to study the stabilization problem.

For equations having the form (7) the given problem can be reduced to the
control problem for equations having the form (3) in the Hilbert space H = L3(0,1)
provided that

0%z

Ax = 918—y2

+box, b=10y, L=0s
0x(0) B 0x(1) —0
oy Oy

where W22[0, 1] stands for the Sobolev space.! Here [ = 1 and for all collections
(0;) the operator A is regarded as one of the operators described above.
For Eq. (7) the control is determined as follows

u=Fk(t)z, k(z)=—2%). (8)

D(a) = W20, 1]N {a: :

To prove that this control leads to aim (5) we have to verify the assumptions of
Theorem 1.

By the second equality in (8), g = 1 and, hence, the condition g”Lb > 0 holds.
It remains to verify that the function W(\) is strictly minimum phase. First, let
0y =0, 8y = 0> = 03 = 1. In this case we see that the transfer function is defined

hThe Sobolev space WF(G) consists of all functions h(z) = h(z1,...,xy) defined on some set
G C R™ such that both they and their generalized derivatives D*h up to the order k belong to
the space L, (G). The set Wk is the linear normed space with norm

1/p
[Ih]] = |D*h(z)|Pdx .
(5 )

The spaces W¥?2(G) are Hilbert spaces.
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as follows
W) =L"(M — A th=\""1.

Basing on the criteria of controllability and observability, it is possible to show that
the triplet (A, b, L’) is non-degenerate provided

o0
V=1L = Z 27" cos Tmy.
m=0
The denominator of the corresponding transfer function is equal to (without going
into details)

X'(\) = VAshVA.
From this it follows that

shv/A
ol

e(\) =X WWWQ) =
Hence the numbers
A = —(mm)?, m=1,2,...

are the roots of this function.

For the other values of the parameters 6; the function p(\) takes the form
©((A—0p)/61) and its roots are A, = 0y — (mm)?6;. This means that p()\) # 0 for
Re A > 0 under the given restriction on ;. Therefore for the function ¢*W(\) the
required minimum phase property, which guarantees stabilization of the solutions
of (7) for any initial conditions, is proved.

The control (8) points to a solution of the linear-quadratic problem with the
heating-value equation (7). Also in this case the minimum of the functional is equal
to zero, as in Theorem 4, from Sec. 5.

For Eq. (7) the dissipativity problem can be considered in a similar way.

11.8. Control of Stabilizable Equations

We continue to study adaptive control algorithms for linear differential equations
having the form

&t =Ax+ Bu+ f, x(to) = o (1)

where € R”, u € R!, A and B are constant matrices of the corresponding dimen-
sions. It is assumed that the solution x(t) is observed but the external disturbance
f = f(t) is neither known nor observed. The function f(t) is assumed to be contin-
uous and to satisfy some restrictions to be stated later on.

For Eq. (1) the stability problems considered in this section are based on a
unified control strategy. The design of this strategy is based on the following simple
idea. It is necessary to find a linear feedback u = kx under which the solutions of
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the equation & = (A+ Bk)x are asymptotically stable. The trajectory z(¢) which is
observed contains necessary information for finding the matrix k& (“gain matrix”).
We first use this information to estimate the matrices A and B. Let A(t), B(t)
denote the values of these estimates at time ¢. Then the matrix k(t) is obtained as
the solution of the following equation

A(t) + B(t)k(t) = G

where G is a Hurwitz matrix with a given stability level. If this equation is solvable
(at least for sufficiently large ¢) then typical stabilization problems will be solvable
as well.

We now pass to the formal consideration without going into details about the
technique of calculating A(t), B(t). Let the eigenvalues \;[G] of the matrix G be
chosen so that maxRe A;[G] < —2vg < 0. Then there exists a unique solution
H = H" > 0 of the matrix Lyapunov equation

HG+ G"H + 2v0H = —A < 0. (2)

Below the matrices H and A will appear in the expressions of the quadratic
Lyapunov function and its derivative respectively.
We define the following functional

Ta(k, A, B) = |A+ Bk - G| +allk]Z, a>0

where || M|, = (trM™M)'/? denotes the Frobenius’ norm of a matrix M.

To define the matrix k(t) we introduce some notation. Let A = {«(d)} denote
the set of positive functions defined on [0, dp], 0 < d9 < 1. The functions from A
are assumed to be continuous and increasing monotonically on [0, §p]. Moreover,
a(0) = 0 and lims_. 62/a(8) = 0. Let o, = a(dy), a € A, where §,, is defined as
follows

e pl)/2 i A 2 A vo/ o — do
5n _ 507 if Ta(éo) [k(a(éo),A(tn),B(tn)),A(tn),B(tn)} < 1"‘50/\/@’ (3)

A, otherwise.

Here A means the solution of the following equation

(14 20 2T (K@), ), B, Al ) = 2 =
0
Mo € [1av0561)
where the moments t,, are defined by the equality
- p 2 ~ - 2
|A(tns1 — 0) = A(tn)|| + || Bltns1 — 0) = B(ty) || = 62 (5)

Here the controllable pairs (A(t,), B(t,)) are defined as follows. If at time ¢ the
estimates A(t), B(t) forms a controllable pair then (A(t), B(t)) = (A(t), B(t)).

IMotivation for these cumbersome expressions will be clear from the proof of Theorem 1.
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Otherwise, for some € > 0 we consider the set of all controllable pairs (A4, B) which

are no more than & away from the pair (A(t), B(t)), i.e.

{(A,B): |A— A|%2 + ||B - B|% < &2, (A, B) — controllable pair}. (6)

We let (A(t,), B(t,)) be any element of this set.
For t = t,,, we define the matrix k(t) as follows

) ) _ ) "
bt 1 0,2(t2)) = {k(an, A(tn), B(t,)), if |G — A(t,)] > o S, -

0, otherwise;

where we have used the notation
(o, A(tn), B(t,)) = argmin T, (k, A(t,), B(t,)). (8)
On the time interval [t,, t,41] this matrix is constant, i.e.
E(t) = k(tn, +0,2(t)), Yt E [tn, tni1] 9)

The relations (2)—(9) describe the control strategy stabilizing the solutions of (1)
under the appropriate conditions about the considered equation. In this description
we have not touched on the estimation method for parameters A, B that will be
given soon. We denote this strategy by ¢S().

We determine the control aim. First, it is dissipativity, i.e.

Jim (@) + u(@®)]) < d < oo (10)

for arbitrary initial values.

We consider the class £C(n, 1) of controlled (in the Kalman sense) linear equa-
tions of the form (1) with a bounded disturbance (||f(¢)|]] < x), dimz = n and
dim u = [. We define more exactly the structure of the strategy 0.5(-). Consider the
following algorithm

A= —voA + Haa”, B= —voB + Hxu" (11)
of estimating A, B with the initial values A(0), B(0) chosen arbitrary. The rest of

the parameters of the strategy have the following sense
)\max [A]
)\min[A]
We denote this strategy by o1.5(vo, o, do)-

max Re);[G] = —2vy < 0; = po € [L,v005']; o € [0, o).

Theorem 1. The strategy 015 (vo, o, 00) secures dissipativity of solutions of equa-
tions from the class LC(n,1).

Proof. For Egs. (1) and (11) we define a Lyapunov function as follows
V(z,A,B) =a"Hz + |A— Al + | B - Bl|3.
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Its derivative, with respect to the given equation, is equal to (after simple
transformations)

V = —22"Az — 200V + 22" H Az + 22" H Bkz — 2" HGx
+ 22T H f — 2uptr [(A — A)T A] — 2vptr [(B — B)" B]
< —zTAz — 200V + wo||Al|% + vo|| B||% + 22" H[A + Bk — Glz.

We want to make sure that the sufficient condition for dissipativity of the solutions
of Egs. (1) and (11) takes place (see Theorem 4, Sec. 1). For this purpose, let us
estimate the quantity Z(¢t) = —z" Az + 227[A + Bk — G]z. We have

I(t) < ~Ami[Al||2|? + 22"H[(B - Bk + A — A,z
+ 2xTH[A + Bpk — G}x
Amin [A]12]]* + 2Amax[HI{ (B = Bullr |kl e + | A = Anll» } |2
+ 2 max[H]|| An + Bok| ||z *.

Here the notation A, = A(t,) and inequality |z” Hy| < (2” Hz)'/2(y" Hy)'/? have
been used. Since

Amax[H] < (200) ™ Amax [A],
we obtain
T < —{umin[A] = 05 Amax[A)[I1B — Byl | K]l
+ A= Anllr] = v  Amax (Al An + Brk| e |||
= —vy Amax[Al{1g 00 — [I1B = Bull s Ikl + | A = An]| ]
— (1A + Buk = Gl s Iz

Let the function Z(t) be considered on the interval (t,,t,+1] defined by the
equalities (5). Then it follows that

Amax[A] { Vo < On, > 1/2 } 2
Tty < —2maxl 20 50 (g T2 (kA B, bzl
(@) < e )rie Iz

Using the relations (3)—(9) we can verify that Z(¢) < 0 for all ¢. Hence

: 1
V< —uoV Fuo (Al + [1BI7) + 5 23 Amax [A] f]1*

X )\max [A]

= — b.
21)(2) aV +

< —voV + vo(”A”i + ||B||i) +

The dissipativity condition leads to the inequality
lim V(t) <

XQ)‘max [A]

2 2 _ 2
T AL + B2 = 4 < oo,
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and, hence,’

IN

| Moas AN AN + ||B|%]”2

lim [|z(t)|]?
tggo ”3?( )H 2)\min[H]U8 )\min[H]

2
[
< |:('Y_'UO)MO§ + ’yVO

1/2
All% + 1Bl =
N+ g (AT 1B1)] =

[A]
as well as
Tm | A(t) — Al = p,  Tm |B(t) - B = p.
—00 t—oo

It remains to prove that ||k(¢)|| < co. This follows from the boundedness of the
solutions A(t), B(t) of the Eq. (11), from (A,,, B,,) belonging to the e-neighborhood
of the trajectory (A(t), B(t)) for all t, and from continuity of the function k(c, A, B).
Therefore it reaches a maximum value on every compact set. O

It is not difficult to make sure that by the appropriate choice of parameters of the
strategy 015 we can obtain arbitrarily small values of the constants p and py. But
this results in increasing ||k(¢)||. In spite of the presence the estimation procedure
for A and B this strategy is not identificational (the estimates do not convergence
at all), i.e. it is of the direct type.

For the wider class of equations containing the stabilizable and not certainly
controllable equations, the strategy ¢1.5 may not ensure dissipativity for any values
of the parameters vy and Apin[A]. We define the class of equations as follows. Let
the next quantities be known. Namely, x is the upper bound of all functions f(t),
e > 0 is defined by Re (\;[A]) < —e for i € Iy = {i:Re\;[A] < 0} and p is defined
by ||A||% + || B||2 > p?. Let vp and Amin[A] satisfy the condition

X _x° p
Y S T A
Then the strategy ¢1.5 ensures dissipativity of solutions of equations from the class
of stabilizable equations under the known constants y, e, p. It follows immediately
that the norm of the vector formed by the uncontrolled components of the vector
x is bounded (in the limit) by the number 4x2e 3.
In connection with Theorem 1 the following significant result used later on is

valid.
Lemma 1. Under the strategy 015 it follows that
lim §; = 5> 0.

l—o0

JPassing to the second inequality the following relations

)‘min[A]

)‘min[H] > , Y = max Re (_)‘1 [G]) > 2vp.
2(y — vo) i

were used.
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Proof. Suppose this is not true, i.e. there exists a subsequence d;; whose elements
tend to 0 as i — oo. These numbers are the roots of the equation

2
UO/NO_éo ~ ~ ~ ~
- :Ta .,A.7B. ,A.,B. .
<1+5zi/\/a_zi> , (k(ou,, Ay, Biy), Auy, Bry)

From the inequality

Tali(k(almAlmBli)aAlmBli) < aliH]%(Al«HBli) :

where k is the normal solution of the matrix equation fll + B%fc = (G we draw
the conclusion that ||k, || — oo as i — co. This contradicts the boundedness of the
matrices ki, since lim; . k(ay,, A, B) = k(A, B). m|

The next aim of control, called stabilization, is to provide the fulfilment of the
conditions:

lim z(t) =0, lim u(t) < 2 < o

t—o0 t—o0

for arbitrary initial values.
We choose as the class of controlled objects the class £S(n,l) of stabilizable
equations of the form (1) with the disturbance such that

/0 £ ) 12de < oo, (12)

We denote the strategy which only differs from ¢1.5 by the estimation method
of parameters of the equation by ¢2.5(vg, 0, d0). We put

A= Huxz", B=Hau" (13)

or

¢ t

Aty = A0) + H / £(s)a"(s)ds,  B(t) = B(0) + H / (st (s)ds.  (14)
0 0

Here the initial values A(0), B(0) are taken arbitrarily.

Theorem 2. The strategy 02S ensures stabilization of solutions of equations from

the class LS(n,1).

Proof. We consider the Lyapunov function of the form
V(z,A,B)=a2"Hz+||[A— A|% + | B - Bl

and, using the same arguments as in Theorem 1, we obtain the inequality

Vo min[A] 7 Amax[A]

V< — e
= 20w T e T
Integrating from 0 to ¢ we get the following inequality
Amin [A] /\max [A]

V(t) —V(0) < —vo ] /0 x7(s)x(s)ds + 202 /0 FT(s)f(s)ds.

2(’7 — Vo
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Hence we have
/ 2(s)|[2ds < oo,
0

From (14) we obtain the inequality

t t
IA®) I < IA0)[|7 + IIHIIF/0 lz(s)2" ()l ds < | A(0)]| +C/O l(s)II*ds
which together with the preceding inequality gives
T [JA(1) 7 < oo
Similarly Timy .|| B(t)||r < co. Thus
T [Ju()] < oc.

I =

To complete the proof we shall integrate both sides of the equality %Hm(t)
22" (t)2(t). We have
t

lz(®)|I* = HfC(O)Il2+2/0 " (s)[(A+ Bk(s) + f(s)]ds.

Because the integral on the right-hand side of this equality converges we see that
limg—oo [|2(t)[| = w > 0. But [, [|z(s)]|?ds < oo and, hence, w = 0. m|

Let us consider another set of admissible disturbances. Instead of (12) we con-
sider the following condition
lim f(t) =0. (15)
t—o0
Note that the sets of functions satisfying conditions (12) and (15) intersect but do
not coincide.

Condition (15) together with the stabilizability requirement of the pair (A, B)
defines a class LSy(n, 1) of equations having the form (1). The aim of control with
respect to this class consists of so-called w-stabilization, i.e.

T fa()] <w, T fu(t)] < oo (16)
t—o0 t—o0
where w is an arbitrary fixed number. We describe a strategy ¢,,S which provides
the w-stability.

We introduce the function Vi (x) = 2" Hx, where H is a solution of (2) under the

given matrices G and A. For an estimation of the parameters of the equation we use

(13) where the sequence of times {t/, } is defined by (5) and (6). The initial conditions

for the estimates on the interval [t/,_,,t! ) are chosen as follows. Denoting A,,_; =

w? Amin[A](s/vo + 1)~ (t), — t/, 1) where s = maxRe A[G] — min Re A\[G], we put
(A(th1 +0).B(th 1 +0)), if Vi (a(t,-0)) < ~Any
(Altn +0), B(t, +0)) = Vet +0)),
(/Nl(t;m - 0), B(t% -0)), otherwise.
(17)
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Let {t/} be the sequence of moments when the solution of Eq. (1) crosses the bound-
ary of the sphere S,,. These moments satisfy the following boundary conditions

(A(tn +0), B(t7 +0)) = (A(t5- = 0), B(t;_1 = 0)),
k(tn 40,2zt +0)) = k(t)_1,2" (tn-1))-

We join the sequences {t/,} and {t/} in one {t,} keeping their natural orders. The

moments t, will be the “interference” moments in the course of the process (14)

when new initial conditions are defined. Integrating (13) on the interval [t,,, ;1)
we obtain

(18)

~ ~ t"+1
Altyys —0) = A(t, +0) + H / 2(s)2" (s)ds,
tn

~ ~ t"+1
B(tpi1 —0) = B(tn, +0) + H/ z(s)u”(s)ds.
tn
This completes the description of the strategy o,,S.

Theorem 3. For equations from the class LSo(n,l), the strategy 0.,S provides
w-stability of their solutions.

Proof. Let the Lyapunov function be as mentioned above, then

_'UOAmin [A] xTx + )‘mﬂx2[A] fo

2(y — vo) 2vy
For sufficiently large t such that || f(t)|| < vo[240(1+s/vo]?w this inequality becomes
somewhat simpler, namely,

2(1+ s/vo)

We consider the time interval on which z(t) ¢ S,,. Coinciding the exit moments of
the trajectory z(t) from the set S, with the hitting moments into the same set and
according to (19), we see that for such ¢ the inequality

vV, <

. w2 Amin[A]
nN<——mm—
Y= (1 + s /o)
or, which is the same,
> Amin[A]
Vi(t, , —0)—Vi(t, —0) < — 2 Aminl oy g 20
1( n+1 ) 1(n )< 2 (1+8/U0)(n+1 n)< ( )

holds.

Recalling that at the points ¢t € {¢/,} the function V;(¢) can have discontinu-
ities due to the choice of the initial conditions (17), we conclude that outside the
sphere S, this function decreases on the intervals (t,,tn4+1) as t — oo, t & {t]}.
According to Lemma 1, the lengths of the intervals (.t ) are uniformly sepa-

rated from zero. Thus, the number of intervals on which the non-negative function
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Vi1(t) decreases by positive values (separated uniformly from zero) is finite. Hence
beginning from some ¢ the first condition in (17) fails and on the next intervals this
function is continuous. It satisfies inequality (20). Thus, finally, the number of the
intervals on which z(t) € S,, is finite, i.e.

i [l (t)]] < w.

t—o0

The above implies that the estimation procedure is finite-converging (see Chap. 9),
i.e. the sequence (A, B,,) is finite and, hence, lim;_, . |[u(t)|| < oo. m|

Notice that if the disturbances f(t) are bounded uniformly by some known
constant x, then for w > o (1 + s/vg)x the strategy o, secures dissipativity with
respect to the subclass £LC(n,1).

We now consider the control problem called optimization. The linear-quadratic
problem considered is

to construct a strategy minimizing the quadratic functional

W(u) = lim t_l/o [T (s)Px(s) + uTr(s)Qu(s)]ds, P >0, Q>0 (21)

t—oo

with respect to some class of linear equations.
The set of equations having the form (1), where a disturbance satisfies one of
the two conditions

[ 1R < oo, Jim 0 =0. (22)
0 o
is chosen as the class of controlled objects. We denote this class by £Spo(n,1).

Theorem 4. For equations from the class LSoo(n,l) the strategies 025 and 0,5
give the minimum to the functional (21).

Proof. The solutions of equations from LSyo(n,l) are bounded and, hence, the
non-negative functional W defined on them is bounded also. We prove that
min, W(u) = 0 when the conditions of the theorem hold.

For the Lyapunov function used in the preceding theorems we have the inequality

UO)\min [A] Z‘TZ‘ >\max[ ]fo

V<—
— 2(y— ) 203

Integrating from 0 to ¢ we obtain

t t
[ la)as < a+s [ se)as
0 0

Dividing both sides of this inequality by ¢ and letting t — oo, we obtain the equality

hmt 1/ l|lz(s)||?ds = 0,
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where either one or both conditions in (22) hold. The boundedness of k(t) and the
preceding equality imply

t
lim fl/o u(s)|[2ds = 0.

t—o00

Thus, for both strategies we obtain min, W(u) = 0. O

In this section our study was based on the assumption that the solution x(t)
is observed. Of course, the special case when the derivative &(t) is observed is
interesting as well. The algorithms of control are then simplified but we shall not
go into details here.

Note one peculiarity of the linear-quadratic problem considered above: the
minimum of the functional is equal to zero. Obviously, this is due to condi-
tions (22) which mean that the disturbance f(¢) must be damped. But the condition
IIf ()| < x is more natural for the problem considered. Thus, under the stabilizing
controls the functional W (u) proves to be finite and it remains to find a strat-
egy minimizing it. Within the framework of adaptive control considered above, a
complete solution of the linear-quadratic problem is unknown yet for deterministic
equations.

It is rather interesting to compare the above assertion with the results of the
preceding chapter. There, for the linear stochastic difference equations we have
obtained a complete solution of the linear-quadratic problem under the quite uncon-
strained and natural assumptions. Due to this fact in the stochastic case, the
sequence of Riccati Equations, producing the solution of the problem in the limit,
can be written down. In the deterministic case there is no such possibility (due
to the absence of consistent estimates of the matrices A and B) and this problem
remains unsolvable so far.

11.9. Two Special Problems of Adaptive Control

We now turn to two adaptive problems which are similar to the previous ones but
differ from them by a number of essential details. The first problem is concerned
with two linear differential equations. These equations describe the object (“per-
secutor”) and the target (“escapee”) respectively. Both equations have the same
dimension and for the sake of simplicity we restrict attention to the scalar case.
The equation of the object has the form

a(p)z = b(p)u+ c(p)f (1)
where a(p) = p* + a1p" " 4 -+ an, b(p) = bop" "t 4 -+ + bu1, c(p) = cop™ !
+ +++ 4+ ¢,—1 are the operator polynomials, u is a control and f = f(¢) is an unmea-

sured external influence. The target is described by the equation

a(p)y = b(p)v (2)
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where a(p) = p™ + a1p" ' + -+ ap, b(p) = bop™ " + --- + b,_1 are the operator
polynomials and the control v of the “escapee” is unknown and unobserved. The
derivatives of the coordinates for both of the object x(t) and the target y(¢) are not
measured and the coefficients of the polynomials in (1) and (2) are assumed to be
unknown.

For the class K of equations described by (1) and (2) we would like to find a
strategy

u = ’LL((E,y, 9)7 0= h(@, x?!/)v (3)

where 6 is a vector of the tuned parameters, such that the error (mismatch) e(t) =
x(t) — y(t) tends to zero (in one sense or another).
First, let us define explicitly the class IC, and then the appropriate strategy.
The class K = KC(n;, by, p1, p2) is formed by all possible pairs of Egs. (1) and (2)
satisfying the following conditions:

L. dega(p) = dega(p) = n;degb(p) =n — 1;
I1. degc(p) < n,degb(p) < n;
III. by > 0 is known,;
V. [f(t)] < 1, [b(p)o(t)| < 2.

Now we define the strategy. The vector of the tuned parameters 6 = (3¢, ...,
Hn—1, Mye ey An—1s i1, - - - s in—1) has 3(n —1) components defined by the equalities
b = —ageu;, N =—fiexi, fu=—vieyi, o5 B,% >0, i=1,...,n—1
Here the functions u;, x;, y; are determined recurrently with the help of the Hurwitz

operator polynomial d(p) = p" ! +dop" 2 + -+ + dp_2

up =d ' (pu, xy =d ' (p)x, y1=d ' (p)y,
wi=P+Nui—1, z=0@+Nxi—1, vi=@+Nyi-1, A>0,
i=2....n—1.

The set-valued function sign z is defined in the following way

{1}, z >0,
signz =< {-1}, 2z<0,
[-1,1], z=0.

As seen from the above it is an ordinary real function for z ## 0. Let Ao, uo,
¢ > 0 be some constants. The control u is defined as follows
n—1

u(t) =Y [a(thui(t) + Nz () + pa()yi ()] + Nox(t) + poy(t) — csigne(t).

i=1

This completes the description of the strategy (3).
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This cumbersome, at first sight, collection of equations describing the object,
the target and strategy can be written down in a compact form (normal form*). For
this purpose, we shall note that the variables z, y, u (input) are related with the
variables (1, ..., Zn—1,Y1, -+, Yn—1,U1,...,Up—1)" (Output) by the linear equation

w=Aw+ B(z,y,u)", (z1...2p_1y1...u1...up—1)" =Cuw

where dimw = 3(n — 1). Next, the tuned parameters 6 are calculated by using (3),
where the (6n — 4)-dimensional vector

™= (%17" 'a%n—h)‘();Ala' . 7An—17/*&0),u15' "a,un—law)

is the state vector. Thus the normal form mentioned above for the equations of the
object, the target and “regulator” is described completely as follows

n = @(n,t) +Ysigne, e=pTy. (4)

All components in (4) can be expressed in terms of the functions and parameters
of the original equations. We shall not go into details here. However, we notice that
the presence of the nonlinearity sign in (4) makes “moving regimes” possible. Such
a regime proves to be defined uniquely due to the conditions degb(p) = n — 1.
We shall now give some remarks about the choice of the constant ¢ entering into
the description of the control u(t). For this purpose, we introduce the originals of
the Laplace transformations G4 (t) and Ga(t) of the functions ¢(p)/d(p) and d~*(p)
respectively. Let g; = fooo |G;(t)|dt, i = 1,2. We demand that the inequality

L + 922 (5)
bo

should be satisfied. In this connection we make the following remarks. The constant
g2 can be computed exactly since the polynomial d(p) is given. But quite often for
g1 we can only find the upper estimate since ¢(p) is unknown.! Every concrete choice
of d(p) implies its own values of g; and gs. Their lower bounds are equal to zero.
However, we do not strive to reach it since the “quality” of the control could get
worse.

KThis means the usual form of the proposed equations in the state space
z2=Ax+ Bu, v=Cz

where the first equation and the vector v correspond to the dynamic part and the observations
respectively.
et d(p) = H?;ll (p + pi)- The fraction ¢(p)/d(p) can be represented in the form

-1
%P _ yo +nZ X pi>0
- 7
d(p) i—1 P~ pi’

where x can be expressed in terms of the coefficients of c¢(p). Then |Gi1(t)] < |xo| +

Z?z_ll |xi| exp(—pst). If for |x;| the upper bounds x; are known (it may be so in practice) then
-1 -1
g1 < Xa + Z?:l X:pi .
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Let o(B.) denote strategy (3) (or (4)) with the constant c¢ satisfying the
constraint (5).

Theorem 1. With respect to the class K(n;bo, @1, p2), the strategy o(B.) secures:

( ) the boundedness of the functions (), (), wi(t), i=1,...,n—1;
2) [ le(®)|dt < oo, [5F €*(t)dt < .

This result can be strengthened if we restrict the class of the considered equa-
tions. Namely, let K(n; by, p1,p2) denote the subclass of K(n;bg, @1, p2) for which
any solution y(t) of Eq. (2) is uniformly bounded and any polynomial b(p) is Hurvitz.

Theorem 2. With respect to the class I@(n;bo,gpl, 2) the strategy o(B.) implies
the uniform boundedness of both the control u(t) and the function é(t).

Corollary 1. Under the assumptions of Theorem 2, lim;_.oce(t) = 0.

Proof of Theorem 1. The proof is based on the possibility to write Egs. (1) and (2)
in the form of a system of equations of the first order.
n—1
byt (& +az) = u(t) + Z(muz(t) + XNz (t) + Xox(t) + h(t) +e(t),
i=1
(6)
bt (v + ay) Zﬂzyz ) + poy(t) + h(t) +&(t)

where the functions xi( ), yi(t), u;(t) have been defined above,

L ¢(p) ; 1 b(p)
h(t) = — =22 f(t), h(t) = u(t), 7
(1) =5 S0, B = -2l 7
and constants ¢, A;, p; (unknown beforehand) are uniquely defined by the
equalities
n—1
(p+ a)d(p) — bo l/\od )+ Nilp+ )T 1 = a(p),
i=1
n—1 )
bod(p) +bo Y z(p+ )" = b(p),
i=1
n—1
(p+ a)d(p) — bo luod +ZM1 (p+N"~ ] = a(p).
i=1

The functions £(¢) and &(¢) are the partial solutions of the stable equation d(p)e = 0
and, hence, they vanish exponentially as ¢t — oco.
Subtracting the second equation from the first one in (6) we obtain

b1 (6 + ac) j: esus(6) + Aiaa (1)) — syt

+/\ox() poy(t) + s(t) (8)
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where s(t) = h(t) — h(t) + Ae, d(p)Ae = 0. Let us make the following transfor-
mations in (8). Instead of u(t) we substitute its representation. Denoting ;(t) =
s (t) 4 s, Ni(t) = Ni(t) + g, f1s(t) = pi(t) — p; we multiply both parts of the
equality obtained by e(t) and on the right-hand side we substitute the expressions

for the tuned parameters (3¢ (t) = —a;eu; and so on). Then we obtain the equality
1d g [ R B - BV I )

t N t L — - t) = — t)e. 9
2dt{b0 (H;_ +ﬂl+ +50+ +boe() cle| + s(t)e. (9)

Let W (t) denote the function bracketed on the left-hand side of (9).

The inequality (5), the Eq. (6) and the equalities (7) together with the expo-
nential decreasing rate of As(t) mean that for any § € (0,¢ — by H(g1p1 + 92¢02))
there exists some moment ¢y (depending on ¢ and the initial conditions) such that
the right-hand side of (9) is less than —dle| for ¢ > to. Taking this fact into account
and integrating equality (9) from to to T > to, we obtain

2 T T
W(T) + —“/ 2(s)ds +25 [ Je(s)|ds < W(to).
b() to to
Putting here T' — oo we obtain

2

—“/ s)ds + 25/ s)|ds < W (to).
bo Ji,

Hence

= LB
’Yz‘

5\2
+—0+’“‘0} < W(to).

t>to Bo o

sup{ )+ Z

This inequality together with the continuity of the functions x(t), y(t), »:(t), \i(t),
wi(t) prove the theorem.

Proof of Theorem 2. We only give a sketch. Let the notation [f,g,...] mean the
following statement: the “functions f(t), g(t),... are uniformly bounded on the
positive half-axis”. In the course of the proof of Theorem 1 we have proved that
e, 5, i, fii]. Because [y], we have [z] and, hence, [z;,y;,i = 1,...,n — 1]. By using
similar arguments we can prove that [u;,i = 1,...,n — 1]. According to (8), we
obtain [¢é]. |

The proof of Corollary 1 does not require any additional arguments.

The second problem of adaptive control considered in this section deals with
the class of nonlinear integro-differential equations. It has been motivated by radio-
technique needs. The mathematical models studied have the following form

i Av+ B/O k(s)p(g(t — 8))ds + Cu + £(b),

z=L"x

(10)

where € R", A is an n X n-matrix, B and C are vectors having length n, u = u(t)
is a scalar control (input), f(¢) is an external influence, z = z(t) is the quantity
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(the scalar output) observed. The function g is related with z as follows

g9(t) = go(t) + 91(t), go(t) =dz(t), gi(t) = D"w(t),
v=Pv+Qz, v(0)=uv
where d is a number, D, @, V are vectors having length n and P is a Hurwitz
matrix of order m. As concerns the functions k(s), ¢(g) we assume that

l
k(s) = ko(s) + Y kjd(s —7), 0<m<m< <7
j=1

where d(s) is the Dirac function,™ ko(s) € Clo,o0) and ¢(g) is supposed to be
continuously differentiable up to the order I. Moreover, there exist constants r; > 0
such that |d?p/dg?| < rilgl, j = 1,...1, 1 > n — 2. The external disturbance f
and its derivatives up to the order n — 1 are assumed to be square-integrable on
[0,00). The output z(¢) and its derivatives up to the order s < p — 1 are assumed
to be measured. To define the number p we consider the system (10) with B = 0.
Let Z = z(t) be the output of the new system. Then p is the maximum integer
such that the derivative d?Z/dt? is continuous. To complete the description of the
mathematical model (10) we note that (10) is the equation with a delay and zero
past history (i.e. z(t) = 0, for t < 0).
The aim of control is

to provide the fulfilment of the following inequalities:
oo
sup;>o[|z(t)] + |2(1)]] +/ (2?(s) + &%(s))ds < ¢’ < o0,
0 oo
suPyict [supiz0 200 + [ 12(5) ] )

oo li—p+1 ‘
s SIS 0+ [ 3 [ o)Pds < < o
0 i=1

for some integer [y .

This problem can be considered in the framework of Hilbert Space Theory (See
Sec. 7).

We consider this problem in adaptive form. For this purpose, it is necessary
to define the class of models. First, we point to the parameters in (10) which are
a priori unknown. The functions ko (s), ¢(g), f(t), the matrices A and P, the vectors
B, C, D, @, the numbers r;, d, k;, 7; are assumed to be unknown. To point to the
known parameters we shall rewrite system (10) in a different form excluding the
state variables. This leads to the following equation with respect to the output z(t)

A(p)z = B(p)w(t) + C(p)u+ D(p)f, (12)

™This function is defined for the piecewice-continuous functions v by the equality

[ wes)s = 51(-0) + w(+0)).
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where w(t) = f(f k(s)e(g(t — s))ds and
A(p) = det (pI — A), B(p) = A(p)L" (pI — A)"'B,
Clp) = o™ + prp™ 1 4+ + e = AW)LT(T - 4)1C,
D(p) = A(p)L"(pI — A)".

We assume the order of the system is n, the degree of smoothness is p and the
coefficient ¢, of the polynomial C(p) are known.

We denote by B(n, p, c,) the class of equations of the form (10) satisfying the
conditions that the pair (L*, A) is observable, the pair (A, C) is stabilizable, the
matrix P and polynomial C(p) are Hurwitz and [ > n + p — 3.

We define the structure of the strategies applied as follows

u(t) =u(Z,0), 6§=00,2), s<p—1, (13)

where Z = (2,2, ... ,z(s)) is the collection of quantities observed at each moment of
time. The idea of constructing such a strategy consist in attaining the given aim (11)
for Eq. (10) without the integrable summand (B = 0). In this case we deal with
an ordinary linear differential equation. The proposed strategy has a remarkable
property consisting of attaining the given aim for the original Eq. (10) from the
class B(n, p,c,) when B # 0 as well. Let us describe this strategy.

We define it in the form adapted to Eq. (10). Let H(p) = p" ! + hop™ 2 + - --
+ h,, be a Hurwitz polynomial. We put

H(p)vi = (p+ @)’ tv, H(p)zi = (p+ ) "'z, A = —Biz(t)ui(b),
1=1,...,n—1

)

I :—'yjz(t)zj(t), j=1,...,n—1, 2o(t) = 2(t), (14)
v=Y N+ Y mz(t), ut) = (p+0)" ().
i=1 =0

Here the numbers ha, ..., hy, {8}, {7i}, @, and § are the parameters of the adaptive
regulator — they can be taken arbitrarily within the above-mentioned restrictions.
We write (14) now in the normal form (12).

Let g, ..., gn be the coefficients of the polynomial H(p) written down in order
of the descending exponents of (p + «), i.e.

H(p)=(p+a)" " +galp+ )" >+ + gn.

Equations (14) can be rewritten as follows
U1 = v — Quy,

@2 = U3 — V3,

Up—2 = Un—1 — QUp_2,

f[)n71 = —gnV1 — gn—1V2 — - — (92 + a)vn—l + v,
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2':1 = Z2 — (21,

22 = 23 — QZy,

Zn—2 = Zpn—1 — AZp_2,

Zno1=—0gn?1 — gn-122 — - — (2 + @) zn—1 + 2.

Together with the relations for \;(¢), u;(t) and for v, u these equations are repre-
sented in the form (12).
The vector of order 4n — 3

T
0= (U17" <5 Un—1,%15--- 7Zn—1;Ala' . 7An—17/*&0),u15' --,,Un—l)

is the state vector. The described strategy is denoted by o(B).
This completes the description of the second problem. Its solution is given by
the following theorem.

Theorem 3. The strategy o(B) secures the attainment of the aim (11) with l; =1
with respect to the class B(n, p,c,).

In view of the complex form of the equations considered, the control aim and
strategy, the proof of the above theorem is rather cumbersome. However it is not
complicated and its idea is similar to the one used in Theorem 2. This proof consists
in verifying the property “to be continuous and uniformly bounded (on the half-
axis [0,00)) and to be square-integrable” for all components of the system studied.
Beginning from the functions z;(¢) this check is carried out successively up to the
functions x(t) and @(t). We shall not go into details here.



CHAPTER 12

CONTROL OF STOCHASTIC DIFFERENTIAL EQUATIONS

In this chapter we consider models whose dynamics are described by differential
equations containing disturbances in the form of a white noise. The control of such
models is, in essence, the control of stochastic Ito equations where the Wiener
process is the disturbance. We consider adaptive control problems of stabilization
and optimization. Both direct and identificational strategies are used. For the latter
we consider the estimation procedures of the parameters of the linear Ito equation.

12.1. Preliminary Results

In this section the controlled objects in the form of ordinary differential equations
depending on a control v = u(t) and on an additive disturbance

i‘:f(x7u7t)+nta x(o):xo

are considered. Throughout this section we assume that f(z,u,t) = Az + Bu and
= W, is the “white noise” or, which is the same, the derivative of the Wiener
process W (t). The random function W} has a peculiar feature, namely, it is contin-
uous but not differentiable. For this reason the equation # = Az + bu 4+ W; has no
mathematical sense from the point of view of classical analysis. Nevertheless, it is
possible to define these equations mathematically correctly and, then, to use them
as a basis to design the formal theory of control of such equations. The rest of this
section is devoted mainly to stochastic equations theory.

Let (Q,F,P) be a probability space with an increasing flow of o-algebras F;
(Fi, C Fr, C Fy for any tq, to, 0 < t; < to < 00) which is continuous from the
right.

Definition 1. A random process w:(w) taking values from R"™ is called a Wiener
process if it is continuous and Fi;-measurable for any ¢, and also its characteristic
function has the form

Bexfite, v~ wllF) =exp |~ ol?| s

forallz € R" and t > s> 0.

If wy = (wlfl)7 . ,w§")) then from this definition it follows that
E(wgi) - w(i)|.7-'5) =0 E(wgi) - wg)) (ng) - ng)) = (t — 5)d;j.

S

421
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If 6;; signifies the Kroneker symbol then w, will be called the standard Wiener
process.

To give an equivalent definition of the Wiener process, let us introduce the
density of the normal n-dimensional distribution

pla,t) = (21t) "% exp {_%}

and a probability measure p onto R™.

Definition 2. A continuous n-dimensional random process w; is called a Wiener
process if the probability P{S;} of the event S; = {w, € My,...,w, € M} for all
[, 0 <ty <--- <t and all measurable sets My,..., M; from R" is defined by the
following formula

P{S} = / w(dz) /M p(x1 — x,t1)dxy /M p(xe — x1,ty — t1)dwg X - - -
X / p(xl —x_1,t — tl_l)dxl. (1)
M,

The sense of this expression is rather simple, namely, the process w; has indepen-
dent increments, i.e. the r.v. wo, wy, —wo, ..., ws, —wy, , are mutually independent,
1 is considered as the initial distribution and the increments w; — wg have the nor-
mal distribution N(0,¢ — s). To determine a measure on the space C([0,00],R")
of all continuous functions defined on the positive half-axis and taking the values
from R", the relation (1) is used. Indeed, this relation defines an additive set func-
tion on the cylindrical sets by the method described in Sec. 1, Chap. 1 and then
this function can be extended to some measure on the o-algebra of Borel sets®
in C([0,00],R™). This measure is called the Wiener measure P, with the initial
distribution p. If 1 is the normal distribution then w; will be a Gauss process.

The main properties of the Wiener process are given below.

With probability equal to one (with respect to the Wiener measure) the following
hold:

(a) Holder property

— |wt+h —wt| -

0<h=0 2hInh-L
or, in other words, the samples of the Wiener process satisfy the Holder condi-
tion |wyyp —we] < h® fora=1/2—¢ and € > 0;
(b) The sample functions of the Wiener process are not differentiable;

aIn the space C([0, oo], R™) the metric convergence of wy, (t) to w(¢) means the uniform convergence
with respect to ¢t on every finite interval for is introduced. It defines a topology on C([0, co], R™)
and, hence, some Borel o-algebra.
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(¢) Variation of the Wiener process is infinite on any finite interval but there exists
the finite “quadratic” variation

11m E Wi,y —wi, > =t—s

where s =t <tg < -+ <tyy1 =t, max;(tj41 —t;) — 0 as N — oo and the
symbol lim means the limit both in the “a.s.” sense and in the “mean square”
sense;

(d) Local law of the iterated logarithm

o Wy -1
t%\/tlnlnt*1 ,

(e) The zero set of the Wiener process, i.e. O, = {t : wi(w) = 0} is unbounded
and perfect (i.e. closed and without isolated points) and its Lebegues measure
is equal to zero;

(f) Law of the iterated logarithm

Tim w|
t—oo4/2tInlnt

It follows, in particular, that limy . t 1w = 0.

By using the Wiener process we now define the notion of the stochastic Ito inte-
gral denoted as fOT o(t, w)dw; (w) for a random processes from the function space
Lo(T) = {p(t,w): EfOT ©*(t,w)dt < oo}. We begin with the step-functions which
are defined by the partition 0 =t < t; < -++ < t,_1 < t, = T and by the ran-
dom F;,-measurable variables ¢;(w). For such functions, Ito defined the stochastic
integral as follows

T
/ o(t, w)dw (w Z% (Wepy — we,)-
0

The step-functions are everywhere dense in Lo(T), i.e. for any ¢ € Lo(T) there
is a sequence of step-functions {,} converging in the mean square sense to the
function . It follows that the sequence of random variables { fOT o (t,w)dw(w)} is
fundamental in the mean square convergence sense. Hence in the full space of the
random variables {£} with the norm ||¢|| = EE? there exists a random variable which
is called the stochastic integral of ¢ denoted by fOT o(t, w)dw(w) and such that

T T
1.1.111%*00/0 @n(t,w)dwt(w)z/o o(t, w)dw (w).

This definition does not depend on the approximating sequence {¢, }.
The main properties of the stochastic Ito integral are given below.
T T T
L [y (ap(t,w) +bY(t,w))dw, = a [, @(t,w)dw, +b [, ¥(t,w) dw.
2. EfOT o(t,w)dw; = 0.
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3. E{IOT Pt w)dw, [} w(tw)dwt} =E [ ot,w)y(t,w)dt.
4. 1If P{fOT O (t,w)dt = O} =1 then P{fOT o(t, w)dw; = O} =1

The peculiarity of this definition implies some specific properties of the Ito inte-
gral one of which is the fact that its value differs from the value of the appropriate
integral in the usual sense. For example, for the stochastic integral we obtain

t 2
w t
d s = —t —_ =
/0 wWedw, 5 5

As seen from the above the obtained value differs from the expected one equal to
w? /2. The latter would have taken place if the corresponding integral had been
treated as the Stieltjes’ integral. The fact is that the considered integral fg o(+)dws
cannot be treated as the Lebesgue—Stieltjes integral since the variation of w; is
unbounded on any (however small) interval.

The definition of the Tto integral can be extended from the space Lo(T') to the
set of the functions Pr = {f : fOT f2(t,w)dt < co}. Now fOT o(-)dw, is defined as
the limit of the sequence { fOT gpn(-)dws} obtained with probability equal to one,
where the sequence {,,} is the same as above. But for such Ito integrals properties
(2), (3) above may fail.

Using the stochastic integral we can construct a new classes of stochastic pro-
cesses. Now we introduce one of them. Let m(t,z) = (m® (¢, z),...,m"™(t,z)) and
D(t,xz) = (D;j(t,x)), x € R™ be a vector and an n x r-matrix respectively. It is
suggested that

T
A[WM@@H+MXu@WMﬂ<w s

We consider the following stochastic integral equation (w; € R")

t t
6 =60+ [mis.&)ds+ [ Dis.gdu, )
0 0
which is usually written in the form of a stochastic differential
dgt = m(t, gt)dt + D(t, ft)dwt

Definition 3. A continuous process &(w), t € [0, T] satisfying Eq. (2) with prob-
ability equal to one is called a diffusion process.

In absence of the stochastic integral (2) (D = 0) we obtain a system of ordinary
differential equations of the type & = m(t, ) which defines a field of directions in
R™. Under D # 0 the random disturbance having the intensity (or “power” D) and
displacing the deterministic trajectories x(t) disorderly is added. In this connection
the vector m and the matrix D are called the drift and the diffusion respectively.
The diffusion process is Markov and it is defined completely (except the initial
distribution) by the transition functions P(x,s; M,t) = P{& € M| = z}. By
using them the drift m and the diffusion D can be defined as well.
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If the drift m and the diffusion D in (2) do not depend on ¢ explicitly then the
process & is called homogeneous. Otherwise it is called non-homogeneous. In the
homogeneous case P(z,s; M,t) = P(x,t — s; M).

It is often desirable to know whether a function f given on the trajectories of
the diffusion process & (which is defined by Eq. (2) or by a stochastic differential,
i.e. the process f(t,&;)), has the stochastic differential. In the one-dimensional case
the following theorem holds.

Theorem 1. (Ito’s substitution of variables formula) If a function f(t,z) is con-
tinuous together with its derivatives f{, fr, fi then the process f(t,&) has the
following stochastic differential

B (1,6) = | 6,6+ F0 E0m(5, ) + 5700, 60D (1,60)
+ fo(t. &) D(¢, & )dw. (3)

In the multi-variable case the continuity property of all second derivatives of the
function f (with respect to z) is required. Then the one-dimensional process f (t,

§t(1), ces t(")) has the stochastic differential of the form
df(t7 gt)
= [ftl(taft) + Z Iz, (t, &)mY)(t,&)) + B Z fow; (.6t
Jj=1 i,j=1

n

X ZD?I(t,ft)Djl (t, &)

=1

dt+ YN FL (&) Dij(t &) duwy”. (4)

i=1 j=1

The application of Ito’s formula is illustrated by two examples given below. We
shall use them in what follows.
For the exponential function f(w;) = exp(w; + h(t)) we obtain

() = (W) )+ 7))t + s

1
= (W0 + 3) it + s,
For the quadratic form f(¢t,z) = 2" A(t)z and d§; = m(t)dt + D(t)dw; we obtain

df = [&f A/ ()& + & (A(t) + AT (t))m + tr A(t)D(t) D" (t)]dt
+ (& A@)D(t) + & A" () D(t))dw.
Further, we shall focus our interest on both the existence and the uniqueness of solu-

tions of the stochastic equation (2). For brevity, let the collection £ = [Q, F, P, &, &]
denote the set of elements satisfying the following relation

¢ t
P{ft =§o+/0 m(s,fs)ds—i—/o D(s,&s)dws, Vt} =1.
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Here m, D € Pr and a random variable £, not depending on w; and having the
known distribution is the initial value.

If the collection £ is given then the random process & is called the strong solution
(or, briefly, the solution) of the stochastic equation (2).

The uniqueness of the solution of the stochastic equation in the distribution
sense means the coincidence of the distributions of any two solutions & and &/
under the same initial values. The distributions are interpreted as points of the
space of continuous functions.

The uniqueness of solutions of the stochastic equation in the trajectory sense
means P{supy;«r & — &/'| > 0} = 0 for any two solutions & and &/ given on the
same probabﬂijcyispace under the same Wiener process and the equality & = &
a.s., i.e. the trajectories of the solutions coincide. The uniqueness property in the
trajectory sense implies obviously the uniqueness in the distribution sense.

Theorem 2. The stochastic differential equation
d&e = m(t, &)dt + D(t, & )dwy

has a unique strong solution if for all t € [0,T], x, y € R™ and some L > 0 the
following conditions hold

[m(t,z) — m(t,y)|* + | D(t,z) — D(t,y)||* < Ll|lz — y|?,
[m(t,z)||* + | D(t,2)||*> < L(1 + [|=]]?).

If these conditions fail, the uniqueness of strong solutions does not take place
even in rather simple cases. To demonstrate the last assertion we consider the
following scalar equation

1, x>0,

dft = b(ft)dwt, b(.]?) =
-1, z<0.

We can easily make sure that this equation has a unique solution in the distribution

sense but not in the trajectory sense.

Definition 4. If for the given stochastic differential equation a collection £ exists
then we say that this equation has a weak solution.

The uniqueness of the weak solution means the uniqueness in the distribution
sense. Therefore it is possible to say that such a solution defines a measure on the
space C. A strong solution is also a weak solution but not vice versa. It is enough
for a weak solution to exist that the functions m, d are continuous and bounded.

The solutions (both strong and weak) of the stochastic equation generate mea-
sures on the space C. As is usually done in the case of Markov processes, to construct
these measures we have to find first the transition functions P(x,s; M,t). For the
Wiener process this function has the Gaussian density

p(x,s;y,t) = 2n(t —s)) Y% exp {_M}

t—s
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which satisfies the following parabolic type equations in the partial derivatives

dp 10%p dp 10%p

ot 20y2’ 0s  20x?
Similar equations can be written down for any diffusion process defined by the
Ito equation with the parameters m, D. We restrict attention to the homoge-
neous case when the vector stochastic equation has the form (the coordinate-wise

representation)
dggi) = m;(x)dt + D;(x)dw.

Then the density p(x, ¢, y) of the transition function P(x,t, M) satisfies the backward
Kolmogorov equation (with respect to z, t)

Ip
— +Lp=20
ot TP
and the forward Fokker—Planck equation (with respect to y,t)
Ip
Ly =
ot +L'p=0

where the generative operator L and its conjugated one L* are defined by the
equalities

P ox; = 0x0x;
. x= O2Dypl <= Olmap)
L p= Z 83?181‘J B Z 81‘1 '

Having the transition function and an initial distribution of the diffusion process &,
we can define a measure P¢ on the space C of all continuous functions containing the
paths of the process & in the standard way. Such a measure enables us to compute
or to estimate the appearance probabilities of the path set we are interested in.
Sometimes it is useful to know the relation between this measure and the Wiener
measure P,,. The conditions to ensure either the equivalence of the measure P¢
to the measure P, or the absolute continuity of it with respect to P,, are very
important. The absolute continuity signifies the possibility to represent the measure
P through the measure P,, in the following way:

Peld} = [ ()P {dz)

where M is any measurable set from C' and the density 7(-) is the Radon-Nikodym
derivative n = dP¢{-}/dP,, of the measure P¢ with respect to the measure P,,. For
the scalar processes &; described by equations with unit diffusion (D = 1)

d&y = m(t, & )dt + dwy
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P{/Oth(s,x)d8<oo} =1

is a necessary condition for the measure P¢ to be absolutely continuous with respect
to the measure P,,. If this condition holds then the Radon—Nikodym derivative is
defined by the following formula

(O = (€)= exp{/m &dws——/m } (5)

The random process 1;(€) is a unique solution of the stochastic equation

nE) =1+ / na(€)m(s, )dhw.

Formula (5) gives a basis for an estimation method of the unknown parameters of

the following equality

the equation and, by analogy with mathematical statistics, it is called the mazimum
likelihood method (MLM). In what follows we are interested in the identification
methods of linear vector equations with the diffusion matrix D which is not equal
to the identity matrix I. The representation of the Radon-Nikodym derivative for
such an equation is given below. If the vector m and matrix D satisfy” the condition

T
/ m”(t,&)[DDT]Tm(t,€)dt < 0o, 0<T < o0
0
then the measure P¢ will be absolutely continuous with respect to the measure P

generated by the Wiener process w; = Dw; and, moreover, we have

dP t 1 [t
b =eo{ [ W OWOD du ~ 5 [ mr6. 90D (s, g}

(6)
This formula simplifies in the case of linear equations. We consider now the linear
stochastic equation for which the drift and the diffusion are equal to A £+ B and D
respectively, i.e.

& = (A(t)S: + B(t))dt + D(t)dw. (7)

The existence and uniqueness conditions for a strong solution are fulfilled and in
the scalar case (n = 1) it turns out to have the following form

& = exp {/tA(s)ds} [go —|—/tB(s)eXp {—/OtA(v)dv}ds
o [ [ Ay} pioyaa).

bThe symbol M T denotes the pseudoinverse r x s-matrix to the given s x 7 matrix M. That is
MM*M =M, Mt=HMT MT=MTG

where H and G are some matrices of the corresponding dimensions.
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The process & is Gaussian if the initial value &g is either Gaussian or non-random.
This is not true if the diffusion is equal to D = D(t)&;. Then

& = Soexp [/Ot (A(s) —27'D(s))ds + /Ot D(s)dws}

where for simplicity we have assumed that B = 0. In the general case (n > 2) the
solution of Eq. (7) has the form

& =<I’(t){§o+/0t¢’I(S)B(S)dsﬂL/ot‘I’(S)1D(8)dws}

where A and D are matrices now but B is a vector. Here the n x n-matrix &,
being the unique solution of the equation ®(t) = I + f(f A(s)®(s)ds, signifies the
fundamental matrix of the equation & = A(t)x.

Let us give some more results connected with asymptotic properties of solutions
of stochastic equations as ¢ — oo. In particular, we give conditions under which
these solutions can be extended unlimitedly (i.e. the considered process is non-
terminating).

Theorem 3. Let
dgy = m(t, €)ds + Dy (t,&)dw(") + Da(t, &)dw”

be a stochastic equation such that the continuous functions m, Dy, Do satisfy the
second condition from the previous theorem. Let a smooth function V (x) exist such
that V(z) >0, V(0) =0 and
lim V(z) =00, LV <—aV +b,
llzl|—o0

VV(@)]? < ki(1+V(2), |LV(2)] < ka(1+V(2)).

(Here ki, ka,a,b are some positive constants.)

Then for any (may be random) initial value & not depending on w; ' and wgz)
there exists a unique continuous and non-terminating strong solution & . Moreover,
if EV (&) < oo then the following inequality

EV(&) < bja+ [EV(&) — b/ale™"".

(1)
t

holds for all t > 0.

Theorem 4. Let the coefficients of the equation
d&e = m(t, &)dt + D(t, &) dwy

have bounded derivatives (with respect to the first argument), and satisfy the second
condition from Theorem 2. In addition, there is a smooth function V(x) such that
V(z) >0,(V(0) =0),

lim inf  V(x,t) =00
R—oo||lz||>R,t>0
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and
LV (&,t) < —h(t,&)

for a continuous function h(t,x) > 0.

Then for any (may be random) initial value & not depending on wy there
exists a unique continuous and non-terminating strong solution &. Moreover, if
EV (£,0) < oo then

EV (&) < EV(£,0) and /Oth(ft,t)dthV(go,O).
0

Theorem 5. If the coefficients m, D of the stochastic equation have continuous
bounded derivatives up to the second order with respect to x and [;° E||&]|2dt < co
then

lim EJj&[}” = 0,

The theory of diffusion processes is, of course, not exhausted by these results.

12.2. Stabilization of Solutions of Minimum Phase Ito Equations
In this section we consider Ito equations with drifts including a control wu:
dxy = [Axy + Bu+ f(t)]dt + D(t, z)dw, x(0) = xg. (1)

Here zp € R™, u € R!, wy € R” is a Wiener process, A and B are constant
matrices of the corresponding dimensions, the disturbance f(¢) is unknown and
unobserved, D(t,x) = (d;;(t,z)) is an n X r-matrix of the diffusion whose elements
satisfy the conditions for the existence and uniqueness of a strong solution (under
an appropriate choice of the control u = u(t)).

The process

2t = LTxz; € R™ (2)

with the unknown n X m-matrix L” is supposed to be known. A Wiener process (a
noise) is, of course, unobserved.
We choose the control law having the conventional form (see Chap. 11)

w = CT(t)z,  Ct) = F(z,C@), C(0)=co (3)

where the tuned matrix C(t) is computed by using the observations. To calculate
the desired controls it is necessary to specify the matrix-valued function F'.

It remains to introduce the transfer matrix of the system (1), (2). It is the m x I-
matrix W()\) = LT (A — A)~! B. The minimum phase property associated with this
matrix has been stated in Sec. 1, Chap. 11.

Here our interest is focused on two control aims corresponding to the different
versions of the probabilistic stability notion of a random process. These control
aims correspond to ones given in Sec. 5, Chap. 11.
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Dissipativity in the mean square sense consists in the fulfilment of the following
conditions:

(1) the process z; is non-terminating;
(2) for any pair (xg,Cp) the inequality

T B(lar]? + [CO]7] < k< o0

holds.
For this aim the form of the tuning law is made concrete in the following way

Ci = —(gTZ)PZ‘Z—OziCi 1= 1,...,l (4)

where P; = P" > 0 are m x m-matrices, C; are the columns of the matrix C(t), g;
are the vectors of order m which form the matrix G = (g1, ..., ), @; > 0 are some
numbers.

From (4) we obtain

Ci(t) = e {C? —/Ot(gTZ(S))PiZ(S)ea”’SdS

These equalities together with the relations (3) define a control strategy denoted
by o®;.

Finally, we give the class of equations we shall deal with. Let SO(n,l,m;G)
denote the set of all stochastic equations (1), (2) such that the disturbance f(t)
and the matrix D(t, x) are bounded, i.e. || f|| < x < oo, ||[D(t, )] < d < oo and for
each equation of this set the matrix §G" W (A) is minimum phase with respect to
the matrix G fixed above by some diagonal matrix § > 0. The equations considered
may be regarded as equations under the influence of “input” disturbances divided
into two groups. The first is the regular component f(¢). The second, the component
Dduw, is a random disturbance regarded as white noise.

Theorem 1. The strategy o®y guarantees dissipativity in the mean square sense
with respect to the class SO(n,l,m; Q).

Proof. We take the following function
1
V(z,C)=a"Hz+ Y (C;—C))"H;(C; — CY)
i=1

as the Lyapunov function. Here H and H; are some symmetric positive definite
matrices of the corresponding dimensions. It is easy to verify that this function
satisfies the conditions of Theorem 3 from Sec. 1. For this purpose, we compute LV
by using the representation of the generative operator for the equations (1), (2)

LV =2:"H(Ax + BC"L"x) + 22" Hf

l
+2) (Cj = C9) Hij(—a;Cy) + plt, x)
=1
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where p = Y1 | DI (t,x)HD;(t,z) > 0. We estimate the second and third terms
on the right-hand side of this equality by using the following inequalities (p, p; > 0
are some positive constants):

20THf < pr"HxP + p~ ' fTHF,

—20;(C; — C9) " H;C; < —pi (C5 — C9) " H;(Cj — C9) + 7COTH iC,

205 — puj
i=1,...,1L

The latter inequality holds for u; < 2«;. Using Theorem 8 from Sec. 1, Chap. 11
we obtain (Q = Q" > 0)

I
LV < —a"Qu+ pa"Ho + p~  fTHE = i (C; — C) ' H; (C; - CY)

j=1

OTH
+;2% -CY" H;C; + p(t, ).

In view of the boundedness of f(t) and D we can choose p, p' € (0,min; 2a;)
so that (u+ p')H < @ where p/ = min; pj. Then the previous inequality can be
written as follows

LV < —aV +b, a,b>0.

It is not difficult to see that the remaining conditions of Theorem 3 from Sec. 1 will
hold if we take ¢; = (2, C(t)). Hence, for all ¢ we have

E([lze]* + IC@)II°) < - + [EV (w0, Co — b/ale”
and the given aim is reached. O

Let us now consider the scalar equation in the “input-output” variables
A(p)zy = bu + 1y (5)

where w; means the white noise, b # 0 and A(p) is the operator polynomial,

n—1
=p"+ Z aipi-
=0

Having in mind the former aim we are looking for the control in the form

i Pmt

The vector z = (z,...,2(" V) is observed. By the same arguments as in Sec. 5,
Chap. 11 we can write down the strategy with the help of a vector C' =
(co,€1y--+5Cn1), of a polynomial G(p) = Z?:_Ol gip’ and two positive numbers
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« and 3. It has the form
C' = —a[G(p)z]z — BC. (6)

As seen from the above (Sec. 5, Chap. 11), the minimum phase property will take
place if ¢g(p) is a Hurwitz polynomial and signg,_; = signb. If this is true then
the control strategy defined by (6) guarantees dissipativity of solutions of Eq. (5).

We now consider another control aim which is called stability in the mean square
sense. This means that

(1) the process z; is non-terminating;
(2) for any pair (zg, C(0)) the inequalities

o
/ Ella:|2dt < 00, E|CE)|? < o
0

hold.
To achieve the given aim we make concrete the general form of control (3) as
follows

Ci(t) = —(9F2)Piz, i=1,...,1 (7)

or, in the explicit form,

Cilt) = €9 - / (g72(s)) Prz(s)ds,

where the same notation is used as in algorithm (4). We denote this strategy by o ®s.
We consider the class S(n,l,m;e, G) of equations having the form

day = (Azy + bu)dt + D(t, z)dw (8)

as the class of controlled equations we shall deal with. Here the matrix D(¢,x)
satisfies the conditions ||D(t, z)|| < e||z| and e < & where ¢ is an arbitrary positive
number but the matrix 6G*W () is minimum phase for some diagonal matrix § > 0.
The considered equation is said to take the influence of a “parametric” disturbance
of the white noise type.

Theorem 2. The strateqy o®o guarantees stability in the mean square sense of the
solutions of the equations from S(n,l,m;e, G) when € is sufficiently small.

Proof. We define the Lyapunov function as follows
V(r,C) =2"Hz + (C — CHTH'(C - C"). 9)
Hence we obtain

LV = 2:"H(Axz 4+ BCTL™z) + 2(C — C°)TH'F(2) + p(t, x)
= 2T (HA(C®) + AT(C*)H)x + 2(C — CO)T[H'F(2) + (" HB)z] + p
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with A(C?) = A+ BC?"L” and p(t,z) = Zle d} Hd;. According to Theorem 8,
Sec. 1, Chap. 11 and the minimum phase property, there exist matrices H = H” > 0
and C° such that
HA(C®) + A"(C"YH = -Q <0, HB=LG.

Let P = H~! and the function F(z) in the expression of LV be replaced by its
value from (7). Then we obtain

LV = —2"Qx + p. (10)
In view of the definition of the class S(n,l,m;e, G) we have |p| < e||H||||z|?. Let
¢’ be the minimal eigenvalue of the matrix Q. If ¢||H| < d, then LV (z,C) <
—(1 = ¢)g||z||* < 0. It is not difficult to verify that the remaining conditions of

Theorem 4 from Sec. 1 (current chapter) hold. Putting there { = (z¢, C(t)), h(z)
q||x||? we can draw the conclusion that the given aim is reached. |

So, for the quadratic Lyapunov function (9) having the following properties
V(z,C)>0 forx#0, C#C% LV <0 (11)

to exist it is sufficient that the conditions of Theorem 2 should be satisfied. It is
interesting to know to what extent these conditions are necessary. The next theorem
answers this question.

Theorem 3. Let W(A) # 0 and rank B = [. Then for the Lyapunov function
(9) having properties (11) to exist it is necessary that the conditions of Theorem 2
should be satisfied.

As seen from the proof of Theorem 2 for stability in the mean square sense to
be provided the level of the disturbances regarded as an input of the controlled
model must be chosen low (i.e. the diffusion should be small). But this serious
restriction can be omitted in some special cases. We consider two of them here. Let
S(n,l, m;G) denote the class of Tto equations of the form

k
dry = (Az + Bu)dt + Y d;(t, z)dw;”.
i=1
Moreover, the matrix 6G*W () is minimum phase for some diagonal matrix ¢ > 0
and the diffusion (the collection of vectors (d;)) has either the form

l
(@) di(t,x) = birl ()x  where by =Y Bjibj, ||ri(t)l| < »

j=1
or
l
(8) dilt,x) =d;(t)gi = where §; = Y vjigj, |di(t)l| < 5¢;
j=1

where b; and g; mean the columns of the matrices B and G respectively and
z=L"z.
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Theorem 4. The strateqgy o®s guarantees stability in the mean square sense of
solutions of equations from S(n,l,m;G).

Proof. We have to verify that the proper Lyapunov function satisfies the inequality
LV(z,C) < —z"Rx, R > 0 which guarantees attainment of the given aim. As
usual, we have
1
V(z,C)=a"Hz+» (C;—C))"H;(C; — CY), H; > 0.
i=1
Next, we obtain

l
V(z,C) =22"H(Az + BC"L™z) +2» _ (Ci — CY)" HiF,(2) + p(t, )
=1

l
a"(HA(C®) + A(C*)H)x +2) _ (Ci — C)"[HiF,(2)

=1

T (e Hb)2] + plt, 2)
where A(C?), p(t,x) have the conventional form and the equality
!
2"HB(C —C°)"z=> (z"Hb;)(Ci — CY)z
i=1
has been used. We now put H; = 5P[1, then

V(z,C) =" (HAC®) + AT(COYH)x + p(t, x)
l

+23 (Ci = C))"[6i(g] 2) + («” Hb;)z].

i=1
Let the diffusion satisfy the condition («). If we choose the matrix H such that
HB = LGS, i.e. Hb; = 6;Lg;, i = 1,...,1 then the last summand (ZZ 1) on the
right-hand of the equality above will Vanlbh and
k k
plt,a) = djt,a)Hd;(t,x) =y (byr] ()" H(bjr] (t))a < kuse | H |||z
j=1 j=1
Let the matrix H (> 0) satisfy the equalities Hb; = 6;L" g; and
HA(C®) + A"(CYH =-R<0
for some matrix CY, where R = 2k;»?I. It exists due to the conditions on the
class S. At last, we obtain

LV(x,V)=—a"Rx + p(t,z) < —a" Rx + k1%2|\HHHx||2 < 0.

This completes the first part of the proof.
Now, let d-(t x) satisfy condition (/3). Then

k
p(t ZdT (t,x)Hd;(t, ) ZdT t)Hd;(t)(d] 2)" < ka3 ||H| Y (g7 2)*

j=1 j=1
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Using Theorem 8 from Sec. 1, Chap. 11 again we find the matrices H and C° such
that Hb; = 6L"g; (for all i) and

H(A+ B(C")"L")" + (A+ B(C")"L")H = —Q < 0.

We substitute both these matrices in the formula for L(V) and put C° = ¢’ — vG
where v is some number to be defined later on. We obtain the following

V(z,C) =a” [H(A +B(C"L" + (A+ B(C/)TLT)H}QC + p(t, x)
— VxTHBGTLx v L"GB"Hzx

= —z"Qx —2v Z 8i(g72) + p(t, x)

i=1

< —mTQx—2VZ(5 —|—k21/Z

i=1

If v satisfies the condition 2vmin; §; < ko then we obtain the required inequality
V(z,C) < —z"Qxz < 0. This finishes the proof of the theorem. O

Corollary 1. Under the conditions of Theorem 4
lim E[jx > =
t—oo

This assertion follows in an evident way from Theorem 5, Sec. 1 of the current
chapter. Indeed, the conditions about the considered equations imply the existence
of continuous derivatives of the diffusion coefficients up to the second order and,
hence, the required assertion follows from fooo E||z4||?dt < oc.

Now we apply the results obtained to the scalar equation in the “input — output”
variables (p = d/dt)

n—1

P+ Z[ai +n:(t)p'e =bu, b#0

i=1
where {n;} is a “parametric” disturbance of the white noise type such that
En;(t) = 0 and En;(t)n;(t') = 5;;6(t —t'), with the correlation matrix (s;) being
unknown. The coefficients a1, ...,a,_1,b are assumed to be unknown as well. The
vector z = (z, &, ... ,x(”_l)) is observed and the control is defined with the help of
the operator polynomial C(p,t) = Z;:ol ci(t)p', ie.

n—1
= Z ci(t)p'=(t
=0

The tuned quantities (¢;(t)) have to be detected in the course of control. The tuning
algorithm is chosen as follows

C(t) = —AG(p)> or C(t) =Cy— / G(p)2(s)ds
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where 3 > 0 and G(p) = go + gip + -+ + gn_1p" ! is a Hurwitz polynomial
such that sign g,,—1 = signb. The described strategy ensures stability in the mean
square sense. For it to be implemented it is necessary only to know the sign of
b. The considered strategies are regarded as direct. The unknown parameters of
the equation are not estimated but the observations are used only to “tune” the
parameters of the control law.

We pay attention to the possibility to treat the mean square problem as the
optimization one or, more exactly, as a linear-quadratic problem consisting of min-
imization of the functional

t
W(u) = lim t’l/o E[z]Qz, + ul Ru,|ds

t—o00

where @), R > 0. Indeed, the first term under the symbol of integral is equal to
zero, i.e.

t—o0

t
lim t_l/o EzlQusds = 0.

In view of the boundedness of ||C(t)]|, a similar equality holds for the second term
as well. Hence, W (u) = 0 under the given algorithm of control, i.e. the functional
takes its minimal value.

The specific problem of adaptive control of the Ito equations

dx = m(z)dt + D(u)dwy, t>0 z,weR" (12)

the diffusion of which depends on the control, has been left to the end of this section.
The problem is to find a control such that the trivial solutions of equations from
some class should be stable in the probability sense.

Definition 1. A trivial solution is stable in the probability sense if for any 1,
gg > 0 there is § > 0 such that the fulfilment of the condition ||zg| < ¢ implies
P{sup, [|z¢|| < e1} > e2.

For the trivial solution to be stable in the probability sense, the inequality
LV (z) <0 1is a sufficient condition which should hold in some neighborhood of the
origin. Here V' (z) is a Lyapunov function of Eq. (12) and

. 1« 0”
Zmz z; 52 ) ow:0%;

where a;; = >, _, dix(x)d;i(z) is generative operator of this equation. Let us
assume that in some neighborhood U of the point = 0 the drift m(x) and the
diffusion D(u(x)) satisfy the Lipschitz conditions

[m(z) —m(y)l| < Bllz—yll, [D(u(x)) —D(u)| <~vllz—yl. (13)
Let the diffusion have the form

D(u(z)) = qu(z), g = const.
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The Lipschitz matrix u(z) is stabilizing if there is a number gy such that for any
g > qo the trivial solution of (12) is stable in the probability sense. An example of
such a matrix u(z) = ||ui;(x)|| is

uip(z) =, i=1,...,n, uij(z) =0, i=1,...,n, j=2,...,n. (14)

Obviously, this matrix is Lipschitz and does not depend on the properties of the
function m(z). Let us denote by B the class of Ito equations with the Lipschitz
drift m(z) and the control of the form (14).

Theorem 5. The matriz u(x) is stabilizing with respect to the class B.

Proof. We apply the generative operator £ to the Lyapunov function V(z) =
|lz]|>*, a € (0,1/2). Thus we obtain

n
£V(2) = 272l Y iy [2a — 1) el Piz; + 6]

ij=1

n
+ 2|z Y mi(e)zs < all**[26 - (1 - 20)q°].
i=1

As seen from the above the stability condition £V < 0 holds for all ¢ > gy =

V20— 2a)-15. O

We now consider robustness of the stabilizing control constructed above or, in
other words, whether the matrices close to u(z) are also stabilizing.

Theorem 6. Let |W(z)|| < ¢l|jz||. Then for e < (2yn?)~! the matriz u(x) + W (z)
is stabilizing with respect to the class B.

Proof. The method is clear, namely, we have to prove that the generative operator
LV (z) of the equation dz = mdx+¢W dw differs from that of LV (x) of the original
equation dx = mdx + qUdw very little. Indeed,

2 2V (x
LV(z) < LV(z) + %HU(x)WT(x) + W(x)UT(x)IInrgg@X nga(xj}

< LV (@) +2¢°aeyn® 2] < of|2]**[28 — (1 - 20+ 2e9n?)¢’].

Therefore for e € (2yn?)~! the stabilization condition takes place. O

Not every Lipschitz control can be regarded as the stabilizing control with
respect to the class B. Without going into details, note that the “non-stabilizing”
controls are robust as well, i.e. the controls close to them have the same non-
stabilizing properties.

The simple and elegant problem above arose due to prolonged attempts to
stabilize the non-stable deterministic equation

T =m(z), ze€R™
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These attempts were based on the introduction of an artificial hindrance of the
form (12). The natural interpretation of stochastic stabilization for this class of
equations is likely to belong to the adaptive concept.

12.3. Identification Methods for Ito Equations

We consider the main characteristics of estimation of unknown parameters of Ito
equations. We do this to solve the adaptive control problem with the help of the
identification strategies. It is reasonable to consider the structure of an identification
strategy while describing concrete strategies.

First, we estimate the unknown diffusion matrix D assuming it is constant.
This matrix proves to be estimated exactly with probability one on any finite time
interval [Ty, T3] by using the “quadratic” variation

n

lim Z(ftt - gti—l)(fti - fti,l)T =DD"r

max At; —0

=1
where Ty = tp < t1 < to < -+ < t, = Ty, At; = ti —ti—y, T =Ty —Tp. We
can assume that these calculations have been done at the very beginning of the
identification procedure and, thereafter, we focus on the estimation of the drift
parameters only.
Elementary solutions of identification problems exist only in simplest cases.
For example, the unknown parameter m in the equation d§; = mdt + Ddw; can
be found from the explicit form of its solution

ft =mt+ Dwt
by using the strong law of large numbers, namely,
m= lim t7!& a.s.
t—o0
We also use the same approach if the diffusion is a bounded function of time.
Below we consider the linear stochastic equations of the form

Even for the most simple model of this type we are forced to use the approach
based on the deep results of stochastic processes theory. The Maximum-Likelihood
Method (MLM) is the most important among them. It is based on the Radon—
Nikodym derivative (€, 6) which depends on the observable trajectory of the pro-
cess and the unknown parameters 6. The value of § maximizing 7:(-) is chosen as
the parameter estimate, i.c. §; = argmaxn, (&, 0). The derivative (€, 0) as the func-
tion of the estimated parameter € is called the likelihood function. For the linear
equation (1) this function has the following form (compare with the formula (6)
from Sec. 1):

dP t L
n=pe = o] [ Geac) - 3 [ (s seas) @
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where 6 = (DD7T)™T is the pseudoinverse matrix to DDT and (a,b) is the scalar
product in R"™.

To find the MLM estimation A; of A at time ¢ we have to find a zero of the
derivative of the function 7;(¢, 8) with respect to the matrix A. If the matrix

t
(/ (fg“,fgﬂ)ds) i, j=1,...,n
0

(here £i(i) denotes the ith component of the vector & = (§t(i), ce 7gn))) is non-
degenerate we take
1

A= ( / t(@d@)) ( / t(gs,@)ds) . 3)

Simple transformations of the first factor lead to two other forms of this estimate
(for simplicity, let D = I'), namely,
1

A=A+ (/Ot<ss,dws>) (/Ot@,gs)ds) | )

A, = %(W — &o&§ — tI) ( /0 t(@@ds) N (5)

It is possible to prove consistence of the MLM estimates by using the first formula.
For this purpose, the following result may be used.

Lemma 1. Let a Wiener process wy and some process (¢(w) satisfy the conditions

t o0
/ (Z(w)ds < oo Vit € [0,00), / C(w)ds =0 as.
0 0
Then with probability one we have the equality

im fo Ct dws o
t—o0 f 2w a
Formula (5) points to a full collection of sufficient statistics for the estimates

of the elements of the matrix A. Evidently, they are represented by the following
random variables (provided that ) = )

/ 597 9 / gkdgla i7 j) ka lzla"wn

We state the properties of these estimates for the stable matrices A (their eigenval-
ues have negative real parts).

Proposition. The MLM estimates A, of the stable matrix are consistent and

efficient.©

°The unbiased estimate of the parameter is called efficient if its variance is minimal, i.e. the
Rao—Kramer inequality turns into equality.
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Apart from the above the matrix v/#(A; — A) is asymptotically normal (i.e. the
N(0,Q) type) with the parameter 0 (zero-matrix) and @ (some positive definite
matrix) as t — oo. The convergence rate of the distributions has the order t=1/2,
i.e. it is conventional in statistics.

Different moments of the MLM estimates may be calculated and, therefore, it
is possible to study the quality of the obtained estimates of A. Here we omit these
details.

12.4. LQP for Stochastic Ito Equations

Here we deal with the linear stochastic Ito equation

where ¢ € R", uw € R! and A, B, D are constant matrices of the corresponding
dimensions and w; is the standard Wiener process. The process & is supposed to
be observed in contrast with the process w;. Under these conditions it is required
to find the optimal control u = u(t) which minimizes the non-negative quadratic
functional

t
o(u) = Fm ¢! /0 [€7Q¢, + uT Ruy]ds @)

for some given matrices @ = Q" > 0, R = R” > 0. The solution of this problem is
well-known in the so-called “classical” version when all parameters of Eq. (1) are
known exactly.

The main problem consists of finding the solution of the matrix algebraic Riccati
Equation

AS +SA” +Q —~ SBR'B"S =0. (3)

in the class of all symmetric non-negative definite matrices. If S is minimal of them
(in the ordering of symmetric matrices) then the required control can be written in
the form of a linear feedback

up = K¢, K=-R'B"S (4)

where the [ X n-matrix K is the “gain matrix”. Under the appropriate assumptions
this control gives the minimal value of the functional ®(u) equal to

D (up) = min ®(u) = tr(DTSD).
u
The matrix of the diffusion equation obtained (its drift is equal to A + BK) is

stable.
We note two more expressions, namely, for Eq. (1)

d¢ = (A + BEK)& dt + Dduwy (5)
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and for its solution
t
gt _ €(A+BK)t£() +/ €(A+BK)(t78)D dws. (6)
0

To formulate solvability conditions of the Riccati Equation we introduce the
matrix C' defined as the factor of the decomposition @ = CCT.

Proposition 1. If the matrices triplet (A, B, C) is stabilizable and detectable then
the Riccati equation is solvable.

We remark that the required matrix S depends on the coefficients of both the
equation and the functional in a continuous way, i.e. on the matrices A, B, Q, R.
The minimal value of the functional is expressed by means of these coefficients
and the diffusion matrix D. We can now focus on the adaptive optimization for
LQP. Among the various approaches to the adaptive control, identification is the
simplest but the Least Square Type Methods (or the Maximum Likelihood Type
Methods) are the most known. To consider them it is necessary to specify the group
of the unknown parameters of Eq. (1), on the assumption that the matrix A is only
unknown. The other parameters are known exactly.?

So, let us have some algorithm of identification which gives the consistent esti-
mates of the matrix A. We shall discuss now other important aspects of optimal
strategies. We begin with the characteristic features of the solution of the Riccati
equation. If the estimates of the matrix A are computed continuously in time then
the matrices S; are computed continuously in time too and it may happen that the
pair of matrices (A, B;) are non-stabilizable at some moments ¢. If it is true then
the matrices S; will not exist at these moments.

Proposition 2. If the sequence of the stabilizable pairs of the matrices (A, By)
converges to a non-stabilizable pair (A, B) as t — to then limy_q, ||St|| = co.

Thus, if in the course of the estimation of the matrix A its current estimates
get to those regions of the parameter space where the existence conditions of the
solutions of the Riccati equations fail, then the natural progress of the process of
the control will be interrupted. This fact has a dramatic impact on the design of
the optimal strategy for LQP.

We now describe a class of adaptive strategies suited to be the optimal ones
for LQP with respect to the appropriate class of Ito equations. These strategies
are differentiated one from another by the indentification methods used. For all
strategies used the obtained information, i.e. the estimates of the parameters is
treated in the same way. For every strategy its estimating “block” produces the
estimates of the matrix A continuously but the controlling system uses them only
at some discrete moments ¢ (chosen in advance or occasionally) to solve the Riccati

dThe assumption of knowing the matrix B does not seems very reasonable. However we do not
know whether it will be possible to identify the matrices A and B simultaneously provided they
are both unknown.
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equation. These moments satisfy the following two conditions
lim ¢ =00, Aty =1t —tp_1 — 0.
k—o00
At each moment ¢; the gain matrix K; is calculated through the matrix S;, and,
thereafter, the computed matrix K; is used up to the moment ¢;; and so on. The
set of these strategies is denoted by oy .
Let L(n,l; B,C, D) denote the class of equations of the form (5). We note that
C' is defined as @ = CC” where the matrix @ is given by (2). For all equations
from the considered class the matrices triplets (A4, B, C) must be stabilizable and
detectable. The functional given by the formula (2) is chosen as the criterion of the
control quality, i.e. the control aim is to minimize the following functional
t

o) = Jim ¢ [[€106 + uiRu]ds
0

Theorem 1. The strategies belonging to the set oy are adaptive with respect to
the class L(n,l; B,C, D), i.e. they guarantee minimization of the functional ®(u)
with probability one, namely,
muin ®(u) = tr(DTSD).

Proof. We have to avoid the violation of the existence conditions of the solutions of
the Riccati equation (3) to start with. These violations will appear at the moments
when the a;;(t) paths (the estimates of the elements of the matrix A) enter into
some set M of points for which the stabilizability conditions and detectability fail.

If the equation is controllable then the violation of stabilizability will consist
in reducing the rank of the controllability matrix. It is easy to understand what
should have happened if the stabilizability and controllability conditions have failed
simultaneously.

As known a manifold M C R™+"™ of dimension strictly less than n? + nm is
closed and nowhere dense. Therefore we can avoid the unpleasant effects caused by
the unlimited increasing of ||.S;|| (as Sy approaches to M). It can be done by various
means. The simplest of them is based on a transfer of S; from the current position
to a new one closed to the former the growth of ||.S;|| has been noted in.

But these details are referred to the practical realization of the calculative pro-
cedure for the considered strategy oy .

Let us consider the distribution P, of the current estimates a;;(t). For concrete-
ness’ sake the consistent estimates

Ay = (67 ~ &ofF — D) ( /0 (fs@s)dS)

obtained by using the Least Square Method (LSM) are chosen.

This distribution is absolutely continuous and it has a positive density defined
on R™("+™) Tndeed, it is a function of the Wiener process and, hence the probability
to enter into the manifold M at any moment ¢ is equal to zero. As a result of the

-1



444 Control of Stochastic Differential Equations

consistency of the estimates, the d;;(t) paths enter some neighborhood (the “safety
zone”) of the true value of the matrix A and, thereafter, the norm |[|S;|| remains
finite.

Here we do not assert that this norm is uniformly bounded.

The A; — A convergence a.s. and the continuity of S; with respect to the
coefficients of Eq. (1) signify the S; — S convergence as t — oo. This, in turn,
implies the K; — K convergence a.s.

It remains to verify that the current values of the functional

t t
Oy(u) =t" / [€7Q¢ + ul Ruy]ds =t / ¢(Q+ K"RK)¢, ds
0 0

tend to the minimal one. For this purpose, we write down the following functionals

oM (u) =t~ 1/ €7(Q + K™RK)é,ds,

3 (u) = ¢ / 0T(Q + KTRE )n.ds

differentiated by the form of the matrices K. In the first functional it is the same
as in the classical case (see the beginning of this section) but in the second one it
depends on s due to identification. As a result of this two different diffusion pro-
cesses & and 7, have appeared. We consider them as the discrete realizations under
the same input having the form of the Wiener process w;. Thus, these processes
approach each other unlimitedly as ¢ — oo a.s. (These arguments can easily be done
precisely.) According to properties of the Cesaro averages we can conclude that the
processes & and 7, are identical. Then these functionals have the forms

oW () =t~ 1/ €N & ds B (u) =t 1/ €7 Ny (s)€,ds

where Ny = Q + SBRB”S and Na(s) = Q + SsBRB™ S, stand for the exact and
“experimental” values of the minimized functional.

It remains to compare the terms in both sums. They are almost identical,
namely,

§eNi&s = £0(Q + SBRBYS)Es, £ Na(s)§s = £5(Q + SsBRB™ S, )¢s.

Indeed, the matrices mentioned above approach each other as s — oo. Using the
properties of the Cesaro averages again we obtain the following equality

T
lim ¢+ / €7[SBRB”S — S, BRB" S,)¢,ds = 0
0

t—o0

which completes the proof. O

If we find a method to estimate the matrices A and B simultaneously, then iden-
tification will play a more important role in constructing optimization strategies.



COMMENTS AND SUPPLEMENTS

Chapter 1

Section 1. We state the main material needed in what follows both on probability
theory and on stochastic processes, in particular, the Jonescu Tulcea Theorem (see,
for instance, G[20]).

Section 2. The notion of controlled random process in the form considered here
comes from Sragovich’s monograph (see S[133]) with an amendment concerned with
observable processes. It differs from similar notions used in other text-books (for
example, G[6], G[11]). The rest of this section is conventional. There are many
text-books devoted to automata theory. The bases of this theory were founded by
Mc Culloch and Pitts (see G[18]). However we use neither the abstract theory nor
the structural one of automata. The interested readers may refer to the well-known
book by Kalman, Falb and Arbib G[16].

Section 3. The question of the formal definition of “adaptive control” has never
being touched on in the applied literature. Nor was it discussed in English-language
mathematical works. But this circumstance did not impede strangely proving adapt-
ability of strategies. For the first time the material of this section appeared S[133].
Some attempts of formalizing “adaptive control” which were undertaken by the
other authors (from the former Soviet Union) were not, as seems to us, satisfactory.
The definition of adaptability taken means that the given strategy can be refered
to as an adaptive one only after it is proved that it ensures the attainability of
the control aim stated in advance for each process from some specified class of
controlled random processes.

Section 4. The “learning system” notion appeared in connection with mathemat-
ical modelling of physiological phenomena from the standpoint of bioherevizm (see
Bush and Mosteller S[7]). The first mathematical problems arising here were consid-
ered by Onicescu and Mihoc as far back as in 1936 (see S[109]). The new direction of
research generated by them, referred to as the theory of “systems with complete con-
nections”, became one of the main themes for Roumanian mathematicians (ITosifescu
and Teodorescu S[64], Griogorescu, Tosifescu S[46]). By using another approach (the
theory of Markov processes) the learning problem was studied by Norman [108].
The principal results on the asymptotic properties of the learning model (defined
in the most general form) were obtained by Usachev S[146]-[149]. The relation of
adaptive strategies both with automata and with learning systems were discovered
by Sragovich S[133].

445
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Section 5. We study the practice meaning of “adaptive control” by critical anal-
ysis of the problem of controlling a Markov process with unknown parameters on
a finite interval and its Bayesian solution. The proposed analysis is due to Aoki
(see S[1]). There, this problem was considered in context of the Bellman and Feld-
baum approaches. Quite often related publications appeared in scientific periodicals.
The survey of them up to 1982 can be found in Kumar S[82]. The analysis of the
Bayesian approach allows to draw the conclusion (see Sragovich S[133]) about the
non-adaptability of the strategy used. Unfortunately, in new publications authors
continue to avoid clear statements of the control aim.

The identification methods of real objects (and the corresponding models) are
described in great numbers of publications. There are many monographs devoted
to this theme. Here we mention only Ljung and Soderstrém’s book S[93] containing
spacious bibliography. In connection with the identification methods, Huber devel-
oped the theory of “rough” estimates S[63] which are stable with respect to the
considered class of distributions. It is called the robust estimates theory. The rela-
tions of the adaptive methods with the “empirical Bayesian approach” known in
mathematical statistics and proposed by Robbins S[121] are of interest. A modern
exposition of this approach can be found in Zaks G[25].

Chapter 2

The inertia-free controlled models describe many real phenomena. The stochastic
models among them excite considerable interest both in psychology and in learning
theory. The HPIV notion afford a formal basis for such models. The simplest of them
have finite sets of stimuli and reactions (they were so called in stochastic learning
systems of Bush and Mosteller). Therefore, it is quite reasonable to represent such
models in the form of finite automata. By using automata theory one can construct
control algorithms easily. Describing the control processes as an interaction of two
automata gives control theory clarity and precision.

Sections 1 and 2. Here we follow, with some modifications, Sragovich S[132].
The first construction of e-optimal automata, denoted afterwards by Dy, , was
proposed and studied by Robbins S[119]. He applied them as a tool for solving
statistical problems but did not use, properly speaking, the “automaton” notion.
He introduced average fulfilment time of the control and established its usefulness.
The other constructions of automata were considered by his followers: Isbell S[65],
Smith and Pyke S[129], Samuels S[123]. In the text Theorem 2 is proved with the
help of the limit theorem from Feller G[7], Vol. 2, Chap. 2.

In Russian-language scientific literature M. L. Tsetlin S[142] was the first who
used the automaton principles independent of Robbins. He used names such as “sta-
tionary random surroundings” and “asymptotic-optimal sequence of automata” for a
binary HPIV and an € -optimal family of automata respectively. His purpose was to
design very simple devices with the almost optimal behavior in any stationary random
surroundings. The automata with linear tactics were the first devices of this kind.
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Many constructions within the framework of this direction of research were
rediscovered. For example, this was the case with the quasy-linear automata which
were introduced simultaneously and independently of each other by Valachs S[150] and
Kandelaki and Tsertsvadze S[67]. The surveys of publications devoted to this ques-
tion can be found in Tsetlin S[142] and Varshawsky S[151]. The inequality (page 47)
about the relations between arithmetic and harmonic means is in Hardy, Littlwood,
Polya G[10].

Section 3. The idea of automata with increasing memory was discussed at the
Tsetlin’s seminars, but did not receive further development there. Such automata
were supposed to be asymptotically-optimal without any additional conditions on
the sequences m(n). The first systematic investigation of this problem was done
by Kolnogorov S[74].

Reasons were noticed to study automata which are, in fact, infinite. (Vavilov
with colleagues S[152]). These automata were obtained as the limit of finite
automata A = lim,,_.. A, . It was discovered, as one would expect, that the infinite
limiting automata (£, D, K and others) have no useful properties with respect to
the class of HPIV (see also Korolyuk and the others S[80]).

Section 4. It is based on the author’s works started in 1963 (at first with
U. Flerov S[134]). The exposition is close to Sragovich S[132, 133]. In compari-
son with these books the quantitative estimates of the mathematical expectation
and variance of the hitting moments into the ¢§-regime are omitted.

The significance of ¢ -automata, especially, of the G -type automata, was dis-
covered in a number of practical problems of control.

The Goeflding and Petrov theorems were proved in Petrov G[121].

The asymptotic-optimal automata SA and FP were proposed by Flerov S[39].
His arguments are improved as compared with Sragovich S[133].

Another approach to designing the asymptotic-optimal automata was proposed
by Varshavsky (and Vorontsowa) S[151] as far back as 1963. They were inspired
by the idea of stochastic learning system (SLS) to re-distribute the probabilities in
accordance with stimuli coming from the environment. This approach was realized
by several recurrent procedures. Computer modelling has convinced the authors
that their construction has the desired property. In United States this work caused
considerable enthusiasm of many researches, see Lakshmivarahan S[87], Shapiro and
Narendra S[125], Narendra and Thathachar S[103]. They proposed their own origi-
nal procedures as well. But in 1974-1975 Baba and Savaragi S[13] proved that none
of these procedures is, as one would expect, asymptotically-optimal with respect to
the class of all binary HPIV.

Section 5. Procedure (1) was proposed by Shapiro and Narendra S[125] in the
case of the constant step a(t) = a but Kushner [86] and others have shown that the
assertion on the asymptotic optimality of this procedure was mistaken (see Nazin
and Poznyak S[100]). The modification of the initial form of the procedure that
consists of introducing the changeable step was done by Nazin and Poznyak S[100].
We follow their exposition in Theorems 2 and 3. Inequalities (4) and Martingale
lemma proved there were used as well.
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The existence of finite automata with changeable structure which are asymp-
totically-optimal with respect to the class of all binary HPIV was questioned for a
long time though public statements on that theme. Apparently, this did not appear
in scientific periodicals.

Section 6. The results given here became known due to A. Kolnogorow S[72]
and are published for the first time.

Chapter 3

The stochastic approximation method originated from two works: Robbins and
Monro in 1951 and then Kiefier and Wolfowitz in 1952. Therafter there was a lit-
erary boom which resulted in the solution of some important problems by different
authors practically simultaneously. The survey of these results (together with bibli-
ography) can be found in Wasan S[153]. The successes which followed latter on were
connected with the monographs of Nevelson and Hasminski S[104], Korostylev S[81],
H.-F. Chen S[23], Kushner and Clark S[85] and with a series of L. Liung’s articles
S[89]-[92].

Sections 1-3. The main results on stochastic approximation are considered here
as a tool of controlling the HPIV and other types of random processes, not as
a technique of solving statistical problems. We have used the result obtained by
D. S. Clark S[29] on necessary and sufficient conditions of convergence of the
Robbins-Monro procedure as a basis of our consideration. His necessary condi-
tion (in a stronger form) was stated in Theorem 1, the proof of which is due to
Chen with colleagues (see S[27]). The Clark’s sufficient condition was stated in
point («). Condition () was formulated and proved by Shilman S[126]. This arti-
cle, similar to that of Poznyak and Chikin S[114], was devoted to the behavior of
the stochastic approximation procedure under dependent noises. More precisely,
the mentioned articles are concerned with random sequences for which the strong
law of large numbers holds. Information on processes with mixing can be found in
Tbragimov and Linnik G[12]. The lemma from Sec. 2 was proved by Poznyak and
Chikin S[114].

Section 4. The methodology of searching a conditional extremum and all proofs
from Sec. 4 are due to Nazin and Poznyak S[100].

There are other approaches to designing recurrent procedures. For example we
have the approach developed by Lakshmivarahan S[87]. Under appropriate assump-
tions these procedures have “absolute expediency” — a specific property leading
to e-optimality in different senses. These procedures are used for optimization of
binary HPIV, for two-participant games and control of Markov processes.

Chapter 4

The minimax problems are likely to be known to specialists on adaptability. In
this chapter three problems of “stochastic games” given will be discussed in a later
chapter. Information on game theory is in many books.
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Section 1. A deterministic two-participant game with non-opposite interests
called TI'y is considered. It appeared within the framework of operations research
developed by U. B. Germejer G[9]. His main purpose was to investigate the influence
of the orders of player’s moves and of their knowledge about the interests and
actions of each other on the result of the game. The adaptive version of the game
I'; described here is due to Molodtsov S[97].

Section 3. Designing recurrent procedures to realize balanced behavior of the
players in the Nash sense in multi-participant games is described in the monograph
of Nazin and Poznyak S[100]. We follow mainly their exposition but treat the aim
of control differently in a way which is, as it seems, closer to the true intention of
the authors than it was presented in their book.

The concept of automata games as a method of describing and explaining the
complex physiological phenomena was proposed by M. L. Tsetlin. Together with
a group of colleagues (with I. M. Gelfand among them) he developed the theory
according to which the activity of the neuron nets in the nerve-centres of the brain
and in spinal cord can be formalized in the form of a game. By these ideas many
phenomena (for example, changing some moves for the others) are represented as
the result of changing the interaction technique of neurons from the lower regions
of brain under an influence of either the stimulating flow or the inhibiting one of
impulses from the upper regions. The upper regions rearrange the lower controlling
links of the brain, change their functioning. According to tradition coming from
McCulloch and Pitts G[18] the neuron nets are treated as automata but only with
a simple structure. Their interaction entails the expediency of behavior of the whole
organism. These physiological Tsetlin’s views can be found in his book S[142].

The series of Tsetlin’s publications (with co-authors) contains examples of games
investigated by using computer simulation. These experiments led to the conclu-
sion that automata play the Nash game. For the sake of clearness and liveliness
the anthropomorphic terminology was widely used in those publications. The non-
numerous analytical results were based on the Volkonski slowness hypothesis. The
Varshavski’s book S[151] was devoted to the concept described here.

An elegant game, which has the natural physiological interpretation, was con-
sidered by Bryzgalov, Shapiro-Pyatetsky and Shik S[8]. Different principles give a
basis for another physiological model with nets of automata described by Petrov
and Sragovich S[21]. The decentralized control realized by a collection of automata
can be used in telemetric systems, in commutation networks, in controlling radio
complexes, in controlling order of priorities in using computers and elsewhere. For
applying it in communication systems one can consult Pulatov S[117].

Section 4. The results here are due to Gurvich S[58]. The slowness hypothesis
was rejected in his works by constructing a contradicting example. Some results
used in this section reletad to random walks and to the ruin problem can be found
in Feller G[7] (Vol. 1, Chap. XIV).

There are other approaches to automata games (see Whittle S[154]).

Studying the nerve-centres depicted in the form of the neuron nets can be done
by analytical methods which consist of setting up and solving the appropriate
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system of differential equations. Sometimes this leads to the appearence and solu-
tion of new problems in stability theory for such equations (see Sushkov S[140],
Gelig S[47]). In the 1970’s there were attempts to use the theory of local interac-
tion (see Dobrushyn S[33]) for studying the behavior of automata in environments
and in games. Several interesting works devoted to this theme were published.
There were intentions to use this theory to investigate automata games (before the
Gurvitch’s works) but they ended in the stage of projects.

Chapter 5

The classical Markov chains control theory originated from Hovard’s book and from
a number of articles devoted to applying linear programming. Its exposition can be
found in Derman G[4], Dynkin and Ushkevitch G[6]. The adaptive version of this
theory was first published in Riordon S[118] and then there appeared many other
algorithms (see Sragovich S[132]). The structure of the homogeneous controlled
Markov chains was investigated by Zasuchin S[144]. His results were published in
Sragovich S[133].

Sections 4 and 5. In describing both the identification algorithms and the
automaton ones we follow the earlier Sragovich’s publication S[133] with some
innovations. About the method of calculating the optimal strategy one can con-
sult Sragovich S[136].

Section 6. The recurrent procedure is stated in accordance with Nazin and
Poznyak S[100] except for some simplifications. This has allowed to save space
but there are some losses as well: some difficulties appear in obtaining the upper
estimates of the convergence rate of current losses to optimal ones. For this reason
the results were stated without proofs. Notice the references to the works of the
other authors in Kumar S[85]. The researchers whose works were referred there
never cited the works mentioned above though their own results were more modest.

Section 7. The conditional extremum problem is likely to be considered (fol-
lowing Sragovich S[134]) both in the classical version and in the adaptive one for
the first time. Here the adaptive interpretation is based on identification but both
automaton procedures and recurrent ones could be used as well.

The game (minimax) problems on Markov chains are older than the optimization
problems. The latter were proposed by Shaplay S[125] in the form of “stochastic
games” as far back as 1953. At that time the transition matrix of the chain was not
supposed to be stochastic, i.e. the sums of elements of the rows could be less than
one. Hence, with some positive probability the evolution of such a chain could be
broken off together with the game itself. The infinite interval stochastic games were
studied later on and, of course, with stochastic transition matrices. Theorems 1,
2 and 3 were proved by Gillette S[49], and Hoffman and Karp S[61] respectively.
For some games the non-stationarity of optimal strategies was proved by Blackwell
while investigating “Big Match”.
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Section 8. The results on adaptive minimax strategies on Markov chains are
published for the first time.

Section 9. The optimization problems on graphs were investigated by Gossel
and Sragovich S[48].

Chapter 6

Section 2. This is due to Zasuchin S[144] and was first published in Sragovich
S[133]. Here this problem is presented in simpler form. For partially-observable
Markov processes the general control problem is rather difficult even in the classical
(non-adaptive) version. For finite Markov chains it was studied by Yushkievich (see
Dynkin and Yushkievich G[6]). His solution reduces this problem to observed chains
having a continuous state space. The adaptive version was first studied by Gossel
and Sragovich [48]. They have obtained the optimal strategy in the class of program
strategies. Chapter 8 of Sragovich’s book S[133] was devoted to this theme.

Sections 3—6. For finite Markov chains with unobservable states the general
statement of the adaptive control problem was considered by Konovalov S[76]-[77].
His results are presented in these sections. He extended them also to the regenerative
processes.

Another approach to this problem was proposed by Hernndder—Lerma S[60]. It
was based on reducing an unobserved finite chain to an infinite one with observ-
able states (Yushkievich’s approach) and on identifying unknown parameters of the
“observed” chain. Maximizing the discounted reward (as 7 — oo where 7 is an
initial moment) is the aim of control.

Another form of the discussed problem was investigated by Di Masi and Stettner
S[32] who supposed that the observations z; at the moment ¢ could be written
in terms of the current states s; by the formula z; = h(s;) + & where £ are
independent identically distributed Gauss random variables. The controlled chain
was supposed to be regular and the e-optimality was considered as the aim of
control.

Chapter 7

Section 1. The content is traditional. It is based on the Doob’s unfading treatise
GI[5] and on Dynkin and Yushkievitch’s monograph G[6]. One can find Theorem 1
in Taylor S[141] and Theorem 2 in Schal G[23]. The last result given is due to
Gordienko S[55].

Section 2. This is a fundamental remake of Sec. 2 of Chap. 8 from Sragovich
S[132).

Section 3. For classes of ergodic Markov processes, the searching control opti-
mality in the strong sense was proposed and investigated by Gordienko S[52]. We
follow his exposition.



452 Comments and Supplements

Section 4. It contains strengthened results from Sec. 4 of Chap. 11 in
Sragovich S[133] on finite semi-Markov processes.

Section 5. It is devoted to control theory of separable semi-Markov processes.
Its results are due to M. Kolonko S[78] and require knowing the rather subtle
topological facts on semi-continuous set-valued functions which can be found in
Kuratowski G[14]. Some additional facts about constructing strongly consistent
estimates are in Kolonko S[79]. A somewhat different approach to controlled jump
processes was developed by Mandl with co-authors (see S[94]).

Section 6. All results from this section are due to Gordienko [50, 53, 54]. He also
considered a number of applications of his theory to concrete problems.

Chapter 8

Adaptive control of stationary processes is a very popular model for practical appli-
cations. The fast development of this area left behind the clear mathematical inves-
tigation of this problem. This chapter is likely the first attempt of such a work. Its
results are due to Agasandjan S[2, 3]. Before, he considered the case when the phase
space was a finite set. However this simplification neither made the arguments easer
nor made the result stronger.

Chapter 9

The subject-matter of this chapter is a result of the scientific activity of the
Department of Theoretical Cybernetics of the Leningrad University. The most
complete information can be found in the book: V. N. Fomin, A. L. Frazdkov,
V. A. Yacubovich “Adaptive Control of Dynamic Object” (in Russian) (Nauka,
Moscow, 1980).

Section 3. The adaptive stabilization was discussed by Lyubachevsky. The
strongest results were obtained by V. Bondarko S[11]. He has considered the opti-
mization problem of stabilizing.

Up to now his results are the most advanced investigation of finite-converging
procedures. The scalar equation

Tg+a1mi_1 + -+ AnTi—n = b1Us—g + b2Us_g_1 + -+ b Up—g_mi1 + (e

with a delay of control is considered, where (; is a bounded non-stochastic distur-
bance such that |(;] < 1. Let V be the collection of all sequences of this type.
Define the classes of equations ©, such that ©, = {(a;), (bi):]a;| < 7, |b;] <
r, b1 # 0,|\;| < 1}, where \; are the roots of the characteristic equation, i.e.
O, consist of the minimum phase equations with bounded coefficients. For a given
e > 0 and the objective function W(u) = limsup |z¢|, the e-optimality consists
of fulfilling the inequality W (u) < Wy + ¢, where Wy = inf,, W(u) . It was proved
that there exists an ¢ -suboptimal strategy based on FCP.
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Chapter 10

Section 1. Auxiliary information refers to the theory of linear systems, elements
of random sequence theory (mainly martingales) and to identification theory. The
following textbooks and monographs are, in my opinion, the best in this field:
Whittle S[154], Davis and Vinter G[3], Kailath G[15], Chen Han-Fu S[23], Kumar
and Varaja S[84].

Section 2. For linear homogeneous equations adaptive problems were considered
in Sragovich S[135]. The finite identification turns out to be the central problem
that entails solving all known control problems in the case of linear homogeneous
equations for finite time.

Till now, for some reason, the asymptotical identification methods of this simple
equation prevail.

Control of linear difference equations has become the main (and sometimes sin-
gle) object of adaptive control. However, for us it is only part of the book which
is supplemented by Chap. 9 about finite-convergence algorithms. It cannot be oth-
erwise, since linear difference equations with constant coefficients compose a small
part of all controlled objects. But it is a fact that these simplist objects do form
the content of a high proportion of literature on adaptivity.

Section 3. The optimal tracking problem has a long history. It can be solved
in different ways. The elegant and witty manner due to Goodwin and Sin is worth
attention (see S[56]).

Sections 4-8. Both the identification problem and the linear-quadratic control
problem is considered. The content of these sections is wholly based, in my opinion,
on the strongest results obtained by Han-Fu Chen and Lei Guo and published in the
numerous articles in 1986-1990. The brief resumes of their results can be found in
two Chen’s surveys S[23, 25]. Finally, more complete information on that question
can be obtained from the Chen and Guo’s monograph S[27].

For the linear-quadratic problems the first results are likely to be due to
Mandl. Besides his own publications these results are included in Hall and Heyde’s
book S[59].

We would like to add some supplementary material which for a number of
reasons was not included in this chapter.

We start with the “local-optimal” control proposed in 1977 by Kelmans, Poznyak
and Chernitser S[68]. We study the equation

Ti41 = Ah(l’t) + But + &, 50 = O, T € Rn, ur € Rm, ft S Rl

where & is a sequence of independent variables, A and B are some constant
n x n- and n X m-matrices and h(-) is a Lipshitz (on the whole) function. The
aim of control is to maximize the quadratic functional

T—1
_ T -l T T > .
P 1“1LH<1><>T tEZO (xt Qrt + uy Rut), Q>0 R>0
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The local-optimal (LO for short) control consists of finding the quantity
uj = argmin E{z{ Qz; + uf Ru},

i.e. of minimizing the appropriate term under the symbol > pointed to above at
every moment t. We can now give the form of the LO control. Namely

uf = —CAh(z,), C=(BTQB+R)"'BTQ.

Let the noise & be a square integrable martingale-difference and the numbers
Ag, Ar be the maximum eigenvalues of the matrices () and R respectively,
a = L?||(I — BO)A||?>, = L?|CA|?*. Here L is the Lipshitz constant.

One can prove that under the stated conditions and « < 1 the following
estimate

o < Ugi)\%—'— Anf3
-«
holds.

In the adaptive version of our optimization problem the matrices A, B are
supposed to be unknown. We use the least squares’ method to estimate them. Under
the appropriate conditions their estimates are strongly consistent (and converge in
the mean squares’ sense as well). To complete the construction of the LO strategy
it remains to add some random variables v; to the controls 4; in keeping with
the observations, i.e. to randomize the strategy. Notice that this technique was
constantly used by V. H. Fomin. The final conclusion is that the described strategy
implements the inequality
AgQ + Arf

11—«
with respect to the appropriate class of equations.

We also pay attention to the investigations of the Gdrky school belonging to
this direction of research (see Kogan and Nejmark S[69]).

We may also consider optimal strategies that besides being optimal in the sense

P < (O'g + HB||2012,)

of attaining the control aim, are also optimal in the sense of the approaching rate to
this aim. This means, for instance, that the functional being minimized tends to the
desired minimal limit with the highest possible speed. Of course, such a “repeated”
optimization is not always possible. We shall consider some examples when this is
the case. These examples are recurrent stochastic approximation procedures.
In S[106] the authors seek the optimal algorithm of solving the adaptive problem
of minimizing the functional ¢ = lim; .o, E|y:|> when controlling the equations
k
vt Y Ay =u+ &, m=dimy,.
i=1
The noise & 1is supposed to form a sequence of independent identically dis-
tributed random variables. It turns out that

min ®(u) = E||&]*.
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Therefore, the optimal strategy should estimate the coefficients A; of the equation
as fast as possible. The design of the optimal strategy includes two stages:

(o) constructing information estimates in the problem considered (we have in
mind the Rao-Kramer type inequalities);

(8) constructing the required optimal adaptive strategy which gives the minimum
to the identification error obtained in stage ().

By (a) and the appropriate assumptions (which are omitted here) we obtain

lim ¢[E(ye, h)? — (Dh, h)] = km(I, *h, k), VheR™,
t—o0

where I, = [p/(x)(p/(x))"p~1(z)dzx is the information matrix of the noise density
p and D = E&EL . The equality written above means that the convergence rate
has the order ¢t™' and ¢ = km(I,'h,h). Stage (3) can be realized directly,
i.e. a recurrent procedure can be given by which the convergence rate obtained
in stage (a) is reached. Thus, under some assumptions the natural manner of
regulating based on identification of the parameters of the equation by using the
optimal algorithms of stochastic approximation leads to the control algorithm with
the convergence rate of E|ly]|? to &>

About the other problems of adaptive control and stochastic optimization where

as t — oo, which cannot be improved.

the information inequalities are used, one can consult Nazin S[98, 99], and Nazin
and Juditski S[101, 102]. The mathematical interest of the problems of this kind is
obvious. In applications the main problem decreasing the value of the coefficient ¢
characterizing the convergence rate.

Choosing the optimal tracker on the basis of the classification of reference paths
was discussed by Kumar and Praly S[83]. If there are no restrictions on the paths,
the appropriate problem will be called the general tracking problem. If the reference
path is generated by the output of a linear equation then it will be called the linear
model. Further we consider only scalar equations.

We say that a numerical sequence z; is sufficiently rich of order [ if [ is a
sufficiently large integer such that there exist n and ¢ > 0 such that

t+n

Z [x;;l, o ,x}lJT[a:;fl, . ,x;#] > el
j=t+1

for all sufficiently large ¢, I; being the identity [ x [-matrix. Consider now a class
K of equations of ARMAX type

P q s
Ty = E a;wi—; + E biug—; + E CiWy—;
i=1 i=1 i=0

leaving aside their detailed description. We only note that the assertions similar to
those from Sec. 3 must hold with respect to this class. Here we are interested in a
theorem of another kind.
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Theorem S1. In the general tracking problem let x; be a sufficiently rich sequence
of order s+ q. Then
lim 0, = \0° a.s.
t—oo
for some nonzero random number X .

For linear models this assertion remains in force irrespective of the order for all
sufficiently rich sequences x; which represent the reference paths.

In this theorem 6; means the current estimate of the parameters of the equation
whose explicit form is omitted. We now state an assertion on the convergence of
the estimates of the parameters {a;, b;,c;}.

Theorem S2. In the general tracking problem if the sequence x; is sufficiently
rich having the order not less than q + s, then

Jim 55 (01 (8) = (1) 0 (1) = p(0). Br (0) -2 By (D). 1 (1) -7 (1))
=(at,...,ap,01,...,bg,C1,...,¢5), as.,
i.e. the estimates are strongly consistent. In addition,
Jim 37 (0)(01(0). O (1, B2(8). - B0).70(0). 7T — 1(1))
= bfl(al + 1,y max(p,s) T Cmax(p,s)s 025 -y bgs Lyc1y e cs), a.s.
where a; =0 for ¢ >p and ¢; =0 for i > s.

From this optimality and adaptivity of the strategy follows.
These results remain in force for the linear model at [ > s. But for | < s

we have
Jim B ) (ar(t), -+ s Cmas(ps) ()s B2 (), - -, Ba(),70(E), .. ., m-1(2))
=b' (@141, Gmax(ps) + Cmax(ps)s 020 - -5 0gs G0y -, G1—1), QS
where a; =0 for i > p and ¢; =0 for i > s. Here gg,...,¢;—1 are some auxiliary

parameters. This control is optimal again with respect to the given aim.

The above has given us one more adaptive strategy.

Some questions regarding the robustness of linear equations were discussed in
Praly, Lin, Kumar S[116]. Recall that this means that if the strategy has some
properties then all sufficiently “near” strategies have the same properties as well.
In the above-mentioned article the properties of a strategy to ensure the stability
of the model were mostly discussed. The Chen and Guo’s article S[26] has a similar
direction and is concerned with linear models considered in Secs. 4-6. Generally
speaking, robustness is one of the most popular themes in recent years.

In Meyn and Caines S[96] one can find new ideas regarding adaptive strategies
for linear models. The question is how to study adaptive control of stochastic sys-
tems by using ergodic theory systematically (for Markov processes). In this way it
seems possible to obtain new results inaccessible by the usual methods.
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Chapter 11

Section 1. It contains necessary material on linear systems and their stability. One
can find more detailed information on linear systems in Kailath G[15], and on the
stability theory in, for example, La Sall and Liefshetz G[19].

Section 2. This was written on the basis of Sragovich’s article S[135].

Section 3. The control problem with model reference is one of the oldest in
adaptive control theory and has a vast bibliography. The survey of early works
with comments can be found in Carrol and Lindiff S[22].

The various versions of Theorem 1 are present in almost all works devoted to
this theme. The stated version can be found both in Yuan and Wonham S[155] and
in Zemlyakov and Rutkovsky S[145]. Theorems 2 and 3 are due to Zemlyakov and
Rutkovsky but shorter proofs based on the Landau-Hadamard theorem (see Hardy,
Littlwood, Polya G[10]) are given here. The most difficult case when the coefficients
of the model are unknown was studied by V. A. Brusin by several techniques (see
S[17] and S[17]).

For equations with a delay the same theme was studied by Nosov together
with colleagues. These results were summarized in Kolmanovski and Nosov S[70].
However we follow here Danilin and Moiseev S[30].

Section 4. The steepest descent method was published (under different names)
almost simultaneously and independently of each other by Nejmark S[105] and
Fradkov S[43]. At a later date Fradkov S[45] described this method in detail together
with its numerous applications. He has showed with great delight the importance
of his method for future developments.

Sections 5—6. For both linear and nonlinear minimum phase equations, stabiliza-
tion problems are presented on the basis of the Fradkov’s thesis and a number of his
articles. Before, these results were published in Sragovich S[133]. They are based
on the frequency theorem that can be found in Gelig, Leonov and Yakubovich GI[8].

In the case of an infinite-dimensional space (for example, a Hilbert space) the
same theme requires knowing basic facts from functional analysis and, especially,
from operator semigroup theory which can be found in many textbooks, but the
Curtain and Pritchard’s book G[2] is particularly useful.

Section 7. The results given here are due to Bondarko, Lichtarnikov and Fradkov
articles S[12].

Section 8. For the quite controllable and stabilized equations the adaptive sta-
bilization methods were studied by Sinitsin S[128]. His results together with the
above-mentioned ones form a clear view of the modern state of adaptive stabiliza-
tion for linear equations. It is useful to compare them with the results of other sci-
entific schools. To make the evolution of the knowledge regarding adaptive stability
obtained on the basis of the Direct Lyapunov Method one would compare directly
the Parks and Shakloth’s sudies, the results of Aksenov and Fomin S[5] with that of
the Praly, Basin, Pomet and Ziang S[115]. The detailed article of the last authors
was devoted, as usual, to the difficult stabilization problems for nonlinear equations.
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They assumed that the external actions are absent, the equations are autonomous
and linear with respect to unknown parameters.

Section 9. It includes two special problems coming from practical needs. They
were studied by Brusin and his colleagues. It seems the exotic form of these prob-
lems, of the second in particular, makes them very interesting.

Note that the material of the present chapter was overwhelmingly based on the
Second Lyapunov Method and the quite controlability notion.

Chapter 12

Section 1. It contains the traditional material about the stochastic integrals, the
stochastic equations and about the properties of the linear Ito equations. More
detailed information can be found in Doob GI5], Liptser and Shirjaev G[17],
Arato GI1], Holewo [62], Brown and Hewitt S[15], Bellach S[9], Kazimierczyk S[66]
and elsewhere. For the present the practical identification methods have been poorly
worked out for the Ito equations containing the controls. This makes both theoret-
ical investigations and practical applications difficult.

Section 2. The results regarding the stability (in the stochastic sense) of mini-
mum phase linear Ito equations are stated, as before S[133], on the basis of Fradkov’s
thesis. It is useful to compare the logic of this section with that of Sec. 5, Chap. 11.
The assertions connected with the stochastic stabilization of non-stable equations
by means of Lipshitz control are due to Blank S[10].

For the stochastic Ito equations the history of development of the LQP in the
classical version occupies a short while but it is abundant in results. It is rather
difficult to ascertain the order of priority of its solution. The adaptive version of
this problem was being developed (a short while) by Duncan and Pasik-Duncan
S[34]-[38] and thereafter by the same authors with co-authors. The difficulties are
connected both with solving the Riccati equation and with consistency of the esti-
mates of the matrix B provided it was unknown in advance. Apparently this is the
main reason the LQP has not received a complete solution yet.

Section 4. Specific problems of identification control when the estimates error
appears to violate the controlability condition imposed on the parameters leads
to a necessity to be careful. In other words, The Riccati equation may have no
positive-definite solution (see Sragovich and Czornik S[138]). We do not know how
to include the matrix B in the set of the unknown parameters of the equation yet.

Another, maybe effective, approach to constructing the optimization adaptive
strategy for Ito equations was worked out by Borkar S[16]. Notice that in pub-
lications devoted to stochastic models with continuous time the problems with
infinite-dimensional spaces compel attention.
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